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Figure 1: Three di®erent advection schemesapplied to a PIV measurement of a °uid °ow data set. Left image: Gaussianerror di®usion
approach. Center image: Crossadvection method. Right image: Semi-Lagrangianadvection using multi-frequency noise.

ABSTRACT

In this paper, we presenttwo novel texture-basedtechniquesto vi-
sualizeuncertaintyin time-dependent2D �o w �elds. Both meth-
odsusesemi-Lagrangiantextureadvectionto show �o w direction
by streaklinesandconvey uncertaintyby blurring thesestreaklines.
The �rst approachappliesa crossadvection perpendicularto the
�o w direction.Thesecondmethodemploys isotropicdiffusionthat
canbe implementedby Gaussian�ltering. Both methodsarede-
rived from a generic�ltering processthat is incorporatedinto the
traditional texture advection pipeline. Our visualizationmethods
allow for a continuouschangeof the densityof �o w representa-
tion by adaptingthedensityof particleinjection. All methodscan
bemappedto ef�cient GPU implementations.Therefore,theuser
can interactively control all importantcharacteristicsof the sys-
tem like particle density, error in�uence, or dye injection to cre-
ate meaningfulillustrationsof the underlyinguncertainty. Even
thoughthereare many sourcesof uncertainties,we focus on un-
certaintythat occursduring dataacquisition. We demonstratethe
usefulnessof our methodsfor theexampleof real-world �uid �o w
datameasuredwith theparticleimagevelocimetry(PIV) technique.
Furthermore,we comparethesetechniqueswith anadaptedmulti-
frequency noiseapproach.
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1 I NTRODUCTI ON

Exposinguncertaintiesof real-world �o w databecomesamoreand
moreimportanttopic in the�eld of vector�eld visualization.Engi-
neersandscientistsareincreasinglyinterestedin which region and
extent uncertaintiesoccur in measureddata. The absenceof this
informationcanleadto wrongconclusionsandthereforeaffect the
analysisprocessin anegativeway. Severaltypesof uncertaintiesor
errorscanappearon theway from dataacquisitionto the�nal step
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of visualization[11, 14, 24]. In this work, we focuson errorsthat
ariseduringthemeasurementstepby inaccuraciesof themeasuring
deviceor technique.Althoughscientistsandengineersareawareof
the fact thatalmostevery datasethasintrinsic uncertainties,most
visualizationtechniquesneglect or completelyignore them. One
reasonfor this is thedif�culty to �nd a gooduncertaintyrepresen-
tation that canbe combinedwith the visualizationof the original
data.By includingtheerrormeasureinto theprocessof visualiza-
tion we needto addonemorevariate. For one-dimensionaldata,
uncertaintycanbedisplayedby atraditionalplot thatshowstheav-
erage,minimum,andmaximumvalueof adatapointmappedto the
seconddimension.For multivariatedata,this mappingbecomesa
challengingproblem,sinceseveraldimensionshave to bemapped
to 2D screenspace.

The goal of this paperis to provide new texture-basedvisual-
izationschemesthatdo not only representparticlepositionsalong
streaklinesbut alsobring out measuringerrorsandtheir in�uence
onparticlesin theform of smeared-outvisualstructuresperpendic-
ular to the �o w direction. We adopttraditional semi-Lagrangian
textureadvection[8, 19,22], asbrie�y describedin Section4, and
extendit by anerror-dependentadditional�lter processthatreveals
uncertaintyby essentiallychangingthespatialdistributionof visual
patternsperpendicularto the �o w. This genericerrorvisualization
strategy is introducedin Section5. We have developedtwo spe-
ci�c visualizationmethodsthatarederivedfrom this genericstrat-
egy: First, thecrossadvectionmethod,which usesa line-oriented
�lter perpendicularto the �o w direction (Section6); second,an
arti�cial error-guideddiffusion �lter (Section7). Our visualiza-
tion methodslend themselvesto ef�cient GPU (graphicsprocess-
ing units)implementations,whichis demonstratedby providing de-
tailsof theimplementationalongwith performancemeasurements.
Moreover, we compareour new methodswith anadaptationof the
multi-frequency noisemethod[9] andshow resultsof uncertainty
visualizationappliedto real-world �uid �o w datafrom PIV mea-
surements(seeSection9).

