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Abstract —Typical scienti ¢ data is represented on a grid with approp riate interpolation or approximation schemes, de ned on a
continuous domain. The visualization of such data in parallel coordinates may reveal patterns latently contained in the data and thus
can improve the understanding of multidimensional relations. In this paper, we adopt the concept of continuous scatterplots for the
visualization of spatially continuous input data to derive a density model for parallel coordinates. Based on the point-line duality
between scatterplots and parallel coordinates, we propose a mathematical model that maps density from a continuous scatterplot to
parallel coordinates and present different algorithms for both numerical and analytical computation of the resulting density eld. In
addition, we show how the 2-D model can be used to successively construct continuous parallel coordinates with an arbitrary number
of dimensions. Since continuous parallel coordinates interpolate data values within grid cells, a scalable and dense visualization is
achieved, which will be demonstrated for typical multi-variate scienti c data.

Index Terms —Parallel coordinates, integrating spatial and non-spatial data visualization, multi-variate visualization, interpolation.
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1 INTRODUCTION resentation in parallel coordinates. (ii) In contrast to other frequency

Parallel coordinates have become a common technique for the viBpt construction algorithms, our method is parameter-free: it does
alization of high-dimensional data. In parallel coordinates, axes 8t rely on bucket size, blr!nlng_, or texture_ resq]_utlon Wh.'Ch are com-
aligned parallel to each other and data points are mapped to lines TN used for the approximation of density. (iii) A continuous den-
tersecting the axes at the respective value. The embedding of an’ __model sc_ales _weI_I with sam_ple size and _resolutlon, providing t_he
bitrary number of parallel axes into the plane allows the simultaneof@S!S for @ visualization for which overplotting cannot occur. This
display of many dimensions, providing a good overview of the datg]ak_es para_llel coordmates |nt_ere§t|ng_for_the analysis of large data,
However, while the representation of discrete data points as lines nfigfticularly in the eld of scienti ¢ visualization.
reveal trends and patterns latently contained in the data, it also tends
to clutter the view due to potentially heavy overplotting. In consez RgLATED WORK
quence, classical parallel coordinates do not scale well with sample ) o . ) ) )
size, making it dif cult to use with large datasets. Despite the oveEa_raIIgl-coo_rdlnat(_es visualization utilizes a duality of points and Ilnes:
draw problem, typical information visualization techniques have be@@ints inm-dimensional data space are represented as lines crassing
gaining importance for the analysis of scienti ¢ data, allowing for th@arallel axes in the 2-D domain of the parallel-coordinates plot. The
detection of patterns which otherwise are dif cult to spot. advantagg of palrallell coordinates is tha}t there is no.fundamental limit
For the visualization of large scienti ¢ data, we introduzantinu- N data dimensionality. Parallel coordinates were introduced by In-
ous parallel coordinatesHere, data is typically de ned on a 2-D or Sélberg [14, 15], and subsequently extended by Wegman [26]. The
3-D continuous domain, represented on a grid with respective intdpathematical and geometric background of the point-line duality is
polation or approximation schemes. Our method uses parallel cotfviewed in Section 3.
dinates to derive a continuous density description for such data. Al-Unfortunately, parallel-coordinates visualization in its original ver-
though the input data eld has to be de ned on a continuous domaifion is subject to a couple of issues. One problem is the over-plotting
the function describing it does not necessarily need to be continuou. lines, in particular for large data sets. With the current trend to-
The main contribution of this paper is the mathematical model @fard applying statistical and information visualization techniques to
density in parallel coordinates. Our de nition of point density is basegcienti ¢ data [9], large-data visualization has become ubiquitous. A
on “counting” discrete lines: we derive the point density by examiningopular solution to the over-plotting problem is to replace opaque lines
the limit process of lines intersecting an interval with inde nitely smalPy a density representation [19, 27]. This strategy is applied in many,
vertical extent. Using this model, a relation of point densities frorflore recent publications as well. For example, features of the density
2-D continuous scatterplots [2] to continuous parallel coordinates #ots can be visually extracted by appropriate gray-scale mappings [1]
derived. or general transfer functions [17]. Density-based visualizations can
Furthermore, we examine different numerical and analytical sol@lso be applied to frequency plots [23]. The recent work by Blaas et
tions for the computation of the model. Based on the point-line dua!gam speci cally targets the visualization of multi-variate scientic
of scatterplots and parallel coordinates, the algorithms can be dividéafa by density-based parallel coordinates. We share the application
in two classes. In thecatteringapproach, a density description indomain and also apply our technique to the same example test data
parallel coordinates is obtained implicitly by sampling points from thgét: the hurricane Isabel ow simulation from the IEEE Visualization
input eld. In contrast, thegatheringapproach computes the density2004 Contest
by integration within the scatterplot. For the visualization of categorical variables, parallel sets [5] have
Continuous parallel coordinates exhibit several bene ts: (i) The vbeen introduced as an extension to discrete parallel coordinates. How-
sualization does not depend on the resolution of the data, as the aweier, previous work that deals with continuous density representations
able interpolation schemes are used to compute the continuous rfigp-the nal visualization ignores the continuous nature of scienti ¢
input data: typically, data discretized via grid points are displayed, ne-
glecting the reconstruction on the continuous domain. In contrast, we

