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Abstract —Scatterplots are well established means of visualizing discrete data values with two data variables as a collection of dis-
crete points. We aim at generalizing the concept of scatterplots to the visualization of spatially continuous input data by a continuous
and dense plot. An example of a continuous input �eld is data d e�ned on an n-D spatial grid with respective interpolation or recon-
struction of in-between values. We propose a rigorous, accurate, and generic mathematical model of continuous scatterplots that
considers an arbitrary density de�ned on an input �eld on an n-D domain and that maps this density to m-D scatterplots. Special
cases are derived from this generic model and discussed in detail: scatterplots where the n-D spatial domain and the m-D data-
attribute domain have identical dimension, 1-D scatterplots as a way to de�ne continuous histograms, and 2-D scatterpl ots of data
on 3-D spatial grids. We show how continuous histograms are related to traditional discrete histograms and to the histograms of
isosurface statistics. Based on the mathematical model of continuous scatterplots, respective visualization algorithms are derived, in
particular for 2-D scatterplots of data from 3-D tetrahedral grids. For several visualization tasks, we show the applicability of continu-
ous scatterplots. Since continuous scatterplots do not only sample data at grid points but interpolate data values within cells, a dense
and complete visualization of the data set is achieved that scales well with increasing data set size. Especially for irregular grids with
varying cell size, improved results are obtained when compared to conventional scatterplots. Therefore, continuous scatterplots are
a suitable extension of a statistics visualization technique to be applied to typical data from scienti�c computation.

Index Terms —Scatterplot, histogram, continuous frequency plot, interpolation.

1 INTRODUCTION

Scatterplots have been proven successful and useful diagramming
techniques in descriptive statistics and information visualization. They
take discrete data points with two data dimensions as input, and pro-
duce a 2-D plot of those data points by drawing respective dots on a
diagram with two orthogonal axes representing the two data dimen-
sions. Scatterplots are effective in displaying relationship in the data,
such as correlation or other patterns.

In this paper, we utilize the undisputed visualization power of scat-
terplots and extend them to display continuous data typically generated
in computational sciences. The method of this paper �ts in the recent
trend of combining statistical visualization methods like scatterplots
with scienti�c visualization methods like volume or �ow visualization.

We de�ne the termcontinuous scatterplotas follows. First, input
data is no longer a collection of discrete data points but a �eld of data
values de�ned on a continuous domain. Typically, the domain is 2-D
or 3-D and has intrinsic spatial embedding; the dimensionality of the
domain increases by one if time dependency is included. Data repre-
sentation often relies on a grid with respective interpolation or approx-
imation schemes. Please note that the data �eld de�ned on the contin-
uous domain is not necessarily continuous, i.e., even non-continuous
functions can be visualized. The second aspect of a continuous scatter-
plot is that the output is continuous: instead of a collection of discrete
points, a continuous density is drawn on the 2-D diagram, providing a
continuous frequency description of two data dimensions.

Our model of continuous scatterplots and respective computations
is generic in the sense that both the spatial domain of the input �eld
and the dimension of the scatterplot can be chosen freely. In practice,
the dimensionality of the input-�eld domain is determined by the data
input, which mostly is restricted to dimensions 2–4. From a perceptual
point of view, useful output dimensionalities are 1 (i.e., continuous his-
togram) and 2 (i.e., scatterplot in its original sense). Although there is
previous work on 3-D discrete scatterplots, their perceptual effective-
ness is unclear. To visualize higher-dimensional data, 2-D continuous
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scatterplots can be combined to respective scatterplot matrices.
The main contributions of this paper are: (i) We present a math-

ematical model for generic continuous scatterplots that maps an arbi-
trary density function from then-D input domain to them-D scatterplot
domain in order to build the continuous frequency plot; here, interpo-
lation and reconstruction schemes on the input domain are taken into
account to construct a continuous frequency map. (ii) Generic continu-
ous scatterplots are related to existing models like discrete histograms
and scatterplots or continuous probability density functions to demon-
strate that those concepts are generalized by continuous scatterplots.
(iii) We propose an ef�cient computational model for the special, yet
important case of 2-D continuous scatterplots of 3-D data de�ned on
spatial tetrahedral grids.

We see the following bene�ts of our visualization approach: (i) The
generic mathematical model of continuous scatterplots provides a
solid and reliable basis for many variants of frequency plots of con-
tinuous data. (ii) Continuous density plots scale well with increasing
data set size and resolution because they are not subject to overplot-
ting issues, which for example occur due to dot plotting in discrete
2-D scatterplots. (iii) Continuous scatterplots are parameter-free. In
contrast, the quality of discrete histograms depends on the choice of
bucket size; a similar observation can be made for density construc-
tions for discrete 2-D scatterplots. (iv) Since continuous scatterplots
build a scalar density function, well known scalar-�eld visualization
techniques can be applied for �nal plotting. For example, we use color
mapping for 2-D scatterplots, and illustrate its usefulness by show-
ing visualization results for a few typical visualization tasks. (v) Fi-
nally, continuous scatterplots readily �t in any visualization system or
pipeline that supports discrete histograms or scatterplots. Therefore,
continuous scatterplots may be employed widely in multi-attribute vi-
sualization of continuous data.