2 PREVI OUS WORK

Previous work on uncertaintyvisualizationhasfocusedon repre-
sentinguncertaintyin simulationor analyticaldata. For example,
Lodhaet al. [12] evaluateandcomparethequality of surfaceinter-
polantsandintroducedgeometricuncertaintyasameasureof inter-
polationerror. Furthermore,they proposeUFLOW [11], a system
to visualizeuncertaintiesin streamlinesof �uid �o w with glyphs,



envelopes,or animation.Wittenbrinketal. [24] presentseveraldif-
ferentglyphs like uncertaintyglyphsandarrow glyphs to visual-
ize wind andoceancurrents.They mapuncertaintydirectionand
magnitudeto varioustypesof glyphsandglyph attributes.Panget
al. [14] give a classi�cation of possibilitiesfor visualizinguncer-
taintiesfor a wide �eld of applications.Two techniquesfor uncer-
taintyvisualizationin isosurfacerenderingareproposedby Rhodes
etal. [16]. The�rst onechangesoneof thevertex colorparameters
hue,saturation,or brightness.The secondtechniquemapsan ad-
ditional texture on top of the surfaceandvariesthe opacityof the
texture accordingto the error measure.Finally, Brown [1] intro-
ducesamethodof visualvibrationsto indicatetheamountof error.

Measurementof real-world datais a typical sourceof error or
uncertainty. A widely usedtechniqueto acquirethe velocity �eld
of a �uid �o w is basedonparticleimagevelocimetry(PIV) [6, 15].
Sincethequality and�eld of applicationof PIV measurementshas
improvedin recentyears,theanalysisof PIV datais becomingin-
creasinglyinteresting.For example,the recentwork by Ebling et
al. [3] appliesimage-processingmethodsto analyzePIV measure-
ments.

Researchin the�eld of texture-based�o w visualizationhasbeen
stronglyadvancedlately, not only becauseof the rapidly increas-
ing performanceand functionality of GPUs. The availability of
densenoise-basedandsparsedye-basedrepresentations,aswell as
the possibility for the user to interactand manipulateall impor-
tantparameterson-the-�y alsoplayanimportantrole. Thestate-of-
the-artin texture-based�o w visualizationis surveyedby Laramee
et al. [10]. Early work on texture-basedmethodscomprisesspot
noise[18], line integral convolution (LIC) [2], andtexture advec-
tion [13]. More recent2D techniquesrely onsemi-Lagrangiantex-
ture advection: ImageBasedFlow Visualization(IBFV) by Van
Wijk [19] andLagrangian-EulerianAdvection(LEA) by Jobardet
al. [8]. Sincedensetexturerepresentationsneeda largenumberof
computations,graphicshardwarecanimprove the performanceof
2D texture-based�o w visualization[5, 7, 23]. An examplefor a
sparserepresentationis themetaphorof dyeadvection[21, 22].

3 PARTI CL E I M AGE VEL OCI M ETRY

Real-world �uid �o w canbemeasuredby particleimagevelocime-
try (PIV) [6, 15]. The basicprinciple of PIV is to inject particles
into the �o w andto measurethe movementof theseparticlesbe-
tweentwo light pulses.Usually, aplanarlaserlight sheettechnique
is used.In very shortintervals the targetareais illuminatedtwice
by adouble-pulsedlaserandrecordedontotheCCDarrayof adig-
ital camera(seeFigure 2). Sincethe CCD chip must be able to
captureeachlight pulsein separateimageframes,theresolutionin
time is boundto the imagefrequency of the camera.Afterwards,
appropriatealgorithmsevaluateconsecutive imagesanddetermine
the displacementof particlesin the �o w. The mostcommonway
of measuringdisplacementis to divide the imageplaneinto small
interrogationareas(IA) andcrosscorrelatetheimagesfrom thetwo
time exposures.With this method,even unsteadyor non-periodic
�o w �elds canbemeasured.

Onepossiblecrosscorrelationalgorithmworksasfollows: Each
imageis divided into l small IAs with edgelengthK (in pixels);
the IAs arethenshiftedandcomparedwith otherpartsof the im-
age.For eachtranslationDx of oneIA A with K2 pixelsto another
domainB of thesamesize,thecrosscorrelation

C(Dx) =
K

å
i= 1

K

å
j= 1

Bi j ¢Ai j (Dx) (1)

canbe computed.If the coef�cient C is a maximumand/ormini-
mumfor a translationDx (dependingon thematrix function),then
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Figure 2: Con¯guration of a particle image velocimetry system.

the largestmatchbetweenA andB andthusthe shift of the parti-
cleshasbeenfound for IA A. Solving Eq. (1) for all IAs Dxl of
theimageresultsin acollectionof displacementvectorsthatcanbe
convertedto velocity vectorsby usingthetime differencebetween
bothevaluatedimages:

vl (xl ) =
dxl

dt
¼

Dxl

t2 ¡ t1
:

On theway from dataacquisitionto thestageof visualization,sev-
eral differentuncertaintiesor errorscanbe introducedto the data
[11, 14]. Figure3 shows the threestagepipelinethat datahasto
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Figure 3: Possiblesourcesfor uncertainties (adopted from [14]).