The authors are with VISUS (Visualization Research Center) speci cally consider the continuity of the domain with respective data

Universiit Stuttgart, Nobelstr. 15, 70569 Stuttgart, Germany, reconstruction. The same basic approach can be applied to scatter-

E-mail: f julian.heinrich, weiskopf@visus.uni-stuttgart.de. plots [2] or histograms [8, 24]. The construction of continuous paral-
Manuscript received 31 March 2009; accepted 27 July 2008t online lel coordinates requires supstantial modi cations and e>_<tension_s com-
11 October 2009: mailed on 5 October 2009. pared to scatterplots and histograms because the duality of points and
For information on obtaining reprints of this article, plsa send lines needs be considered (see Sections 3 and 4).

email to: tvcg@computer.org .

http://vis.computer.org/vis2004contest



%, fr % 2 multiple attributes have to be distinguished, superscripts are added to

the respective coordinates. For example, a 2-D attribui@; ay) is
I mapped to the poin? : (x2;x2) in the data domain. Dually, in the
f{/ parallel-coordinates domain, the attribitdnas coordinate(shf; hg)
with respect to théiy ho-Cartesian coordinate system.

Following this notation, any point : (x1;x) in the data domain

Dy (h) is mapped to a line segment between adjacent &xesd x; in the
X X Lh  parallel-coordinates domain:
. ) hy ; X1 X
parallel-coordinates domain data domain Lh : hz - ( X X1)h1+ X1 hl 2 [O; l] (1)

Fig. 1. Parallel coordinates are constructed by placing parallel axes x; Here, we set the distance between parallel aseand x, to one as

on the hy h,-Cartesian coordinate system. A pointin parallel coordinates ~ proposed by Inselberg [14]. Note that we use subscripts to denote the

is mapped to a line in the data domain and vice versa. domain in which the line is de ned and superscripts for the parameter,
i.e. the dual point to the line. Hence, the line in (1) is given with re-
spect to the embeddirty, h,-Cartesian coordinate system. In the data

Clutter reduction for large-data visualization can be achieved by &omain, equation (1) allows another interpretation. Here, it implic-
ternative approaches that are complementary to density plots and tinrepresents the line corresponding to the pdint(hs; hy) of the
be combined with those. For example, brushing-and-linking [4], origRarallel-coordinates system with respect toxiue,-Cartesian coordi-
nally developed for scatterplots, can be applied to parallel-coordinaftae system. For this purpose, it may be interpreted as the projection
plots in the form of angular brushing [13]. Another example is focugf the vectox ontofi, which can be expressed by the dot product:
and-context visualization with user-controlled lenses and adapted sam- e h=f x @)
pling of the data set [11]. Advanced four-level focus-and-contisxt- x 12
alization, developed for the visualization of temporal features in lar o Nt . h
graph plots, shares aspects with density-based parallel coordindtes%fﬂte thatfi = (1 hy;hy)" is perpendicular td-, and only depends
might be applied to them [20]. Alternatively, segmentation or cluste®! hy. ] h o ) )
ing of the data might be included in order to separate distinct regions The distancdd, of L to the origin is inherently contained in (2),
of the data: Johansson et al. [17] combine density plots with featusat its computation assumes normalizationfiafo unit length, such
animation applied to clustered data; Novotny and Hauser [22] inclutieat:

the visualization of outliers and trends. Earlier work on cluster-based h, i
parallel coordinates includes aggregated visual representations-in hier Dy(h)= 5= — X 3)
archical plots [12], fuzzy cluster classi cation [6], and centroid visu- iy

alization of clusters [27]. Finally, proximity in the visualization mightHence, the main conclusions of this section are two-fold: (i) the dis-
be exploited by geometrically deforming the originally piecewise lintanceD, (h) linearly correlates witth,, the vertical position of the
ear lines to curves [18, 28]. corresponding point in the parallel-coordinates domain and (ii) the
sIopeLQ in the data domain only depends bn, the horizontal po-