2 RELATED WORK

Scatterplots, histograms, and similar plotting techniques are well-
known and accepted diagramming methods in descriptive statistics and
information graphics. An overview of statistics and respective visual-
ization can be found in the books by Utts [15] and Chambers et al. [3],
and the illustrated reference book by Harris [9]. In this paper, we view
scatterplots as a way to visualize frequency distributions of 2-D data:
scatterplots show frequency by the density of points drawn on the 2-D
plot. Probably the most popular visualization of frequency distribution
is based on histograms [10], designed for 1-D data.

Traditionally, statistics visualization is applied to discrete data



points and, thus, continuous interpolation of data and continuous vi-
sualization has not been playing an important role. However, there is
a new trend in the visualization community to apply techniques from
statistics visualization to data �elds de�ned on continuous domains
(e.g., from areas like �ow visualization or volume visualization) in
order to explore multi-attribute �elds. One example is the SimVis sys-
tem [5], which employs multiple coordinated plots with brushing-and-
linking in order to explore simulation data such as that from compu-
tational �uid dynamics; here, scatterplots are key visualization com-
ponents. Another example is the speci�cation of 2-D transfer func-
tions [11] using 2-D plots that show the frequency of data entries of
2-D data points. While the combination of statistics visualization and
continuous-domain �elds is relatively new for scienti�c visualization,
there is a related discipline that has been dealing with this issue for
some time: geostatistics analyzes data typically given on 2-D spatial
domains [12]. Although geostatistics employs some continuous in-
terpolation techniques such as kriging, it mostly applies statistics to
discretely sampled data. Similarly, the aforementioned combination
of statistics visualization and scienti�c visualization relies on discrete
data points (e.g., sampled grid points or vertices) and does not consider
the continuous domain of the data �eld. In contrast, our approach takes
into account the continuous spatial domain, the interpolation or recon-
struction scheme, and the grid structure of the input data; and it also
produces continuous versions of statistics plots.

Although descriptive statistics focuses on discrete data, there are a
few examples of continuous plotting. One example is the extension of
discrete histograms to continuous frequency distribution graphs: dis-
crete columns of the histogram are replaced by a smooth curve that
connects discrete points of the corresponding histogram [9]. While
this approach leads to a continuous plot by means of interpolation
within the frequency graph, it does not consider the continuous na-
ture of the input data �eld but still processes discrete samples. The
same holds for cumulative frequency graphs, also called ogives. Since
the underlying model of such frequency graphs can be identi�ed with
probability density, the wealth of measure and probability theory [1]
and mathematical analysis can be applied. Some aspects of integration
theory will be used in the mathematical derivations and discussions of
this paper.

Finally, the work by Carr et al. [2] is partly related to this pa-
per. They investigate histograms for isosurface statistics and show
that these histograms represent spatial function distributions. In Sec-
tion 3.3, we demonstrate that the continuous histograms of this paper
(for the special case of 3D scalar �elds) share the same computation
of isosurface area as in [2], but that we also take into account density
transformations, which are important for generic data analysis targeted
by our paper. Independently from us, Scheidegger et al. [13] have
very recently revisited the histograms for isosurface statistics: using
Federer's coarea formula [6], they take into account the density of iso-
surfaces and derive the same expression for isosurface histograms as
in our paper.

3 MATHEMATICAL MODEL

This section presents the mathematical model of generic continuous
scatterplots. We �rst introduce required terminology and de�nitions
before we describe the generic model. Later parts of this section de-
rive speci�c results for special cases like 2-D scatterplots or 1-D his-
tograms. In this context, these continuous versions are compared with
their well-known discrete counterparts.

3.1 Generic Model

The computation of continuous scatterplots needs two different do-
mains: then-dimensional domain on which the input �eld is de�ned,
and them-dimensional domain of the scatterplot onto which the input
�eld is mapped. We denote the �rst one asspatial domainbecause it
typically describes 2-D or 3-D spatial positions. Despite this terminol-
ogy, the spatial domain may also include time dimension; in fact, any
continuous �eld domain is supported. The second kind of domain is
denoted asdata domainbecause it represents the multi-attribute data
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Fig. 1. Change of point density, by applying the mapping t from the
spatial domain of the input data (left) to the data domain of the scatter-
plot (right). Sampling density is indicated by dots; the two quadrilaterals
visualize the mapping of an extended area. Here, both spatial and data
domains have dimension 2.

values of the input �eld. Typical examples arem = 1, which corre-
sponds to a histogram for one data component, orm = 2, which cor-
responds to a 2-D scatterplot. The input �eld to be visualized can be
represented mathematically by a map from spatial domain to data do-
main: t : Rn ! Rm. The mapt can represent all typical scienti�c data,
including 3-D scalar �elds, 3-D vector �elds, or multi-attribute �elds.

The problem of constructing a continuous scatterplot can then be
formulated as �nding a density functions de�ned on the data domain:

s : Rm �! R; x 7�! s (x ) ; (1)

which represents continuous frequency and depends ont . In fact, the
mathematical basis of the continuous scatterplot is an operator that
maps the functiont to the functions .

To construct this operator, we derive a continuous description by
starting from well-known discrete scatterplots and considering the
limit process for in�nitely dense data points. This approach is sim-
ilar to deriving continuum mechanics from systems of discrete mass
points (see, for example, [7, Ch. 12]). Figure 1 illustrates the discrete
particle model for the examplen = m= 2. The derivation is based on
two assumptions: (i) points in the spatial domain are given according
to some kind of density description (typically, uniform density), and
(ii) the mappingt does not change the number of points. The sec-
ond assumption is identical to mass conservation if mass points are
considered. The limit process for in�nitely dense particles leads to a
replacement of particle mass by mass density.