go throughuntil it canbe analyzed. In the visualizationstep,al-
gorithmic uncertaintiescan occur, e.g., by approximatingfactors
for global illumination or by interpolatingdatavalueson slicesin
volumerendering.Transformationuncertaintiesareintroducedby
converting from oneunit to anotheror by scaling,resampling,or
quantization. In our work, we focuson uncertaintiesthat appear
in the�rst stage—duringdataacquisition.We think that this stage
is mostinterestingfor uncertaintyvisualizationbecausetheerrors
from dataacquisitiontypically cannotbein�uencedor reducedby
subsequentprocesses.In contrast,algorithmicor numericalerrors
from theothertwo stagesof thepipelinecanbeneglectedif algo-
rithmsof appropriatequality areapplied.Nevertheless,error from
any sourcecouldbeusedasinput to, andthusshown by, ouruncer-
taintyvisualizationmethods.

During dataacquisition,errorscanbe introducedinto PIV data
setsfrom severalsources[15]:

² Randomerrordueto noisein therecordedimages.
² Bias error arising from the processof computingthe signal

peaklocationto sub-pixel accuracy.
² Calibrationinaccuracy of theCCDcamera.



² Accelerationerrorcausedby approximatingthelocalEulerian
velocity from theLagrangianmotionof tracerparticles.

² Gradienterrorresultingfrom rotationanddeformationof the
�o w within aninterrogationarealeadingto a lossof correla-
tion.

² Dimensionof thecross-correlatedinterrogationareas.
² Trackingerrorresultingfrom theinability of a particleto fol-

low the�o w withoutslip.

Someof theseerrorscanbe minimizedby carefully choosingthe
experimentalconditions,but otherscannotbe eliminatedandthus
the �nal datainheritsuncertaintiesby thenatureof themeasuring
system.Sinceengineersarefully awareof the existenceof those
uncertaintiesit canbeof greatadvantageto have aninteractive vi-
sualfeedbackduringanalysis.

In our system,the PIV methodyields N measurementsfor the
vector �eld at eachspatial location and time step. The raw data
measurementsaredenotedvi with i = 1: : :N. The averagevector
v servesasbasisfor traditionalvector�eld visualization.Then,the
rootmeansquare

rrms =

vu
u
t 1

N

N

å
i= 1

jj vi ¡ vjj2 ;

canbeusedasthemeasureof uncertainty.
Our testdatasetwasacquiredin a laminarwaterchannelwith

a 3D S-PIV methodand a resolutionof 81£ 45 in eachof nine
separatedlayers.EachlayerwasmeasuredN = 25times.Sinceour
computationtakesplacein the2D domain,we slice the3D vector
�eld into nineseparated2D layers.

4 SEM I -L AGRANGI AN TEXTURE ADVECTI ON

Texture advection is a well-establishedand versatilemethodfor
visualizingunsteady�o w [8, 13, 19]. Semi-Lagrangiantransport
[8, 17], which is thebasisfor our implementationof textureadvec-
tion, is brie�y describedin thissection.

Particlesor injecteddyearerepresentedon a regularly sampled
grid or texture. This property�eld is denotedby r (x). Thepoints
x arefrom thedomainof thenD vector�eld, Rn. For theEulerian
approach,particleslosetheir individuality andtheir positionis im-
plicitly givenby thelocationof thecorrespondingtexel in theprop-
erty �eld. Particlesaretransportedalongstreamlinesfor steady, or
alongpathlinesfor unsteadyvector �elds v(x;t), wheret denotes
time. The Lagrangianformulation of the underlyingequationof
motion,

dx(t)
dt

= v(x(t);t) ;

canbe integratedto computethepathlineof anadvectedmassless
particle,

x(t1) = x(t0) +
Z t1

t0
v(x(t);t) dt : (2)

Theevolutionof theproperty�eld r (x;t) is governedby

¶r (x;t)
¶t

+ v(x;t) ¢Ñr (x;t) = 0 :

Thispartialdifferentialequationcanbesolvedby semi-Lagrangian
transport[8, 17], which leadsto a stableevolution even for large
stepsizes.A backwardtexturelookupis oftenemployed:

r (x(t0);t0) = r (x(t0 ¡ Dt);t0 ¡ Dt) : (3)

Startingfrom thecurrenttime stept0, an integrationbackwardsin
timeaccordingto Eq.(2) providesthepositionat theprevioustime

step,x(t0 ¡ Dt). Texture-basedmethodsoften produceonly short
streamlinesor streaklinesand,therefore,�rst-order Euler integra-
tion typically providessuf�cient accuracy:

x(t0 ¡ Dt) = x(t0) ¡ Dtv(x(t0);t0) :

Theproperty�eld is evaluatedatthispreviouspositionto accessthe
particlethat is transportedto the currentposition. Tensor-product
linear interpolation(bilinear in 2D or trilinear in 3D) is appliedto
reconstructtheproperty�eld at locationsdifferentfrom grid points.

