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ABSTRACT

In this applicationpaper, we reporton over �fteen yearsof expe-
riencewith relativistic andastrophysical visualization,which has
beenculminatingin a substantialengagementfor visualizationin
theEinsteinYear2005—the100th anniversaryof Einstein's publi-
cationson specialrelativity, thephotoelectriceffect,andBrownian
motion. This paperfocuseson explanatoryand illustrative visu-
alizationsusedto communicateaspectsof the dif�cult theoriesof
specialandgeneralrelativity, their geometricstructure,andof the
related�elds of cosmologyandastrophysics. We discussvisual-
izationstrategies,motivatedby physicseducationanddidacticsof
mathematics,anddescribewhatkind of visualizationmethodshave
provento beusefulfor differenttypesof media,suchasstill images
in popular-sciencemagazines,�lm contributionsto TV shows,oral
presentations,or interactive museuminstallations. Although our
visualizationtools build upon existing methodsand implementa-
tions, thesetechniqueshave beenimprovedby severalnovel tech-
nical contributions like image-basedspecialrelativistic rendering
on GPUs,an extensionof generalrelativistic ray tracingto mani-
folds describedby multiple charts,GPU-basedinteractive visual-
izationof gravitational light de�ection, aswell asplanetaryterrain
rendering. The usefulnessandeffectivenessof our visualizations
aredemonstratedby reportingon experienceswith, andfeedback
from, recipientsof visualizationsandcollaborators.
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eration; I.3.7 [ComputerGraphics]: Three-DimensionalGraphics
andRealism—Color, shading,shadowing, andtexture;I.3.8 [Com-
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ical SciencesandEngineering
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1 I NTRODUCTI ON

Albert Einstein(1879–1955)was the �rst truly internationalpop
starof science,andhis popularityhasnever beenmatchedby any
otherscientistsince. In part, his popularityis certainlydueto his
extraordinarypersonality, appearance,and political engagement.
Even more importantly, though,specialandgeneralrelativity are
concernedwith conceptsthateverybodyknowsfromdaily life, such
asspace,time,andlight—at thesametime engenderinganauraof
scienti�c complexity andparadoxicaleffects.Therefore,mostpeo-
ple are both attractedand appalledby Einstein's theories,which
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show thatpropertiesof space,time,andlight in relativistic physics
aredramaticallydifferent from thoseof our familiar environment
governedby classicalphysics.

A major andtypical problemin explaining specialandgeneral
relativity to non-physicistsis a lack of mathematicalbackground,
especiallyin differentialgeometry. Westronglybelieve thatvisual-
izationcanbeusedto addressthisproblembecauseit is anexcellent
meansof conveying importantaspectsof Einstein's theorieswith-
out the needfor mathematicalformalism. Our goal is to develop
visualizationsthatareexplanatory, illustrative, andpedagogicalin
nature.Our approachdoesnot targetdataexplorationbut thecom-
municationof ideas,theories,andphenomenato others.Although
dataandinformationexplorationis the focusof mostresearchef-
forts in thevisualizationcommunity, we think thatvisualcommu-
nicationis anequallyimportantaspectof visualization.Relativistic
and astrophysical visualizationis heavily basedon mathematics,
physics,andcomputergraphicsand,therefore,is rootedin thetra-
dition of scienti�c visualization.

In this applicationpaper, we reporton over �fteen yearsof ex-
periencewith relativistic andastrophysicalvisualization,ourgroup
having startedrelatedresearchat the end of the 1980s[12, 35].
Our long-termcommitmenthasbeenculminatingin a strongen-
gagementfor visualizationin the EinsteinYear2005. This year,
the 100th anniversaryof Einstein's annusmirabilis, in which he
publishedhis seminalarticleson Brownianmotion,thephotoelec-
tric effect, and specialrelativity, is celebrated.This anniversary
is the motivation for numerousworld-wide activities for popular-
sciencepresentations,and2005hasalsobeendeclared“World Year
of Physics”by theUNESCO.

We have beenworking on variousvisualizationprojectsin the
context of theEinsteinYear:accompanying visualizationsfor sev-
eral popular-sciencearticlesin magazinesor book chapters;ani-
matedvisualizationsfor TV shows; technicaland scienti�c con-
tents for major exhibitions in Ulm (March 2004–August2004),
Stuttgart (June2004), Bern (June2005–April 2006), and others.
Different typesof visualizationrequiredifferent methods,equip-
ment, work�o ws, and know-how. Therefore,we are an interdis-
ciplinary teamof 15–20peoplewith expertisein computergraph-
ics, relativistic physics,physicseducation,visual perception,user
interfaces,computer-basedmodelingandanimation,andmuseum
design.Moreover, this technicalteamcollaborateswith journalists
andwritersin thecontext of popular-sciencepublications.