According to assumption (i), the mass (i.e., sampling) densitys is
known in the spatial domain, withs : Rn ! R;x 7! s(x). The massM
of a covered volumeV � Rn is M =

R
V s(x)dnx. Similarly, the density

s in the data domain can be integrated to compute the mass of the
covered volumeF � Rm according to

R
F s (x ) dmx . Note that our no-

tation uses Latin characters for quantities related to the spatial domain
and Greek characters for quantities related to the data domain; lower
case letters denote scalar or vector values, uppercase letters denote
volumes.

If V andF are related byt (V) = F , mass conservation under the
transformationt implies

M =
Z

V
s(x) dnx =

Z

F = t (V)
s (x ) dmx ; (2)

which determines the unknown density functions for a given input
densitys because (2) has to hold for any volumeV in the spatial do-
main. Rewriting (2) leads to the alternative formulation

Z

F
s (x ) dmx =

Z

t � 1(F )
s(x) dnx ; (3)

which equally determiness because (3) has to hold for any volumeF
in the data domain. The inverse mapt � 1(F ) is well de�ned even ift
is not invertible because here we work on maps of sets, not of single
function values.

Note thats is only indirectly de�ned in (2) or (3) via the effect
of integration. For the generic case of scatterplot computation, this
indirect de�nition ofs is required so that we can support not only reg-
ular functions but also distributions (generalized functions) like Dirac
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Fig. 2. Mapping of intervals from the spatial domain x to the data domain
x . The ratio of the original and mapped intervals, which is given by the
reciprocal of the slope of t (slope is indicated by the straight line), is a
measure for the change of density from the spatial to the data domain.

d distributions. We refer to the textbook by Griffel [8] for an intro-
duction to distributions and functional analysis. In fact, the earlier
de�nition of s as a regular function in (1) is extended to allow for dis-
tributions as well. We will show later thatd distributions are useful to
build a relationship between continuous and discrete scatterplots, and
to allow for scatterplots and histograms of (partly) constant functions.
We will also show that the indirect formulation of (2) and (3) can be
rewritten to directly computes for some special, yet important cases.

3.2 Case m = n

Let us now consider the special case of equal dimensionm= n in or-
der to computes . Sinces is directly based ont , we split this discus-
sion into several parts that cover different possible subcases depending
on the properties oft . First, we will assume thatt is differentiable.
Here, we will consider both subcases, wheret is a diffeomorphism
or no diffeomorphism. Later, we will extend our discussion to non-
differentiablet .

Assuming thatt is a diffeomorphism fromRn ! Rm= n, the in-
tegration variablex can be substituted byx in (2) according to the
transformation theorem for integrals:

Z

t (V)
s (x ) dm= nx =

Z

V
s (t (x)) j det(Dt )(x)j dnx !=

Z

V
s(x) dnx ; (4)

whereDt denotes the derivative of the mapt , i.e., then � n Jacobi
matrix. Note that the determinant is a volume measure, representing
the volume spanned by the partial derivatives oft . Since the second
equality of (4) has to hold for anyV � Rn, the integrands need to be
equal, which leads to

s (x ) =
s(t � 1(x ))

j det(Dt )( t � 1(x )) j
: (5)

Figure 2 illustrates the density mapping according to (5) for a 1-D
examplem = n = 1. Geometrically, the density ratios =s in a small
neighborhood is given by the ratio of the covered lengths,V=t (V),
which in turn is computed by the reciprocal of the slope oft . Please
note that a similar approach is followed for the inversion of cumula-
tive distribution functions in order to map probability distributions or
derive histogram equalization.

When det(Dt ) = 0, thent is not a diffeomorphism and (5) cannot
be used to de�nes . Such a case can occur, e.g., whent contains
regions of constant value, extremal points, or other points with vanish-
ing det(Dt ). Let us �rst consider the case of constant value. Figure 3
illustrates the example of a piecewise constant function for dimension-
ality m= n = 1. In the spatial domain, a piecewise constant function
can be modeled ast (x) = å i t i ci(x), with the characteristic function

ci(x) =

(
1 if x 2 Cell(i)
0 else

:

It is assumed that the spatial domain is partitioned into cellsi. Then,
t has constant valuet i within cell i. Assuming constant density in the
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x x
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Fig. 3. Continuous histogram (left) of a piecewise constant function
(right). The histogram is rotated by 90 degrees to visualize data cor-
respondence between the function plot and the histogram. d peaks are
indicated by arrows; the length of a d peak corresponds to the width of
the respective interval in the function plot.

spatial domain,s= 1, the density in the data domain is:

s (x ) = å
i

d(x � t i) Size(Cell(i)) ; (6)

with Dirac deltad1. The correctness of (6) can be veri�ed by plugging
(6) into the mass-conservation equation (3):

Z

F
s (x ) dnx = å

i

Z

F
d(x � t i) Size(Cell(i)) dnx

= å
for all i wheret i2F

Size(Cell(i)) =
Z

t � 1(F )
1dnx :

Sinces = 1, (3) is correctly met. Note that we have chosens = 1 to
simplify notation; an analogous proof would work for any choice ofs,
assuming that (6) includess.