Textureadvectioncanbeusedto visualizelargerstructuresin the
�o w, like streamlinesin steady�o w or streaklinesin time-varying
�o w. Thesestructurescanbe generatedby injecting smoothdye
patternsor noise-basedparticlesinto theproperty�eld r aftereach
advectionstep,following theIBFV approach[19]. Newly injected
materialis combinedwith theadvectedproperty�eld by meansof
alphablending,which representsthe discretizedversionof an ex-
ponential�lter kernel[4] in thecontext of LIC [2]. We usetexture
advectionasbasisfor uncertaintyvisualizationbecauseit offersim-
portantbene�ts. First, the injectionschemeis �e xible in allowing
theuserto graduallychangethedensityof new particlesfrom afew
randomlyinjectedparticlesupto adensely�lled property�eld rep-
resentedby white noise.Second,textureadvectionlendsitself to a
directandef�cient mappingto GPUs,which leadsto aninteractive
visualizationof largedatasets.

5 STRATEGY FOR UNCERTAI NTY V I SUAL I ZATI ON

The goal of this paperis to enrich texture advectionby a visual-
ization of �o w uncertainty, without losing the bene�ts of texture
advection,i.e., its �e xibility andef�ciency. Uncertaintyvisualiza-
tion essentiallyrequiresto representoneadditionalsingle-valued
attribute: ameasurefor uncertaintyor error.

Fromanabstractpoint of view, uncertaintyvisualizationcanbe
structuredinto a three-stageprocess(seeFigure4). Raw datais
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Figure 4: Uncertainty pipeline.

the basisto computean error value. As detailedin Section3, the
errorvaluefor PIV datais typically basedon therootmeansquare.
However, any othererror computationcould be usedfor this part
of thevisualizationprocess.In thesecondstage,this original error
valueis mappedto a derived error measure,e.g.,by a linear or a
non-linearfunction,in orderto obtainvaluesin a usefulrange.We
denotethis,possiblyspace-variantandtime-dependent,uncertainty
measureby u(x;t). The third stepcomprisesthe actualmapping
to visualprimitives. This stepis themainobjective of uncertainty
visualization.

Variousmeansof avisualmappingof multi-variatedatacouldbe
employedto representtheerrorattribute.A simpleandwell-known
methodis to mapthederivederrorvalueto colorandto overlaythis
color on top of the underlying�o w visualization. However, this
kind of visualizationmethodonly showsuncertaintyata respective
point, i.e., it resultsin alocalizedrepresentation.In contrast,uncer-
tainty in a �o w leadsto anuncertaintyof particletransport,which
shouldalsoberepresentedby meansof “uncertain”particletraces.
It is reasonableto markaparticlethathasbeenadvectedthroughout
anerror-affectedareaandto emphasizethisin thefurtherprocessof
the�o w. Furthermore,anuncertainty-affectedregioncanin�uence
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Figure 5: Flowchart of the algorithm.

its neighborhoodandthis shouldbetakeninto accountin thevisu-
alizationstep.Therefore,our goal is to incorporatetheuncertainty
representationwithin the conceptof texture-basedparticle trans-
port. Anotheradvantageof this approachis that theerrorattribute
is encodedin thesameperceptualchannelastheoriginal �o w—in
the form of a texture—and,thus,otherperceptualchannels(e.g.,
color) couldbeusedto encodeadditionalattributes.

We proposethe following basicvisualizationprocessthatcom-
binesuncertaintyvisualizationwith traditional texture advection.
As laid out in Figure 5, the �rst stepsof the visualizationcycle
(”load �o w data”, ”texture advection”, and ”particle and dye in-
jection”) areidenticalto traditionaltextureadvection. Uncertainty
visualizationis exclusively basedon an additionalerror �ltering
stage,thatis completelydecoupledfrom thetextureadvectioncom-
putation.Error �ltering aimsat manipulatingthespatialfrequency
perpendicularto particletracesto show uncertaintyu(x;t), i.e.,we
donotonlychangethespatialfrequency alongthe�o w asin LIC [2]
or basictextureadvection[10].

Error�ltering modi�es theproperty�eld and,in its genericform,
canbeformulatedas

r �ltered (x) =
Z

V(x;v)

f (u; x̃;v)r (x+ x̃) dnx̃ : (4)

The compactnD �lter domainV(x;v) may be space-variant and
�o w-dependent,andso is the �lter f . The integral is evaluatedat
a �x ed time t. In this paper, we restrictourselvesto 2D visualiza-
tion with n = 2 andwe usetwo specialcasesfor Eq. (4), which
aredetailedin Sections6 and7. Different“�a vors” of uncertainty
visualizationareachieved by choosingspeci�c parametersfor the
�lter kernelandintegrationdomain.