This casestudy discussesour strategies for explanatoryvisu-
alization as well as technical issuesof algorithms, implementa-
tions, and work�o ws. We presenthow and why we employ dif-
ferentmethodsandtools, andwe describetechnicalcontributions
in the form of someextendedor novel visualizationmethodsfor
image-basedspecialrelativistic renderingon GPUs(graphicspro-
cessingunits), generalrelativistic ray tracingfor spacetimeswith
non-trivial topology, GPU-basedinteractive visualizationof gravi-
tationallight de�ection,aswell asrealisticplanetaryterrainrender-
ing.



2 V I SUAL I ZATI ON STRATEGI ES

In general,visualizationscontainboth explicit andimplicit infor-
mation[8, 25]. A mismatchbetweenfactsimplicit in thevisualiza-
tion andthoseimplicit in thetheoryor thedataresultsin two types
of problems.The visualizationis not completeif not all factsim-
pliedby thetheoryarealsoimpliedby thevisualization.Incomplete
visualizationsdo not needto be incorrect. In fact, incompleteness
is a valid meansof reducingcomplexity andis frequentlyusedin
our visualizationsin order to decreasethe cognitive load for the
user. Conversely, a visualizationis not soundif it impliesfactsthat
are not valid consequencesof the theory or data. Unfortunately,
many popular-sciencepresentationsof relativity containvisualiza-
tionsthataremisleading,not sound,or evencompletelywrong.

We addresstheissueof soundnessby relying on a visualization
metaphorthatis easyto explainandthatavoidsunnecessaryimpli-
cations:A virtual experimentis conductedunderthe in�uence of
relativistic effectsandtheimagestakenby a virtual cameraarethe
basisfor the visualization,i.e., an egocentricview is adoptedin a
visuallyenrichedthoughtexperiment[3]. For example,specialrel-
ativistic effectscanbedemonstratedby virtual �ights at a velocity
closeto the speedof light, or generalrelativity canbe illustrated
by viewing a virtual galaxybehinda blackholethatactsassource
for gravitational light bending.Theideais to constructinstructive,
interesting,andcompellingscenarios,e.g.,with high-speedtravel,
blackholes,wormholes,or thelargescalescoveredby cosmology.

Our approachhasseveraladvantages.First, theunderlyingsce-
nario canbe easilydescribedto a layperson.Second,the concept
of a realor virtual camerais well-known from cinema,TV, or com-
puter games. Third, imagegenerationcorrespondsto a physical
experimentthatsimulateslight propagation. Therefore,thefunda-
mentalissueof coordinatesystemdependency, inherentto general
relativity, is automaticallyaddressed[44]. We applytheegocentric
strategy for specialrelativity (Section3), generalrelativity (Sec-
tions 4 and5), andcosmological�ights (Section7). The strategy
alsolendsitself to the intentionaluseof incompleteness:Separate
relativistic effectson light propagationcanbeselectively switched
on or off, e.g.,color changesdueto Dopplershift maybeswitched
off to focusongeometriceffectsonly.

An alternative strategy is basedon the tradition of mathemati-
cal visualization. In general,this strategy tendsto rely on more
abstractmetaphorsthat aremoredif�cult to explain andthat may
bemisleading.Therefore,anexocentricmathematicalvisualization
of relativity hasto becarefullydesignedfrom a didacticalpoint of
view. Section6describesourapproachfor anexocentricillustration
of curvedgeometry.

3 SPECI AL REL ATI VI STI C RENDERI NG

The mathematicalfoundationof specialand generalrelativity is
built on the conceptof 4D spacetime,i.e., the combinationof 3D
spaceand1D time. Specialrelativity is ableto describethe kine-
maticsof photons,which have vanishingrest mass,and massive
objectsalike. Generalrelativity is only requiredwhengravitation
needsto be included(seeSection4). Specialrelativistic effects
becomenoticeableat velocitiescomparableto the speedof light.
Therefore,ourapproachto specialrelativistic visualizationis based
on virtual motionat very high speed.This sectionbrie�y reviews
two methodsfor specialrelativistic rendering,andevaluatesthem
in thecontext of ourvisualizationapplications.