A different approach is taken for the other problematic case where
det(Dt ) = 0 at isolated parts. To be more precise, in this case, the
determinant of the derivative vanishes at isolated null-sets (null-sets
with respect to integration in the spatial domain). Here, we follow a
two-step approach. First, regions where det(Dt )(x) = 0 are identi�ed.
These regions are denotedG= f x 2 Rnj det(Dt )(x) = 0g. Second,
the null-setG and its image under the mapt are removed from the
computation of density in (5), i.e.,s is not de�ned at those locations.
Since integration over null-sets always yields 0, we can remove those
isolated locations without affecting the conservation-of-mass model.
The same approach is taken if the underlying data set is not contin-
uous, i.e.,t is not differentiable (e.g., between cells). This results
again in null-sets, which can be removed from the computation of the
density. Finally, in theory,t might be non-diffeomorphic on non-null-
sets. However, we do not consider this case, since any realistic data set
will meet the requirement thatt is non-differentiable or has vanishing
det(Dt ) at the most at isolated null-sets. In particular, any grid-based
data set with piecewise cell-oriented interpolation (which is most com-
mon in scienti�c visualization), meets this requirement.

To summarize the special case ofm= n, we can computes by the
following schematic algorithm. (i) For an extended volume (i.e., not a
null-set) wheret is constant, ad peak is associated that is weighted by
the size of the volume. (ii) Isolated null-sets of non-diffeomorphism
are identi�ed and used to partitionV into volumes where det(Dt ) 6= 0.
The null-sets themselves are removed from the computations, and in-
termediates are computed for each element of the partition. (iii) The
intermediate results from (i) and (ii) are added. Step (iii) is valid
because the de�ning equation (3) is linear. Figure 4 illustrates the
schematic algorithm for an example of a continuous histogram with
m= n = 1 and with constant densitys in the spatial domain.

Our construction of continuous histograms allows us to reproduce
discrete histograms. Please note that discrete input data has no at-
tached spatial domain in traditional statistical analysis. We identify
discrete data points with arbitrarily positioned cells in the spatial do-
main; all cells are chosen with equal size. Then, the continuous his-
togram consists ofd peaks at the data point values (see construction in

1The Dirac distribution has the property
R

d(x � x0) dnx = 1 if x0 is in the
integration domain
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Fig. 4. General example of a continuous histogram (left) for the function
t (right). The spatial domain of t is partitioned into intervals with non-
vanishing derivative; intervals are color-coded (right image). Respective
densities s are shown in the left image (same color coding). The black
dashed curve shows the sum of the intermediate densities s , which
should be overlaid with the d peak (green) corresponding to the constant
part of t .

(6)), i.e.,d peaks in the continuous histogram correspond to entries in
the discrete histogram. Typical bucketing of discrete histograms can
be achieved by integrating the continuous histogram with box func-
tions that represent the buckets.

3.3 Case m < n

Another common case ism < n, which arises for example for a 2-D
scatterplot that shows two scalar attributes of a 3-D volume data set.
Here, the dimension of the spatial domain is reduced whent maps to
the data domain. Therefore, the transformation theorem for integra-
tion, which was used in the previous subsection, does not apply. In
particular, det(Dt ) does not exist, which means that we cannot use the
same approach as in (4).

Figure 5 illustrates the geometry of the underlying problem for the
casen = 2 andm= 1: a single point in the data domain corresponds
to an in�nite set of points in the spatial domain. In this example, the
in�nite set is the isoline within the spatial domain that corresponds to
the isovalue in the data domain. This imbalance in dimensionality does
no longer permit the transformation of differentials as in the previous
subsection.

As in the generic discussion of Section 3.1, we consider two related
volumes in the data and spatial domains:F � Rm andV = t � 1(F ) �
Rn. To be more speci�c, let us restrict ourselves to a small neigh-
borhoodF around a pointx0 2 Rm. To overcome the dimensionality
problem, we splitV into two parts: (i) the inverse image of the pointx0
(i.e., a generalized isocontour), and (ii) the perpendicular space around
the inverse image ofx0. We denotet � 1

normal(p) as the space that is nor-
mal tot � 1(x0) at a pointp2 t � 1(x0) and that is also contained within
t � 1(F ). Here, we assume thatt is a smooth non-constant function,
and therefore, the isocontour is smooth as well and the normal space
is well de�ned. If t is not smooth, then the spatial domain is split into
piecewise smooth regions and the method is applied in a piecewise
manner (our approach does not apply to completely non-smooth func-
tions). If t is (partly) constant, such a constant volume is separated out
of the computation similar to the discussion in Section 3.2, leading to
d contributions.

In the regular case, by construction, the normal space has the same
dimensionm as the data domain, whereas the isocontour has dimen-
sion(n� m). Figure 5 illustrates the isocontour and the normal space.
Now, the integration in (3) can be split into isocontour and normal
parts, similar to the approach of coarea computation [6]:

Z

F

s (x ) dmx =
Z

t � 1(F )

s(x) dnx =
Z

t � 1(x0)

0

B
B
@

Z

t � 1
normal(x̂)

s(x̃) dmx̃

1

C
C
A d(n� m) x̂ :

(7)
Within the normal space, we can use the same approach as in Sec-
tion 3.2 because dimensionalities coincide and a computation based
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n = 2 m= 1
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Fig. 5. Projection issue for the case m < n. A small interval (red) in
the data domain around x0 (right image) corresponds to a bent strip
(outlined in red) around the isocontour (solid center line) with isovalue
x0 in the spatial domain (left image). The bent strip is the union of the
normal spaces for all points on the isocontour. The red arrows in the left
image mark the normal space at point x̂.