6 CROSS ADVECTI ON

Crossadvectionis the�rst speci�c examplefor error�ltering. Here,
the �lter domainis reducedto a line perpendicularto the current
�o w direction. The fundamentalideais to transporta particlelat-
erally to the�o w directionandthussmearout thestreaklineof the
particle. This essentiallyleadsto a 1D convolution similar to that
of traditionaltextureadvection. Theonly differenceis thata sym-
metric�lter (in bothdirections)is applied.

Discretizationof the�lter leadsto

r �ltered = å
i2f¡ 1;0;1g

fir i ; (5)

where fi is thediscrete�lter kernelandr i aresamplesof theprop-
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Figure 6: Semi-Lagrangiantransport of a particle along °ow direction
into an error region from time step t ¡ Dt to time step t. The cross
advection is applied in time step t.

erty �eld alongtheperpendicularline,

r i = r (x+ imDtMrotv(x;t)) : (6)

Here,mdenotestheerror-dependingrelativestepsize,Dt is thestep
sizeof traditionaltextureadvection,andMrot is a 2D matrix for a
rotationby 90 degrees.Theintegrationwidth and,thus,thelength
scalefor smearingis controlledby the error value via m. Equa-
tion (5) implementsthe analogof line integral convolution based
on texture advection,with the following differences:First, a con-
volutionperpendicularto the�o w directionis performed;second,a
symmetricconvolution �lter in bothdirectionsis applied.This �l-
teringmaintainsaconstantoverallbrightnessif anormalizedkernel
is used(i.e.,å fi = 1). A typical choiceis fi = 0:25;0:5;0:25.

Figure 6 illustratesthe two stepsperformedfor the complete
crossadvection approach. In the �rst step,a particle (grey dot)
is transportedby traditionalsemi-Lagrangianadvectionalongthe
�o w directioninto anuncertaintyregion. Black grid pointslie in-
side the error region, white grid points outside. In the next step
shown on theright sideof Figure6, we computethe intensityval-
uesof the currentpoint (grey dot) and the two crossdirectional
points(whiteandblackdots)by combiningthevaluesaccordingto
Eq.(5).

The �ltering processcanbe slightly modi�ed by replacingthe
weightedsumin Eq.(5) by amaximumfunctionaccordingto

r �ltered = maxf r i ji = 1;2;3g : (7)

The max() function guaranteesthat (sparselyseeded)streaklines
arenot reducedto very small intensitiesin regionsof large error,
andthereforesmeared-outstreaklinesaremaintained.In general,
the max() function doesnot provide a constantoverall brightness
but tendsto increasethe imagebrightness.Therefore,this variant
is primarily designedfor sparserepresentationswith a few, clearly
separatedstreaklines.

Crossadvectioncanbe consideredan image-processingopera-
tion thatcanbedirectly mappedto GPUfragmentoperations.The
updateequations(5) or (7) work independentlyon 2D grid cellsof
the property�eld. By identifying this 2D grid with a texture, the
updateof cells (i.e., texels) is reducedto updatingthe underlying
texture througha fragmentprogram. In fact,ping-pongrendering
is employed to updatetextures: Two copiesof the property�eld
areheld in texture memory;oneservesasrendertarget, the other
oneservesasinput texture. After eachupdate,the role of the two
texturesis exchanged.Thiscrossadvectionprocessis oneexample
for an”error advectionmodule”in Figure5.



Figure 7: Left image: Cross advection with a single dye pattern in
a laminar °ow ¯eld and with piecewiseconstant uncertainty. Right
image: Sparsely injected particles into the same°ow with increasing
uncertainty from top to bottom.

A HLSL fragmentprogramof thebasictransportmechanismfor
Eq.(7) is givenin Figure8. Themappingfrom theinputuncertainty
measureto therelative stepsizemis implementedby a dependent-
texturelookup. Thespace-variantinput uncertaintyis heldin a 2D
domain-�lling texture.Weneedto performthreetexturelookupsin
thepropertytextureto evaluateEq.(6). In the2D case,therotation
matrix Mrot canbe realizedby a componentswizzle followed by
a simplemultiplication. Finally, thetexel with maximumintensity
is written to theoutput. In a variantof this fragmentprogram,the
max() functionis replacedby aweightedsumto implementEq.(5).