Specialrelativity is basedon �at spacetime,describedby the
Minkowski metric [28, 30]. Pointsin spacetime,so-calledevents,
aretransformedbetweenreferenceframesmoving at differentve-
locitiesby theLorentztransformation.TheLorentztransformation
of light emissioneventsis the basisfor an object-spaceapproach
to specialrelativistic rendering[19, 45]. For relativistic motion in

a static scene,object-spacerenderingboils down to a non-linear
transformationof spatialpositionsfrom the staticsceneto spatial
positionsasseenby thefastmoving camera.For interactiverender-
ing, this transformationis �rst appliedto theverticesof thescene
objects,and then the transformedgeometryis renderedby usual
methodsof non-relativistic computergraphics.

Morerecently, wehavedevelopedimage-basedspecialrelativis-
tic rendering[46] asan alternative renderingmethodthat only re-
quirescomputationsin 2D imagespace.It builds upontheconcept
of theplenopticfunctionP(x;q; f ; l ), whichdescribestheradiance
of thelight dependingon direction(q; f ) in sphericalcoordinates,
spacetimepositionx, andwavelengthl [1]. The basicideais to
�rst recordthe plenopticfunction within a static sceneand for a
staticcamera,andthento transformtheplenopticfunctioninto the
frameof a moving camera.Afterwards,non-relativistic rendering
methodscanbeappliedto constructthe�nal image.

The Lorentz transformationof the plenopticfunction is deter-
minedby threerelativistic effects: relativistic aberrationof light,
Dopplereffect,andsearchlighteffect. Therelativistic aberrationof
light causesa modi�cation of the directionof light andis ableto
describetheapparentgeometryseenby a fastmoving camera.The
Dopplereffect accountsfor the transformationof wavelengthand
causesa changein color. The searchlighteffect transformsradi-
anceand,e.g.,increasesthe brightnessof objectsaheadwhenthe
observer is approachingtheseobjectsathighvelocity.

Let usconsidertwo inertial framesof reference,SandS0, with S0

moving with velocityv alongthezaxisof S. A light rayis described
by direction(q; f ) andwavelengthl in frameS, andby (q0; f 0) and
l 0 in frameS0. Then,the Lorentztransformationof the plenoptic
functionfrom Sto S0 is [46]

P0(q0; f 0; l 0) = D� 5P
�

arccos
cosq0+ b

1+ b cosq0; f 0;
l 0

D

�
; (1)

with theDopplerfactorD = g(1+ b cosq0), g = 1=
p

1� b2, b =
v=c, andthespeedof light c. TheplenopticfunctionsP andP0are
locatedat correspondingspacetimepositions,which areno longer
explicitly shown in themathematicalexpressions.

A directapplicationof image-basedspecialrelativistic rendering
is usedto transformreal-world images[46]. Realimagesaremost
usefulin illustratingrelativistic effectsin our familiarenvironment:
They provide a “before-and-after”effect appliedto our everyday
world andthereforefacilitateaneasyrecognitionof relativistic ef-
fectsaffectingwell-known scenes.An importanttechnicalproblem
is thataberrationleadsto severedistortionsin imagespacethatre-
quire the acquisitionof high-resolutioninput imageswith a very
large �eld of view—usually even a full sphericalpanorama(i.e.,
with 4p solidangle)is needed.Dataacquisitionis time-consuming
for a singlepanoramaandextremelydif�cult for �ights basedon
a seriesof several hundredpanoramas.Even if a collection of
panoramaimageswasavailable,storageandreal-timeprocessing
of thedatawould bechallenging,makingan interactive rendering
of relativistic motion very dif�cult. Therefore,we usereal-world
image-basedrenderingonly for pre-computedillustrations—either
for still imagesin magazines,or in �lms for exhibitions andTV
shows.

The Lorentz transformationof the plenopticfunction can also
be appliedto syntheticimages. The basic idea is to constructa
panoramaby renderinga virtual sceneandthento transformthis
panorama.Graphicshardwarehastremendouslyimproved in per-
formanceandfunctionalitysincethedevelopmentof image-based
specialrelativistic renderingin 2000[46]. First, cubemaps,which
are effective in storing a panorama,have becomewidely avail-
able. Second,cubemapscanbeef�ciently constructedby render-
to-texture functionality. Third andmost importantly, the Lorentz
transformationfrom Eq. (1) can today be implementedby GPU



Figure 1: Special relativistic visualization of apparent geometry at
b = 0.95.

fragmentprograms.Therefore,anextremelyfastandper-pixel ac-
curatecomputationhasbecomepossible.