on derivatives is possible. Denoting the intermediate contribution to
the density at points ˆx by s̃ x̂, we re-label the inner integration in the
righthand side of (7) according to:

Z

t � 1
normal(x̂)

s(x̃) dmx̃ !=
Z

F
s̃ x̂(x̃ ) dmx̃ :

Assuming a diffeomorphism in the normal space, (5) can be adopted
to obtain:

s̃ x̂(x̃ ) =
s(x̂)

jVol(Dt )( x̂)j
;

wherex̂ and x̃ are related byt (x̂) = x̃ . Here,jVol(Dt )j replaces the
determinantj det(Dt )j in (5). The volume measurejVol(Dt )j is de-
�ned as the volume spanned by the partial derivatives oft restricted to
variations of parameters in the normal spacet � 1

normal(x̂) . Figure 5 (left)

illustrates the reciprocal volume measure 1=jVol(Dt )j within the spa-
tial domain. The volume measure is explicitly computed in Section 3.4
for the special casem= 2, n = 3, and below in this subsection for the
casem= 1, n = 3.

For the �nal overall density,s̃ x̂ is integrated along the complete
isocontour:

s (x0) =
Z

t � 1(x0)

s(x̂)
jVol(Dt )( x̂)j

d(n� m) x̂ ; (8)

which completes the generic discussion of the casem< n.
Here, we include a comparison with the work on isosurface statis-

tics by Carr et al. [2] because we can produce similar histograms by
usingm = 1 andn = 3. Their paper focuses on analyzing isosurface
behavior, whereas our continuous scatterplots target visual data anal-
ysis in the full domain. This is the reason for different de�nitions of
histograms. Carr et al. de�ne their histogram as the volume of the
inverse image, i.e., the area of the respective isosurface. With our no-
tation, their histogram would reads (x0) =

R
t � 1(x0) 1d(n� m) x̂ instead

of our computation in (8). Both approaches use the size of the iso-
surface (here, via integration overt � 1(x0)). One (minor) difference
is that we support a space-variant input densitys. The major differ-
ence, however, is that we take into account 1=jVol(Dt )( x̂)j, whereas
Carr et al. do not. Form= 1 andn = 3, jVol(Dt )( x̂)j is the magnitude
of the gradient at ˆx. Put differently, we consider the neighborhood of
values in the data domain and how they are affected by derivatives of
t , whereas Carr et al. use a point mapping from the data domain to
the spatial domain. In this sense, our approach is related to, but no
identical with, Legendre transformations that take into account deriva-
tives (see the geometric interpretation of the Legendre transformation
in [4, pp. 32–39] and its use for Hamiltonian and Hamilton-Jacobi
mechanics described in [7]). Therefore, our de�nition of continuous
scatterplots takes into account the behavior oft in its full neighbor-
hood; only in this way, it is possible to represent the transformation
of sampling density. Scheidegger et al. [13] have independently de-
rived the same weighting factor of 1=jjÑt (x̂)jj when revisiting Carr et
al. [2]; i.e., for the case of isosurface histograms, both approaches lead
to the same result.

A formal, mathematical advantage of our model in (2) and (3) is its
generic applicability to any dimension of the spatial and data domains.



n = 3 m= 2

Isosurface forx1

x2

x1

Isosurface forx2

Fig. 6. In data domain, two values x1 and x2 are chosen (shown on
the right side). These values correspond to isosurfaces represented by
two solid lines in the spatial domain shown on the left side. The areas
denoted by the small red arrows in the two domains correspond to each
other. The reciprocal volume 1=jVol(Dt )j is the quadrilateral that results
from the intersection of the two stippled stripes around the isosurfaces.

In particular, densitiessands are automatically adapted to the respec-
tive integration dimensionsn andm—if actual physical units of mass
density were used, they would have SI units (Syst�eme International
d'unités) [kg/mn] and [kg/mm], respectively. Moreover, even (partly
or completely) constant functionst are supported in our model; in
this case,d distributions occur ins . In contrast, the formal derivation
of (5) by Carr et al. [2] is problematic because the integration mea-
sure in their expression

R
f � 1(h) 1dx is not explicitly speci�ed but, from

the context of their equation (3), should bed-dimensional. Typically,
f � 1(h) is an isosurface, which is a null-set, and therefore the integral
vanishes. Alternatively, the integration measure could be adapted to
the dimensionality off � 1(h). Then, their integration (5) would be
�ne as long as the dimensionality off � 1(h) is constant, i.e., problems
would occur when the function is partly constant, leading to a mix of
2-D isosurfaces and 3-D isovolumes. Scheidegger et al. [13] resolve
these problems by restricting the computation of isosurface histograms
to 3-D scalar �elds with non-vanishing gradient, implying integration
on 2-D isosurfaces. The above issues with continuous distributions
demonstrate the usefulness of our density-based de�nition of generic
continuous scatterplots.

3.4 Case m = 2 and n = 3

This subsection addresses a special case of the above subsection:
m = 2 andn = 3. This case is important in practical applications
because typical data is given on a 3-D spatial domain and analyzed
by 2-D scatterplots. The other important practical application is the
computation of 1-D histograms for data on 3-D spatial domains; this
application was covered at the end of the previous subsection.