The left imageof Figure 7 shows an exampleof a single dye
patterninjectedinto a uniform �o w �eld. The underlyinguncer-
tainty begins a few stepsaway from the injection point and then
staysconstant.The exact shapeof the streaklineis visible in the
error-free part of the �o w that changesto a symmetricexpansion
of bothsides.Theright imageillustratesa sparseinjectionof ran-
domparticles,while theuncertaintyincreasesfrom top to bottom.
Sinceuncertaintymagnitudeeffectsthestepsizeof crosstransport,
streaklinesin regionswith large errors(bottom)spreadmorethan
thosein unaffectedregions(top).

// lookup in all textures at current TexCoord position
float4 direction = tex2D( VectorField, TexCoord );
// result from previous traditional texture advection
float4 thistxl = tex2D( AdvectedTex, TexCoord );
// uncertainty measure u(x,t)
float error = tex2D( ErrorField, TexCoord );
// cross advection step size: mu * Delta t
float stepSize = tex2D( ErrorStepSize, error );
float4 maxintens;

// perform cross advection in both directions
direction.yx = direction.xy * stepSize.xx;
direction.x *= -1.0f; // rotate -90
newpos.xy = TexCoords - direction.xy;
float4 lefttxl = tex2D( AdvectedTex, newpos.xy );
newpos.xy = TexCoord + direction.xy; // rotate 180
float4 righttxl = tex2D( AdvectedTex, newpos.xy );

// find texel with maximumintensity
maxintens.x = max( lefttxl.x, righttxl.x );
maxintens.x = max( thistxl.x, maxintens.x );

// final output
Output.RGBA = maxintens.xxxx;
return Output;

Figure 8: Main part of the HLSL fragment program for the cross
advection approach.

Figure 9: Left image: Gaussianerror di®usion with a single dye pat-
tern in a laminar °ow with piecewise constant uncertainty. Right
image: Sparsely injected particles into the same °ow, with uncer-
taint y magnitude increasing from top to bottom.

7 ERROR DI FFUSI ON

Error diffusion is our secondtechniquebasedon the generic�l-
tering processfrom Eq. (4). In contrastto crossadvection,error
diffusion appliesan isotropic2D �lter kernel, independentof the
direction of the �o w. Filtering is space-variant: The uncertainty
valuedeterminesthestrengthof smearingout. While crossadvec-
tion blursthestreaklinesidewaysto the�o w direction,thediffusion
�lter affectstexelsnot only in directionof the�o w but in all direc-
tions. Sincean error-affecteddatapoint exerts in�uence to all its
adjacentpointsin realdatameasurements,this �ltering processim-
itatesnaturaldiffusion. A typical �lter kernel is a 2D Gaussian
function, normalizedin order to maintaina constantbrightness.
We do not recommendto employ a max() function herebecause
this would leadto anoverly fastincreasein brightness—dueto the
largersupportof the�lter , thereis ahigherprobabilityof collecting
bright contributionsthanin thecrossadvectionapproach.

Thediffusioncomputationis completelydetachedfrom thead-
vectionstepandcanbecomputedseparatelyasshown in Figure5.
In this secondstep,we apply a discretized2D �lter kernel to the
previously advectedparticles. For a GPU implementation,it is
inef�cient to usea large �lter kernelbecausethis would increase
the computationcostsdramatically. Therefore,we implemented
only a discrete,separated3£ 3 Gaussian�lter . A larger �lter ker-
nel is achievedby successive applicationof this 3£ 3 �lter , where
thenumberof �ltering stepsis determinedby theextentof uncer-
tainty. A �ne-grainedcontrol of �lter strengththroughthe uncer-
tainty valueis achievedby modifying theentriesin the�lter mask.
Theactual�lter is constructedfrom a linear interpolationbetween
an identity mappingand a full Gaussiankernel, wherethe inter-
polationweight is determinedby theuncertaintyvalue. Linear in-
terpolationguaranteesthat the integral over the interpolated�lter
remainsconstantandnormalized.In thisway, weareableto obtain
arerangeof �ltering results,all theway from anidentity mapping
in regionswith no uncertainty(which resultsin exact streaklines)
up to a standardGauss�lter in regionswith maximumuncertainty
(which stronglyblursthestreaklinein all directions).For theGPU
implementation,boththe identity mappingandtheGaussianfunc-
tion areheldin a�oating-point texture.Duringruntimeweperform
abilinearlookupin thistextureandcomputethelinearinterpolation
to obtainamodi�ed �lter kernel.