3 MATHEMATICAL MODEL . . Y . .
(ﬁltlon of the corresponding poihtin the parallel-coordinates domain.

In this section, the mathematical model of continuous parallel coor
nates is presented. After introducing the terminology and de nitior2 Generic Density Model

used in this paper, the geometry of parallel coordinates is revisitqgy, nronosed density model is based on mass conservation, assuming
Then, a generic density model for parallel coordinates is derived. 5t (i) points in the data domain are given according to some density
The mod_el of continuous parallel coordinates is based on tﬁ%scription, and (i) the mapping of points from the data domain to
scalar density elds or continuous scatterplots [2] de ned onman |ines in the parallel-coordinates domain does not change the number
dimensional domain we will refer to afta domain Following this ot hoints (lines), i.e. a point in the data domain corresponds to ex-
terminology, another domain is introduced for the construction of 0By one line in the parallel-coordinates domain and vice versa. As a
tinuous parallel coordinates: thparallel-coordinates domaile n-  -,nsequence, a vertical line (or an interval) in the parallel-coordinates
ing a parallel-coordinates system in the Euclidean projective p!ane@&nain is mapped to a set of inde nitely denserallel lines (or an
introduced by Inselberg [14]. A nice feature of parallel coordinategeq) in the data domain (see Figure 2). This can be used to derive
is that the construction of the overall plot can be split into the cony yensity description for points in parallel coordinates by examining
struction of several independent parallel-coordinate systems for 2l |imit process at the transition of areas to lines in the data domain.
data, each emerging from a 2-D scatterplot. The nal plot is thefyi the assumptions (i) and (ii) stated above, the missvering an
formed by placing the parallel axes consecutively on the planemFor rear  R2in the data domain with densiy:R2!  R:x 7! s(X)
dimensional data, this results in the computatiomof 1 independent ._ ., _ 2 - R,
parallel-coordinate systems. Therefore, we will focus on 2-D data ol M= ps(x)d°x. Considering the duality of points and lines, the

r
. . . 2 . . . . . .
the derivation of the mathematical model for continuous parallel coc@ens'tyf :R%1 R;h 7! j (h) ofa pointh in parallel coordinates is
dinates. ased on “counting” lines within an interval along the vertical axis. It

can then begintegrated to compute the mass of the covered intgrval
3.1 Geometry of Parallel Coordinates according to j (h1; ho)dh,. Assuming mass conservation, the mass

. . . . f points (lines) does not change under the transformation from data
We brie y summarize parallel coordinates as presented in [14, 1 omain to parallel-coordinates domain:

using our own notation. Parallel coordinates are constructed from a 7 Z
X1 Xp-Cartesian coordinate system by embedding the axesdx, in - : . - 2
parallel onto another Cartesian coordinate systemhilfie-Cartesian M W (h1; h2)dh; £ (x)dx “)

coordinate system (Figure 1). In order to distinguish points betwe .
data domain and parallel-coordinates domain, we will use the folloﬁ[ére' we assume the densélyx) to be known for any (see [2] for

ing notation throughout the rest of this paper. Generally, we discri derivation of densities in the data domain). Applying the fur_lda_men-
inate betweenttribute valuesand their representation in the differenti@! theorem of calculus to (4) allows us to express the density in the
coordinate systems. For any 2-D attributeandx, denote the respec- parallel-coordinates domain in termsf

tive point coordinates in the data domain whtileandh, are used for ) dm d z 5

point coordinates in the parallel-coordinates domain. If mappings of j (hiihg) = dh, ~ dh, £ s (x)d“x ©)



*, fe % 1 Note that point densities are then constructed implicitly by the su-

perposition of lines with different density. Due to the linear model of
(7), this leads to the same result as the gathering approach. Instead
of sampling uniformly on a regular grid in the data domain, a random

Woh sampling strategy (with a uniform probability distribution) could be
used to achieve an “implicit” Monte Carlo integration for the compu-
tation of density in parallel coordinates. Similarly, low-discrepancy
sequences [21] could be used for sampling to obtain quasi Monte

parallel-coordinates domain Pt data domain %, Carlo integration. Using in an importance sampling approach fur-

ther improves performance compared with the standard or quasi Monte

Fig. 2. The interval Wcontaining h in the parallel-coordinates domain is ~ Carlo methods. In this case, a constant dersityust be used focy',

mapped to the area stripe F containing Li' in the data domain. Since 1-€. @  const in step 3 of the generic scattering algorithm. Sam-
ple points are drawn from a probability density function givenshy

up to a constant scaling factor. Now, the computation () at the

sampling pointdh remains only a matter of counting the (weighted)

lines intersecting withh, which also is the basis of our mathematical

. . ) model of continuous parallel coordinates. Note thatepends on the

In order to compute thehlntegral, we SHitin two parts: one integra- nymper of samples and thus has to be normalized in order to properly

tion along the lind=| = L, corresponding t& and another integration compare the results.

along the perpendicular directiéi, (see Figure 2). For this purpose, In practice, many 2-D density elds are derived from higher di-

the x, xo-coordinate system is rotated such that the rotagealxis can mensional input elds with known (sampling) densities, such as 3-D

the slope of L)': is independent from hy, the stripe has parallel border
lines.