For simplicity of discussion, we assume thatt is a smooth non-
constant function so that for any choice of coordinates in the data do-
main,x = ( x1;x2), two smooth isosurfaces corresponding tox1 andx2
are obtained (for (partly) constant or non-smootht , a special treatment
similar to Section 3.2 is required). Furthermore, we assume thatt is
not degenerate so that the intersection of the two isosurfaces yields
1-D curves. Figure 6 illustrates the geometry of the scenario. Here,
a zoomed-in view is shown; therefore, the smooth isosurfaces appear
planar. In this case, (8) reads

s (x0) =
Z

t � 1((x1;x2))

s(x̂)
jVol(Dt )( x̂)j

dx̂ ; (9)

where the integration is along the 1-D intersection of the two iso-
surfaces. The 2-D areajVol(Dt )j in (9) is spanned by the gradients
¶x1=¶x and¶x2=¶x. Figure 6 illustrates the respective reciprocal vol-
ume 1=jVol(Dt )j carved out around the two isosurfaces. By using
vector computations, the volume measure is computed as the cross
product of the two gradients:

jVol(Dt )j =

�
�
�
�

�
�
�
�
¶x1

¶x
�

¶x2

¶x

�
�
�
�

�
�
�
� : (10)

In summary, the densitys is obtained by integration along the 1-D
intersection curves of the two isosurfaces, weighted by the reciprocal
of the magnitude of the cross product of the two respective gradients.

3.5 Case m > n

This subsection brie�y discusses the remaining uncovered casem> n
in order to complete the description of cases. From a visualization
point of view, this case is not very useful because the dimensionality of
the scatterplot is higher than the dimensionality of the spatial domain,
which adds visual complexity instead of reducing it.

The mapt from the spatial domainRn to the data domainRm leads
to a coverage of the data domain by ann-D subset. For example, a
1-D spatial data set would typically result in a 1-D curve within a 2-D
scatterplot, i.e., the support for the densitys would be that curve. The
density distributions can be computed by applying the mapping from
Section 3.2 within the support ofs , considering this support as ann-D
manifold, and by allowing ford distributions to obtain �nite values
when integrating over null-sets in the data domain.

4 SCATTERPLOT ALGORITHM FOR TETRAHEDRAL MESHES

In practice, the most important examples of continuous scatterplots are
the casesn = 3;m = 1 (i.e., continuous histogram) andn = 3;m = 2
(continuous 2-D scatterplot). Both cases work on a 3-D spatial do-
main, which is common for scienti�c data. Even for time-dependent
4-D data, visualization is often restricted to showing 3-D time slices.
The case of continuous histograms can be implemented similar to Carr
et al. [2]; the only difference is the additional weighting by the recip-
rocal of the gradient magnitude and by the original densitys. The
extension of Scheidegger et al. [13] already includes the weighting by
the reciprocal of the gradient magnitude and, thus, their implementa-
tion could be directly adopted. Therefore, this section focuses on the
other case—the construction of continuous 2-D scatterplots.

According to (9) and (10), the intersection curve of two isosurfaces
as well as the two gradients along the intersection curve need to be
determined and combined by integration along the curve. The result
of this computation depends on the functional behavior of the data
�eld t . Typically, volumetric data is given on a grid, andt is re-
constructed by piecewise cell-based interpolation within the grid. We
focus on tetrahedral grids because they are naturally equipped with
linear (barycentric) interpolation.

Since the overall densitys is based on the linear model of (2) and
(3), we can constructs by linear superposition of the contributions
from tetrahedral cells. Therefore, the remaining question is how to
computes for a single tetrahedron. Here, the linearity of barycentric
interpolation simpli�es the computation substantially because of the
following reasons. First, isosurfaces within a tetrahedron are planes.
Therefore, the intersection between two isosurfaces is a straight line
(in the non-degenerate case). Second, the gradient within the cell is
constant. Thus, the volume measure (10) is constant as well. In con-
clusion,s is obtained by computing the length of the intersection of
the two isosurfaces and dividing that value by the constant volume
measure. Here, we assume a constant densitys in the spatial domain.

To compute the isosurface intersection, we adopt the projected-
tetrahedra algorithm by Shirley and Tuchman [14], designed for vol-
ume rendering of scalar �elds on tetrahedral grids. The original algo-
rithm projects tetrahedra onto the image plane, which is located within
the spatial domain, whereas 2-D scatterplots need to project the tetra-
hedra to the data domain. This projection is achieved by interpret-
ing (x1;x2) as coordinates for orthographic projection. The Shirley-
Tuchman algorithm partitions the image footprint of the tetrahedron
into a collection of a few triangles (up to four triangles), depending
on the viewing direction. Within each triangle, parameters are inter-
polated linearly. The same kind of triangle partitioning is used for
scatterplots. Here, the linearly interpolated parameter is the geometric
depth of the tetrahedron in the spatial domain, computed at the corre-
sponding data values(x1;x2). Figure 7 illustrates the computation of
depth. Linear interpolation of depth within the triangle is correct be-
cause the underlying 3-D geometry is linear as well. The �nals value
is obtained by dividing depth by the volume measure from (10).



Fig. 7. This illustration shows how the distance is measured that is used
to determine the density. At point P, we have to compute a depth value
that corresponds to the density. This is done by calculating the distance
between P and P0 in the spatial domain of the tetrahedron. The point P0

is the intersection point between the face opposite to P and the (x1;x2)
isoline through P. (Please note that P0 does not coincide with a vertex,
except for degenerated cases).

The algorithm consists of the following steps:

1) Classify the tetrahedron based on its silhouette in the data do-
main. This step yields up to four triangles.

2) Attach data values(x1;x2) as 2-D geometric coordinates to the
triangle vertices.