The left imageof Figure 9 illustratesdye injectedinto a lam-
inar �o w �eld with constantuncertainty, beginning a few steps
away from theinjectionpoint. Well recognizableis theone-to-one
mappingof the streaklinein areaswithout error in�uence, which
changesto a constantblurring in all directionsin theerror-affected
region. The right imageshows the Gaussianerror diffusion ap-
proachappliedto sparselyinjectedparticlesinto thesame�o w with



Figure 10: Comparison of cross advection and Gaussian error dif-
fusion with two dye patterns injected into a °ow with increasing
uncertainty from left to right.

increasinguncertaintyfrom top to bottom. This pictureillustrates
that the sizeandweight of the �lter kerneldependon the uncer-
taintymagnitude;hencestreaklinesin thelowerpartof the�o w are
heavily blurredwhile streaklinesin the upperpart aremappedto
identity. Figure10 shows both approacheswith two injecteddye
patternsinto a laminar�o w �eld with increasinguncertaintyfrom
left to right. Consideringthe lower dye in the left image,onecan
seehow uncertaintymagnitudeaffects the stepsize of the cross
advectionandhow thestreaklinewidensdueto an increasingstep
size. Dependingon the2D convolution kernel,thewavefrontof a
streaklinecomputedwith the error diffusion approach,runsfaster
thantraditionaltextureadvectionor thecrossadvectionapproach.

8 M ULTI -FREQUENCY NOI SE

We adoptthe genericmulti-frequency noiseapproach[9] asthird
techniquefor a densevector�eld representation.Here,uncertainty
is usedto control the spatial frequency of noise injection. This
techniquecan be directly incorporatedinto semi-Lagrangianad-
vectionby slightly modifying the injectednoise. The original 2D
noiseis replacedby a 3D noisetexturewhoselayersare�lled with
noisepatternsof varyingmaximumspatialfrequency. The�rst slice
containsoriginal white noise;all successive slicescontain�ltered
versionsof this white noisewith decreasingmaximumfrequency.
Filtering is basedon the fastFourier transform:First, theoriginal
white noiseis transformedto frequency space,thena low pass�l-
ter is appliedin frequency spaceand�nally weperformtheinverse
Fouriertransformationbackto imagespace.Sincelow-pass�ltered
imageslosecontrast,weapplyhistogramequalizationto matchthe
contrastof theoriginal imageandsharpenthelow-frequency struc-
tures. To accessthe differentlayers,the noiselookup is extended
by athird dimensionthatis controlledby theerrorvalue.Figure11
givesanexampleof four differentnoisepatternsandtheir applica-
tion to thevisualizationof auniform �o w �eld.

9 DI SCUSSI ON AND RESULTS

In Sections6–8, we have discussedthreedifferent techniquesto
visualizeuncertaintiesin vector �elds. All methodsare suitable
for a denserepresentationandmanipulatethespatialfrequency ac-
cording to the uncertaintyvalue. Multi-frequency noiseis a pre-
�ltering method—allnecessaryspatialfrequencieshave to bepre-
computedandstoredin a 3D texture. Our novel approachesapply
post-processed�ltering to thestreaklines,andtherefore,compared
to the multi-frequency approach,the resultsaresimilar for dense
noiseinjectionbut differ drasticallyfor a sparseinjection. An im-
portantadvantageof bothnew methodsis thatthey permitacontin-
uoustransitionfrom adenseto asparserepresentation,whereasthe

Figure 11: Left image: Four layers of multi-frequency noise. The
frequencydependson the uncertainty value. Right image: Advection
of multi-frequency noise in a laminar °ow.

multi-frequency approachonly worksfor adenserepresentation.A
sparsenoiseinjection or the injection of a smoothdye patternal-
lows the analystto focuson singlestreaklinesandtheir behavior
accordingto theunderlying�o w �eld.

We illustrateall techniqueson our testdataset,which wasmea-
suredin alaminarwaterchannelwith thePIV method.Thisdataset
containsonetime stepof waterstreamingthroughthetestchannel,
producingvorticesin the�o w. Theupperimageof Figure12shows
the �fth layerof thedataset. Clearstreaklinesaregeneratedwith
traditionalsemi-Lagrangiantextureadvectionusingalphablending
asexponential�lter along�o w direction. Streaklinesonly widen
in divergent partsof the vector �eld and due to numericaldiffu-
sion. The secondimageshows the same�o w visualizedwith the
crossadvectionapproach.In regionswith marginaluncertainty, the
streaklinesremainclearbut in uncertainty-affectedregionsthey be-
comeblurredperpendicularto the �o w by an extent that depends
on theuncertaintyvalue.Thesameappliesto thethird image,gen-
eratedby Gaussianerrordiffusion. With both techniques,theuser
canstill seestructuresof the�o w in errorregions,thoughthespa-
tial frequency hasbeenreduced.Furthermore,eventheorientation
of the�o w is distinguishabledueto theOLIC-like [20] structureof
thestreaklines.