be identi ed with the normal of the line". Then, we can use scalar elds, 3-D vector elds, or multi-attribute elds. Bachthaler
X and Weiskopf [2] denote the domain of such an input eldspatial
dD 1 domainand describe the transformation of density from the spatial do-
X - = (6) main to the data domain under the assumption of mass conservation.
dhy  jifijj In consequence, the computation of continuous parallel coordinates

. ) . using scattering may also be conducted on the spatial domain. Here,
as a result of (3) to transform the integration offer to an integra- |tj-dimensional points are sampled and mapped to polylines in par-
tion QverV\/. Considering t.he limit process for |nde.n|t.ely sm.all inter- alel coordinates witla ~ const This approach affects step 1 of the
vals in the parallel-coordinates domain further eliminates '”tegrat'%neric scattering algorithm, as points are now sampled according to
overF -, such that the line density in & poiftiy; h2) of the parallel- the given density in the spatial domain (typically, constant density).
coordinates system is fully described by the integral over the corghis method and previous density-based methods (such as [17]) con-
sponding line in the data domain: verge to the same basic computation with increasing grid resolution of

2 h the input eld. Therefore, in the limit of in nitely high resolution of
. s(L (1) input data, continuous parallel coordinates and previous densitgtbase
j (hihg) = T () representations yield the same resullt.
X

3.4 Triangulated Data

In this section, we provide an analytic solution to (7) for data given
typically has nite support, althougll)': is de ned on an inde nite on tetrahedral grids in the spatial domain. Tetrahedral grids play an
domain. A complete derivation of (7) is provided in the appendix. IMPortant role as simulation grids or as common ground for data ex-
change using the approximation of other grid structures by triangula-
3.3 Numerical Integration tion. Continuous scatterplots also support tetrahedral grids by exploit-

ing the projected tetrahedra algorithm [25]. Under the assumption

. . . . o i
Equation (7) describes the line density at any point in the parallelf" 355 conservation, spatial tetrahedra are projected to a set of tri-
coordinates domain as a line integral along its dual line in the data dgs les in the data domain, resulting in a triangulation of the density

main, where the function to be integrated is the respective point densiyiintion with piecewise linear interpolation. Therefore, a piece-
s of the scalar input eld. In this section, two substantially dlfferen(Nise computation of (h) can be achieved by linear slliéerposition of

with LQ(I ) being the arc-length parametrized Iihg. Note thats

approaches to the numerical integration of (7) are brie y discussed. - : . . . i
A typical gathering technique is to samplg in the parallel- the cont.rlbu.tlo.n of all trlangle§ |ntersectmg the dual | : This ap N
coordinates domain followed by an evaluation of (7) in the data d@roach is similar to the previously described scattering of densities,

main. Here, each samptehas a dual Iiné;g constituting the integra- ggg? dﬁggt?sthis case, triangles instead of points are mapped to parallel
tion domain for the computation ¢f(h). Numerical integration now Figure 3 éhows a possible footprint of a trianglg, from the data

. . . h . .
implies further sampling of overL, and can be implemented usingy,main to the parallel-coordinates domain. The pmb’ andx®

known techniques such as Monte Carlo integration or Riemann sunage mapped to lindsg, LY, andL§, in the parallel-coordinates domain,

. By exploiting the pointl—line duality, qnother approach to numericalg yescribed in (1). For any vertical lihg = h¥ = const, the inter-
integration of (7) is possible. Here, points are sampled from the data 1

i ihra | b c a pb [+ ; H
domain and the respective densitiessratteredo line densities in the s?f;'gﬂtsk\)’\;';hg?’é‘ge’r‘z‘lﬂ? Lfetareh » h3. andhs, as derived in (1).
parallel-coordinates domain. The generic scattering algorithm usix\ﬂ 9 Y

additive blending is h3 hS hg: (8)
1: | intx;;i=1;2;:::; . . . . .
2 ?;rgﬁ ()e(‘pé)(l)n pI= Leenn This means that for each triangle, we label its vertices such that (8) is
3 setRClsBAdraWCoIor(;Il; 1:a) true. T.henDabC i§ diyided in two sub’[riangle@aec andDet.,O Herle, a
X case differentiation is necessary depending on the choib¥ oFirst,
4 drawlLine(p') lethg h¥ h§ (highlighted red in Figure 3). The corresponding
5: end for

. L . . . line LY in the data domain interse in the pointsx” andx?:
A possible application of the scattering algorithm is to sample ~ X e P

points on a regular grid on the data domain (step 1) and sets (x;), . ;
effectively resulting in a uniform sampling of the density funct®n L) =x"+ T(Xg X)) 9)



x, he e wherex® is linearly interpolated similarly to (15).

Altogether, equation (11) resolves to a single expression depend-
ing only on the point coordinatedg" in parallel coordinates and the
densities at the triangle vertices:

\hb

h3

hy LA
/Wg/

w
h¥ ha Xt
parallel-coordinates domain data domain

(2 u u)s(x¥+ uvs(x")+ us(x% (19)

t
T

The second caskeS hY hg is derived analogously by swapping
indicesa andb in equations (13), (12), and (14).