3) Determine the volume measure according to (10).
4) Compute the Euclidean distance between frontface and backface

of the tetrahedron at the vertices. Attach this distance divided by
the volume measure as texture coordinate to the vertices.

5) Render triangles. The volume-weighted distance is interpolated
during scanline conversion and yields the density at the current
fragment. Output the result to the framebuffer.

If a data value is constant within the tetrahedron, the correspondings
is no longer a regular function, but ad distribution. We approximated
distributions by assigning a very large value (a constant de�ned within
the implementation). In this way, even degenerate cases can be han-
dled.

The overall densitys is obtained by rendering all tetrahedra with
additive blending. Since additive blending is commutative, triangle
sorting is not necessary prior to rendering. Finally, we apply color
mapping by using a color lookup table in order to generate the �nal
result.

The above algorithm works for any tetrahedral grid. For non-
simplicial grids, we decompose cells into tetrahedra before rendering.
In the common case of hexahedral cells, a decomposition in �ve tetra-
hedra per cell is employed. Since any 3-D grid can be approximated
by triangulation, we can process any grid-based data set.

The projected-tetrahedra algorithm lends itself to acceleration by
graphics hardware because rasterization of triangles and blending are
ef�ciently supported by graphics hardware. Similarly, our 2-D scat-
terplot algorithm can be implemented using graphics hardware. Our
implementation is based on C++ and DirectX. We have tested the im-
plementation on a Windows PC with NVIDIA GeForce 8800 GTX
GPU (768MB). Steps 1–4 of the above algorithm are performed on the
CPU, similar to traditional implementations of the Shirley-Tuchman
algorithm. The results from all tetrahedra are combined by additive
blending within a render-target texture. For appropriate blending qual-
ity, a framebuffer/texture format with 32-bit �oating-point resolution
is chosen. The render-target texture is used as input to another ren-
der process that applies a color table (implemented as 1-D dependent
texture) tos to generate the �nal image.

5 RESULTS

In this section, we provide examples of both discrete and continuous
scatterplots for three different visualization examples. Additional ma-
terial can be found on our project web page.2 Please note that constant

2http://www.vis.uni-stuttgart.de/scatterplot

input densitys= 1 is used for all examples. The scatterplot function-
ality is part of a multi-attribute visualization system that also supports
multiple coordinated views, brushing-and-linking, and volume visu-
alization. For continuous scatterplots, the implementation described
in the previous section was used. For discrete scatterplots, a similar
GPU-based implementation was applied; here, points of the scatter-
plot are rendered via point sprites.

The �rst example in Fig. 8 shows scatterplots that support the
user-guided speci�cation of 2-D transfer functions for volume render-
ing [11]. The scatterplots visualize the “blunt-�n” data set, which is
given on an unstructured grid derived from a curvilinear grid of res-
olution 40� 32� 32. The scatterplot axes represent the scalar value
and the gradient magnitude of the scalar �eld, respectively. Both scat-
terplots use a logarithmic color table to encode density values; low
density is mapped to black/dark blue, mid-density values are shown in
red, and high density values are yellow/white. We use this color table
for density-to-color mapping for all result images of this section. As
discussed by Kniss et al. [11], material boundaries lead to pronounced
arc-like structures that can be selected by the user to highlight corre-
sponding regions of the 3-D scalar �eld in the volume visualization
within the spatial domain. Although both types of scatterplots show
arc-like patterns, differences between discrete and continuous scatter-
plots are clearly visible. Unlike the discrete scatterplot, the continuous
version provides a dense visualization that allows to spot interesting
features more easily than in the discrete representation. The discrete
scatterplot just uses the data at the grid points and ignores the under-
lying grid structure, whereas the continuous scatterplot takes into ac-
count the varying size and shape of grid cells by computing gradients
within cells. Therefore, differences between discrete and continuous
scatterplots may be particularly pronounced for unstructured or curvi-
linear grids compared to uniform grids with their constant cell size.

The next example in Fig. 9 shows the “tornado” data set. This data
set is commonly used in �ow visualization as a benchmark data set.
It represents the 3-D velocity �eld of air �ow of a simpli�ed tornado.
Data is given on a uniform grid of resolution 1283. The two resulting
scatterplot variants are compared in the upper part of Fig. 9. For this
data set, we have several data dimensions that can be visualized in
the scatterplot. In Fig. 9, we map the magnitude of the velocity to
the horizontal axis and the velocity inz-direction to the vertical axis.
In this way, different features of the “tornado” can be extracted, e.g.,
the inner part of the vortex region (Fig. 9b) or the outer boundary of
the vortical structure (Fig. 9c). For the “tornado” data set, we also
demonstrate brushing-and-linking. During this process, features in the
scatterplot are identi�ed and selected using a selection rectangle. In
the volume visualization, voxels are highlighted if they correspond to
the selected area de�ned in the scatterplot. Two different selections
were made and their results are shown in the lower part of Fig. 9.

The third example is the IEEE Visualization 2004 Contest data
set “Hurricane Isabel”, depicted in Fig. 10. We show this data set
in two different resolutions—a downsampled version with a size of
128� 128� 30 and the original data set with a size of 500� 500� 100.
Air temperature is mapped to the horizontal axis, whereas air pressure
is mapped to the vertical axis. Here, we demonstrate that continuous
scatterplots are structurally independent of the resolution of the data
set. In particular, the discrete scatterplot of the low-resolution data
set induces misleading structures (i.e., the slanted, nearly vertically
aligned clusters of points), which are not part of the data but due to
the low sampling resolution. Moreover, while the visual result of a
discrete scatterplot depends on the size of the individual points, con-
tinuous scatterplots are parameter-free.