For a sparseparticleinjection, the multi-frequency approachis
not suitable.We have not includeda picturein Figure12 for com-
parisonbecauselow-pass�ltering of sparseinjectedparticleswould
lead to artifactsasknown from heavy JPEGcompressedimages.
Further, onewould recognizesingle,isolatedandlargestreaks,but
theirwidth wouldnotchangedependingonuncertainty. Therefore,
this approachis not intuitive enoughfor uncertaintyvisualization.
Figure13directlycomparesourthreeuncertaintyapproachesbyus-
ing denseparticleinjectionrepresentedby awhitenoisepattern.As
anticipated,thespatialfrequenciesstronglydecreasein regionsof
largeerror, irrespectively of themethodbeingpre-�ltered or post-
�ltered. All techniquesproducesimilar resultsandeliminatestruc-
turesof the streaklinesin error regions. Our new approachescan
be appliedfor dye patternsin the sameway asfor denseparticle
textures,which enablestheengineerto interactively releasedyein
interestingregionsto explore featuresof the �o w. Accompanying
videomaterialcanbefoundon theprojectwebpage1.

In Figures14 and15, we usetwo syntheticallygenerateddata
setsto demonstratethe behavior of the uncertaintyadvectionap-
proachesin regionsof typicalvector�eld features.Figure14shows
threedifferenttopologicalstructuressuchassource,sink, andtwo
vortices,visualizedwith thecrossadvectionmethod.Eachfeature
pointhasanarti�cial errorapplied.Thevalueof theerrorregion is
independentof the radius,but dependson the rotationangle. The

1 http://www.vis.uni- stuttgart.de/texflowvis/
uncertainties



Figure 12: Visualizing the 5th layer of the PIV data set. The upper
three images show semi-Lagrangian texture advection, cross advec-
tion, and Gaussianerror di®usion with sparsely injected particles.

errordecreasesfrom 0 to 180degreesandincreasesagainupto 360
degrees.Evena sourceor a sink,wherethestructureof streaklines
is manipulateddue to divergenceor convergenceof the underly-
ing vector�eld, theerror-dependentwideningof thestreaklinesis
clearly visible. Figure15 combinesan elliptical �o w with a sink.
Theradialerrorregionis centeredatthemiddleof thefeaturepoint.
Visible is theincreasingerroron theright sideof the�o w. Though
all streaklinesmeetin onepoint,therearenorecognizableartifacts.

Our implementationof texture-baseduncertaintyvisualizationis
basedon C++, Direct3D9.0,HLSL, andFX �les. Respective per-
formancenumbersare documentedin Table 1. Renderingspeed
dependslinearlyon thenumberof texels,asshown in thecompari-
sonof differentviewport sizes.Crossadvectionanderrordiffusion
have similar performancesincebothtechniquesneedanadditional
renderpassandmoretexturelookups.Dueto singlepassrendering
andhalf asmuchlookups,themulti-frequency approachis twiceas
fast.

Table 1: Performance of all three GPU-based 2D advection tech-
niques in frames per secondmeasuredon an NVIDIA GeForce 6800
GT graphics board.

Viewport size 2562 5122 10242

Multi-frequency noise 2073.0 558.0 125.0
Crossadvection 1238.0 312.0 66.0
Gaussianerrordiffusion 1164.0 307.0 61.0

Figure 13: Illustration of all three approachesusing a denserepresen-
tation. Upper image: Multi-frequency noise. Middle image: Cross
advection. Lower image: Gaussianerror di®usion.

10 CONCL USI ON AND FUTURE WORK

Wehavepresentedagenerictexture-basedstrategy to visualizeun-
certainty in time-dependent�o w. As two speci�c examplesfor
thisstrategy, wehaveproposedcrossadvectionanderrordiffusion.
According to underlyinguncertaintyof the data,both techniques
changespatialfrequency perpendicularto the �o w direction. The
mainadvantagesof our techniquesaretheir �e xibility andgeneral-
ity. They canbedirectlycombinedwith semi-Lagrangianadvection
by including oneadditional�ltering step. Therefore,they canbe
appliedto any densityof texturerepresentationrangingfrom dense
noise-basedup to sparsedye-basedmethods. Moreover, our ap-
proachescanbedirectly mappedto GPUsin orderto achieve real-
time visualization. In this way, the usercaninteractively explore
the�o w �eld.

For futurework, anextensionof uncertaintyvisualizationto 3D
�o w will bea hallengingtask.Moreover, therelationshipbetween
texture-baseduncertaintyvisualizationof �o w and the visualiza-
tion of symmetricsecond-ordertensor�elds couldbe investigated
becausethetwo eigenvector�elds of a tensordatasetcouldbere-
latedto the�o w anduncertaintydirections.
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Figure 14: This synthetic data set combines di®erent °ow features
like source, sink, and vortices to clarify the behavior of the cross
advection approach in critical regions.
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