Note that both subtriangld3,, andD;ec may degenerate to a line
if either h§ = hg or h3= h5. As these cases are covered by (14) and
(16), there only remains the special c#ige= h$ = hY, wherevis no
longer de ned. HereD,yc degenerates to a line with three density val-
ues at the corresponding vertices, such that linear interpolation is not
valid anymore. In this case, the density# according to the triangle-
with t = jix? xjj and/ 2 [0;t] for the segment contained By, Model can no longer be represented by a function in the parallel-

Due to the piecewise linear density distribution obtained from the prgoordinates domain. Instead, the degenerate triangle from the data
jected tetrahedra algorithm, we can use that domain maps to a single point in parallel coordinates. The associated

density is represented by a delta distributigr(h) = Md(h hY),

Fig. 3. Footprint of a triangle in parallel coordinates after transformation
from the data domain. The point hy and its dual line Ly are highlighted
in red. Assuming, h < h5< hg, the triangle Dap is divided in two sub-
triangles Daec and Dgpe.

w i g ¢ whereM is the mass of the degenerate triangle which is conveniently
s(Ly(1)=sx)+ + s(x7) sx) (10)  determined by integration in the spatial domain.
such that the contributiong to j (h%) as computed according to (7)# IMPLEMENTATION
is: This section presents implementations of the different computational
. Zes(Ly()) t ] o models introduced in Section 3.3 and 3.4. Each method will shortly
e = o jifii = 2ji i s(x)+ s(x%) (1) pe explained and applied to a test dataset comprising a single triangle

o o _ ~ with known density distribution in the data domain (see Figure 4) in
Now, we can use barycentric interpolation in subtriarigjlg. to obtain  order to evaluate the numerical quality of the different methods.

the density at the intersection points: The implementations are based on C++ and OpenGL with GLSL.
a . a All calculations were performed using a 20482048 oating-point
s(x9) = s(x*)+ u(s(x%) s(x¥) (12) render target.
and 4.1 Triangulated Data

fy _ a c a In Section 3.4, the contribution of the piecewise linear density given
S = sx)+ us(x7)  s(x) (13) on atriangle tg (h) was reduced to a single equation depending only
For the computation ofi, distances of lines as derived in (3) can b&n h and the densities at the triangle vertices. This can be used to
used. LeDh¥ = h¥  h% be the vertical distance ¢ to h? in the  implement a rasterization of line densities in parallel coordinates. Af-
parallel-coordinates domain. Similarly, BDY = D, (h") D,(h®) ter projecting a tetrahedral mesh from the spatial domain to the data
tdomain, the density distribution of each triangle is mapped to parallel
) . coordinates according to (19). According to the linear density model,
theorem in the data domain: the total density (h) can thus be computed using additive blending.
DDW w Using a oating-precision buffer as render target, the density is
- X _ Dh3 (14) computed for each texel individually, such that the algorithm can eas-
DD)C( Dh$ ily be adapted for a GPU implementation. In particular, fast interpola-
tion can be exploited for the computation of parameters to (19). Hence,
Note thathy hY¥  hS and thus .Jim u(hZ) = 1 using I'Hopital's  the primitives have to be generated, such that the necessary parame-
. h3! Chi ters can be attached as texture coordinates. As can easily be seen in
rule so that (14) is de ned even f@h; —e0. o  Figure 4, the footprint of a triangle in parallel coordinates consists of
Similarly, for the computation of (x~), barycentric interpolation three lines, each representing one vertex of the triangle. In turn, each

be the distance dI;" to L;‘. Then,u can be derived using the intercep

within Dap yields: line may intersect each other line, such that a minimum of zero and
a b a a maximum of three intersections may occur. Dividing the horizontal
s(x%)= s(x*)+ v(s(x”) s(x?) (15)  axis at each intersection yields up to f@agmentseach consisting of

two quadrilaterals. Renderin% each quadrilateral with attached texture
coordinates representing Dh3, andDh$ then allows evaluation of
Dh$ equations (19) and (16) in a GPU fragment program. For the special
= Db (16) casehd = hS= hf, we currently store a constant value in a separate
2 channel of the render target in order to mark the corresponding pixel.
and Dhg > 0 (the special CaS_hE_’ = 0 will be treated Ia_ter). Now, In future, this may be can|dered for thg nal dlsplay. For a triangle
the nal parameter to determine in order to solve equation (1i)is Dabe the algorithm consists of the following steps:

jix?  x'jj, which can be obtained using the intercept theorem: 1. Determine all intersections &f, L}, andL§ and divide the
horizontal axis into segments accordingly.

with

\

ix? X _jix? x3
ix® xS ix® X

a7 2. Determine upper and lower quadrilaterals (treat triangles as de-

generate quadrilaterals) and attach parametefzh?, Dh$ as
and thus: texture coordinates to the corresponding vertices.

t=ujix® x5 (18) 3. Render quadrilaterals with fragment program enabled.