For all three examples, continuous scatterplots show better visual
quality than discrete scatterplots. In particular, discrete scatterplots
tend to miss visual information in plots; those visual gaps require extra
mental work by the user in order to close those gaps. In addition, some
features are glossed over or are completely missing in discrete scatter-
plots. In contrast, continuous scatterplots provide guaranteed coverage
of the relevant parts of the scatterplot domain and, thus, cannot miss
important features. Furthermore, continuous scatterplots nicely �t in
visualization systems with brushing-and-linking and multiple coordi-



Fig. 8. The left side shows the discrete scatterplot of the “blunt-�n” data set, whereas the continuous version is shown o n the right side. Both types
of scatterplots visualize the scalar data value along the horizontal axis and the magnitude of the gradient along the vertical axis. Choosing these
data dimensions, material and boundary identi�cation is po ssible by �nding arc-like structures.

Fig. 9. In the upper part, both types of scatterplots are shown for the “tornado” data set. The upper-left image shows the discrete scatterplot, to
the right is the continuous version. Both scatterplots employ the same color lookup table as the previous example. The lower part shows three
volume visualizations of the data set. The lower-left image (a) shows the tornado visualized by a representative isosurface of velocity magnitude.
The image in the middle (b) shows highlighted voxels (yellow) that were marked in the continuous scatterplot. This highlighting corresponds to
the upper-right selection rectangle in the continuous scatterplot. The other selection rectangle in the lower-mid part of the continuous scatterplot
highlights different voxels, as shown in the lower-right volume-visualization image (c). In image (c), highlighted voxels (yellow) and the velocity
magnitude are simultaneously visualized by rather transparent volume rendering in order to show selected features at different depths. Therefore,
we can see that different voxels than in (b) are highlighted, especially not the ones in the center of the tornado.

nated views.

6 CONCLUSION AND FUTURE WORK

We have presented continuous scatterplots as a generalization of con-
ventional scatterplots. One aspect of generalization is the support of
any dimension of the domain of the data set and of the scatterplot. The
other aspect of generalization is the extension to data de�ned on con-
tinuous domains. The basis for continuous scatterplots is provided in
the form of a generic mathematical model. This mathematical model
maps an arbitrary density value de�ned on ann-D input data set to
m-D scatterplots. We have shown how continuous scatterplots are re-
lated to conventional discrete histograms and to histograms of isosur-
face statistics. In particular, the 2-D version of continuous scatterplots

is, by construction, identical to conventional discrete scatterplots in
the limit process of in�nitely dense sample points. Therefore, con-
tinuous scatterplots lead to the same basic visual mapping as tradi-
tional histograms, scatterplots, or other frequency plots, utilizing their
proven visualization power. We have provided typical examples of
multi-attribute visualization—such as 2-D transfer function speci�ca-
tion and �ow visualization—to demonstrate the applicability of our
approach. The difference to discrete scatterplots is especially visible
for low-resolution data sets and for data sets de�ned on grids with
largely different cell sizes.

The main advantage of continuous scatterplots is that they are di-
rectly designed for input data de�ned on continuous domains. There-
fore, this paper adds one missing piece to the general approach of ap-



Fig. 10. Comparison of discrete and continuous scatterplots for the
“Hurricane Isabel” data set. The upper row shows scatterplots for the
low-resolution version of size 128 � 128 � 30. The middle row shows
the scatterplots for the data set in its original size of 500 � 500 � 100.
The left image in the lower row shows highlighted voxels (yellow) that
were marked in the upper left scatterplot by the non-rectangular selec-
tion area. The highlighted voxels cover the bottom slice of the volume,
showing that the prominent structures of the discrete scatterplot are
simply related to the low resolution in z-direction. The lower right im-
age shows the selection of all negative air pressure samples (selected
by the large white box in the upper left scatterplot). The highlighted
voxels lie exclusively in the center of the hurricane.

plying statistical and information visualization methods to scienti�c
data. A related advantage is that continuous density plots scale well
with increasing data set size, avoiding the issue of overplotting, which
typically arises for large scienti�c data sets. Furthermore, continu-
ous scatterplots are parameter-free; they do not require parametersfor
bucket size or other a-posteriori construction of density from discrete
data. We also emphasize the advantages of the rigorous and generic
mathematical model introduced in this paper. Not only does this model
provide a solid and reliable basis for many variants of frequency plots
of continuous data, but it also allows us to assess the errors introduced
by previous discrete frequency plots, which can be viewed as examples
of numerical approximation of continuous scatterplots. Finally, gener-
alization has value of its own in any scienti�c discipline that strives for
uni�cation and simpli�cation; in this case, generalization allows us to
better understand and unify different frequency plot approaches.

One open question is whether and how 2-D scatterplots can be com-
puted ef�ciently for non-linear interpolation. In particular, a direct
computation for uniform or rectilinear grids (with trilinear interpola-
tion) could be investigated in future research. We also plan to ap-
ply our approach to other application examples, including multi-modal
medical-imaging data. Finally, the numerical errors introduced by dis-
crete frequency plots (compared with continuous scatterplots) could
be evaluated quantitatively; for example, numerical differences could
be computed for large classes of data sets and resolutions to assess
where continuous scatterplots would have the largest impact.
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