Fig. 4. The reference triangle with continuous density in the data domain (left), its footprint in the parallel-coordinates domain (middle) and the
density plot using an analytic solution for triangulated data (right). The triangle vertices and respective lines in the footprint are marked red, green
and blue. The density plots computed with numerical integration (gathering and scattering) are indistinguishable to the analytic solution. The
respective |12 distances are denoted in the main text.

Figure 4 shows the result of the implementation for the reference tusing a Gaussian 55 kernel in order to compensate for aliasing arti-
angle, after density normalization[@ 1]. As this approach representsfacts. Again, there is no visible difference to ground truth. The relative
the analytic solution to the mathematical model of continuous parallé! difference to ground truth is approximately78 10 8, i.e. about
coordinates, it may also be considered as ground truth for comparisore order of magnitude higher than for the gathering approach. This
purposes. The fragment program used for the examples in this papeuld be further improved by increasing the number of samples.
is available as supplemental material.

5 RESULTS

4.2 Numerical Integration In this section, we compare discrete density-based and continuous par-

Given a 2-D scalar density eld, the gathering approach presented ealiel coordinates for a typical scienti ¢ visualization dataset. Further
lier accumulates densities for eagtalong the dual Iine-;f(7 inthe data examples are available as supplemental material. Discrete parallel co-
domain. In our implementation, we use the continuous reference fpfdinates are created by drawing one polyline for each sample in the
angle with densities stored in a oating-point render target to compugatial domain. For continuous parallel coordinates, a 2-D density
line integrals according to the gathering approach. Density values 8 IS computed using the projected tetrahedra algorithm [2]. The re-
parallel coordinates are stored in a oating-point render target of ttf¢!!ting triangles in the data domain are then mapped to parallel coor-
same resolution. Then, for each texel in the parallel-coordinates ¢ipates as described in Section 4.1. In both approaches, a rergter-tar
main, the dual line is sampled from the input eld. In order to properl{eXture is used to obtain oating-point precision for the computation
reconstruc , the sampling rate was set to the respective Nyquist raf@, densities. In the case of discrete parallel coordinates, the density of
Due to the texel-based computation, the algorithm is perfectly suit8cPix€l is computed by counting the lines crossing that pixel. Before
for hardware-accelerated computation. As there is no visible diffdfle content of the texture is written to the framebuffer, the densities
ence to ground truth, we computed tReorm of the difference vector &€ normalized to the same density range. Furthermore, we apply a
of the respective render targets to obtain a quantitative distance m@garithmic colormap to the normalized densities, such that low den-

o . . 2 . _ sities are shown in black/dark-blue, mid-density values are shown in
sure. After normalization, the relative distance, hewnh N = 2048, red, and high-density values are mapped to yellow/white.

of the gathering approach to ground truth is approximate2y 10 7. Figure 5 illustrates discrete and continuous 4-D parallel coordinates
The error is negligible and, therefore, the gathering approach is an g@pthe |EEE Visualization 2004 contest dataset “hurricane Isabel”. The
propriate alternative to the analytic solution. The sources of the smafiginal data consists of 48 timesteps, each containing measurements
difference between the numerical and the analytic solution include the11 attributes with a spatial resolution of 50600 100. For our
sampled representation of the scatterplot, the numerical i”tegfaﬂ%mparison, we use the rst timestep and four dimensions in three dif-
and the interpolation when accessing the data domain. All these efglant spatial resolutions (original, and downsampled to 50 10
sources depend on the resolution of the data-domain representatigny 100 100 20). The visualized dimensions are the vertical spa-
There_fore, the quallpy of the n'umerlcal_solutlon can be controlled Q| position (height), temperature, pressure, and wind velocity. Both
adapting the resolution of the intermediate scatterplot texture. In cq@mperature and pressure are contained in the original dataset, wherea
trast to the analytic solution using triangulated data, the gathering gpng velocity is computed from wind speed in x-, y-, and z-direction.
proac_h does not depend on the size of _the dataset, _such that it maEpgry dimension was normalized independently to the rgdgd be-
used in a fast, although less accurate, implementation for the Compyjw computation. Furthermore, tetrahedra containing invalid attribute
tation of continuous parallel coordinates. Note that, for the ef cienfata such as N/A-values were discarded.
rendering of continuous scatterplots, Bachthaler and Weiskopf [3] ré- e most prevalent character of the series of standard parallel coor
cently proposed adaptive techniques supporting a wide class of recgfiates in Figure 5 is the increasing amount of clearly visible clusters
struction lters, including trilinear interpolation. The fragment pro-egiting from the discrete mapping of the vertical spatial coordinate
gram used to compute 2-D continuous parallel coordinates from a cRajght). Only at high resolutions the true character of the rst dimen-
tinuous scatterplot texture is available as supplemental material.  sjon"can be revealed, indicating a linearly increasing function de ned
A scattering approach was implemented according to the genegi 5 continuous domain. But, if only one of the plots were available, it
scattering algorithm presented in Section 3.3. Samples are drawn r&sh|d falsely be interpreted as a set of high-dimensional clusters with
domly on a triangle in the data domain using rejection sampling, i.gqual values on the rst dimension. Continuous parallel coordinates
observations are sampled from the surrounding rectangle, rejectfignot suffer from this problem, as linear interpolation of values is in-
samples outside the triangle and linearly interpolating those acceptﬁgrenﬂy contained in the density model. This can nicely be seen in
Then, for each sample;, the dual IineLﬁi in parallel coordinates is Figure 5, where the equal distribution of samples on the rst dimen-
rendered as a white polyline with density being represented by thion can already be observed at low resolutions. Note that this is a key
respective alpha value (i.e. s (x;)). The overall density (h) ac- information which is entirely missing in discrete parallel coordinates.
cording to (7) is obtained by accumulating alpha values of each line in-We observe that continuous parallel coordinates of low-resolution
tersectingh, which is conveniently implemented using additive blenddata rapidly converge to ground truth, i.e. plots computed from full-
ing. After normalizing, the resulting image is nally low-pass lteredresolution data. In order to obtain a numerical measure for similarity,



Fig. 5. Discrete and continuous parallel coordinates for the “hurricane Isabel” dataset at different spatial resolutions (50 50 10,100 100 20,
500 500 100 from top to bottom). On the left side, discrete parallel coordinates are shown with the corresponding continuous version on the right
side. Sampling artifacts stemming from the discrete mapping of the vertical spatial coordinate (height) lead to misrepresentation of key information
in discrete parallel coordinates.



0.0001 r which are not contained in the data, but emerge from the dependency

9e-05 of discrete parallel coordinates on the sampling rate in the spatial do-
main. In contrast, continuous parallel coordinates are largely indepen-
8e-05 dent of the resolution: plots generated from low-resolution data are
7e-05 very similar to the full-resolution version. However, the accuracy of
6e-05 the plots from coarsened data depends on the interpolation function
12 56-05 used in the reconstruction step. Hence, the algorithm presented in sec-
€ tion 4.1 using linear interpolation will therefore produce less accurate
4e-05 results for higher-order characteristics.
3e-05 This behavior demonstrates the fundamental aggregation character
2e-05 of density-based parallel coordinates. Like other statistical visualiza-
16-05 tion techniques, such as histograms, this approach is robust under sam

pling effects and other external in uences, capturing the essence of a
dataset. It is important to note that although sparse data probably ben-
logy(r) e ts most from our method, sampling artifacts can also occur from
high-resolution data which are guaranteed to be removed by contin-
uous parallel coordinates. Another practical advantage of continuous
parallel coordinates is the scalability with increasing data set size: the
overplotting problem is avoided without the need for parameters such
as bucket-size or any other density approximation technique.

Apart from differences regarding the sampling of the data, how-
ever, continuous parallel coordinates share most of the advantages a
problems of discrete parallel coordinates. Many of the improvements

hel2 f the diff f density for diff ial i and extensions to parallel coordinates presented in recent work can
thel”-norm of the difference of density for different spatial sampling ;s e applied to continuous parallel coordinates without restrictions.

rates to the %riginﬁl dataslet V\r/]as c?]mp(lj{tf?d with é)ating-point Pr€Gor instance, parallel sets could be used in conjunction with contin-
s_lo”n (F!ghure )- The resu _tsls ow } atdi e:er_lce 'e:creﬁses @XPONFous parallel coordinates in order to join both categorical and con-
Itla y Vg'; |r|10reaf3|ngosp.at|a."samp ing Tleso “t'r?n', Furt hermrt])re, huous variables in a single plot. In principle, interactive techniques
largest“ value of 1e-04 is still very small, emphasizing that the maig, 1, 45 prushing are also applicable to continuous parallel coordinates.
information contained in the data is already captured by low-resolutief}, ;ih brushing [10] is particularly interesting for continuous data
plots. ) ) . representations, as a density gradient can directly be obtained from
A performance comparison of discrete and continuous parallel 6@ piots, However, methods depending on individual lines such as
ordinates is provided in Table 1. Although the gathering approa(érhgmar brushing [13] cannot be used.
allows for highly interactive computation of continuous parallel coor- In the limit process, continuous parallel coordinates share the same
h . f . : hich mak NdSual signature with classic density plots, where the characteristics of
OP the con:pytatlon Od c(;mtlnuous scattt:erp Ot?' VIV ICh make qu_ MO&rallel coordinates are fully captured but single lines cannot be per-
of the total time needed to compute the nal plot. More ef cientygjyaq. Using brushing, however, the line structure of discrete phralle

rendering techniques have been proposed recently by Bachthaler g qinates can be reconstructed in a controlled manner by sampling
Weiskopf [3] and may be used to accelerate our approach as well. 11 continuous version.

In future work, further application areas could be explored and
6 CONCLUSION AND FUTURE WORK the usefulness of our visualization technique could be investigated by
We have presented continuous parallel coordinates for multi-variagigplication-oriented studies. We expect that applications with large
data de ned on a continuous domain. The construction of such a higdtienti ¢ data sets might bene t most from continuous parallel coor-
dimensional density eld relies on the concept of two-dimensionalinates. Other aspects of future work could include investigating ana-
continuous scatterplots that are mapped to the parallel-coordinates $ytsc solutions to the computation of density for non-triangulated data
tem using point-line duality. We have derived a mathematical densiid non-linear interpolation schemes using continuous scatterplots [3]
model based on mass conservation during the mapping from spagial direct mapping of datasets from the spatial domain. The ef ciency
to data and parallel-coordinates domains. The consecutive applicaii#itendering parallel coordinate plots could be improved for the ana-
of this mapping allows for an arbitrary number of data dimensiongtic solution by porting the geometry computations to the GPU and
Different numerical integration techniques for the computation of ther numerical integration by incorporating hierarchical and adaptive
density model have been presented. We have shown that both gé#hniques for the rendering of continuous scatterplots [3]. Finally,
ering and scattering techniques can be used for the approximationt investigation of interactive, density-based brushing techniques is
density in parallel coordinates. For triangulated data, an analytic solik important task to be conducted in the future.
tion has been provided.

An important bene t of continuous parallel coordinates is that typAPPENDIX
ical sampling artifacts do not occur. Distracting patterns are removelis section provides the derivation of (7), the line density of a point
h in parallel coordinates.

Assuming mass conservation, the mbs®f the intervalWin the
parallel-coordinates domain and the afFedn the data domain must
be equal (see Figure 2)

Fig. 6. Relation of the relative |2 distance with spatial sampling rate

r= %‘W’, where n; denotes the number of samples in dimension

i. Both 12 as well as r are given relative to ground truth, i.e. to the full-
resolution data set. In order to accentuate the exponential relation, a
linear regression line in the logarithmic plot was computed.

Table 1. Computation time in ms for continuous scatterplots (CS), con-
tinuous parallel coordinates (CPC), and discrete parallel coordinates

(PC) for different resolutions of the hurricane Isabel dataset. The mea- z ) z 5
surements were conducted on a Linux PC with an Intel(R) Core(TM) 2 M= j(h)dh,= s(x)d°x (20)
Quad CPU running at 2.4 GHz with 4 GB RAM and an NVIDIA GeForce W F
8800 GTX graphics card. Applying the fundamental theorem of calculus yields
| 50 50 10 100 100 20 500 500 100 _ dM d < 5
CS 5022 7848 661164 J(hiihg)= m = - s(X)dx (21)
CPC 5 4 4 2 2 F

pC 10 80 36631 Now, the integration domaiR is split in two perpendicular directions



F andF, . For this purpose, we de ne arotationn R2!  R%x 7! [7]
n(x) that maps the unit vector, to n = ﬁ
n(xz)= X2=n (22) P

Now, the transformation theorem for integrals can be applied to (20):[9]
z z
s(x)d’x = s(n(x))jde(Dn(x))jd>x (23)
n(f) f [10]
whereD denotes the respective Jacobian matrix. Note that, in our case,

jdet{Dn(x))j = 1. Now, splitting the regiom(f) = f, f, remains [11]
only a matter of splitting integrals:
z z o
M = s(x)dx> dxq (24) [12]
k ?
For the computation of the density follows: [13]
z z o
jhih)= g s(0de dg @5) 4

In order to transform the integration alorfig to an integration over [15]
W, we use that

db, 1
dhy "~ jifij

(26) [16]

which is a result of (3). Then, the inner integral of (24) yields thei7)

desired transformation to the parallel-coordinates domain:

z z o

.- s(x1;Dy(h (18]
s@dn=  2Dxh) g

Jynyj

h2 (27)
fa w

(19]

With (25), the density in the parallel-coordinates domain then be-
comes: [20]

z o
s(x1;Dy(h -
( L f,‘,( 2)) & 28)
fx )
Returning to the original coordinate system nally describes the lin@1]
density in a poinh of the parallel-coordinates system by integrating

over the corresponding line in the data domain:

Jj (hy;hp) =

z [22]
. s(x(/
j (hiihy)= %dl (29)
L, Jny [23]
with LQ(I ) being the arc-length parametrized Iih%.
[24]
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