Our interactiveapplicationis implementedin C++andOpenGL.
Aberrationof light is realizedwith a dependenttexture readfrom
the syntheticcubemap,implementedby a few fragmentprogram
instructions.Dependingon thesimulatedvelocityandtheresulting
distortion,differentcombinationsof supersamplingand�ltering are
usedto achievehighimagequality. TheDopplerandsearchlightef-
fectsareimplementedusingpre-computedtexturesaslookuptables
for thetransformedcolorsof differentmaterialsin thescene.

Basedon our experience,we have decidedto exclusively use
image-basedrenderingasbasisfor interactivespecialrelativistic vi-
sualization.Theadvantagesof image-basedrenderingare:First,al-
mostthesamerenderingpipelinecanbeusedasfor non-relativistic
rendering.Unmodi�ed non-relativistic renderingis usedto �ll the
panoramacubemaps;thesubsequentLorentztransformationis just
oneadditionalrenderingstep.In particular, image-basedrendering
doesnot interferewith the core renderingroutinesand the scene
representation,while object-spacerenderingneedsa �ne andide-
ally view-dependentre-tessellationof the sceneto avoid artifacts
from non-lineartransformationsappliedto vertex positions. Sec-
ond, illumination computations,basedon theDopplerandsearch-
light effects,canbereadilyincluded.Third, image-basedrendering
is per-pixel accurate,both for geometricand illumination effects.
Figure 1 shows an examplefor the image-basedvisualizationof
geometriceffectsfor an observer traveling with 95 percentof the
speedof light. For this scene,our GPU implementationachieves
some90–125fps (framesper second)for the visualizationof ap-
parentgeometryandsome60fps for thevisualizationof geometric
andilluminationeffectsonanATI RadeonX800XT GPU.

As basis for navigation and cameracontrol, the relativistic-
vehicle-controlmetaphor[45] is adopted—anextensionof thenon-
relativistic �ying-v ehicle or virtual-camerametaphors. The user
cancontrolthedirectionandvelocityof motionwith a joystick (for
smaller installationsor desktopenvironments)or a bicycle inter-
face,which is usefulfor large-screeninstallations.Figure2 shows
anexamplefromtheexhibition in the“Stadthaus”in Ulm. Fromex-
perience,thebicycle interfaceis very intuitive for (untrained)visi-
torsof exhibitionsbecauseit providesagoodandexpectedmapping
betweencontrolsand their effects: This interfaceexploits func-
tional mimicry becauserelativistic navigation imitatesreal-world
navigationon a bicycle [36]. Our installationfor Ulm allowedthe
userto navigatethrougha highly detailed3D modelof Tübingen
that wasoriginally designedfor the Virtual Tübingenproject[41]
by theMax PlanckInstitutefor Biocybernetics,Tübingen.Theex-
hibition in Bernusesa3D modelof Bern,showing Einstein'scom-
mutingrouteto his workplaceat thepatentof�ce. TheBernmodel
wasspeci�cally designedfor theexhibition by our collaboratorsat
the“HistorischesMuseum”Bern.

Figure 2: Interactive special relativistic visualization. Userscan con-
trol their motion by a bicycle interface.

4 GENERAL REL ATI VI STI C RAY TRACI NG

Generalrelativity extendsspecialrelativity to includegravitation.
Through gravitational sources,the �at Minkowski spacetimeof
specialrelativity becomescurved. Conceptsfrom differentialge-
ometry are employed to describecurved spacetimes[28, 43]. A
basicconceptof differential geometryis the line elementds2 =
å 3

m;n= 0 gmn(x) dxmdxn , wheregmn(x) is an elementof the 4 � 4
metric tensorat spacetimepositionx, anddxm is an in�nitesimal
distancein the mdirectionof thecoordinatesystem.Light travels
alonggeodesics—theanaloguesto straightlines in curved space-
time. Geodesiclinescanbecomputedassolutionsto thegeodesic
equation,

d2xm(l )
dl 2 +

3

å
n;r = 0

Gm
nr (x)

dxn(l )
dl

dxr (l )
dl

= 0 ; (2)

wherel is anaf�ne parameterfor thegeodesicline. TheChristoffel
symbolsGm

nr arecomputedfrom themetric:

Gm
nr (x) =

1
2

3

å
a = 0

gma (x)
�

¶ga n(x)
¶xr +

¶ga r (x)
¶xn �

¶gnr (x)
¶xa

�
;

wheregma (x) is theinverseof gma (x).
Images,asseenby a virtual camerain a generalrelativistic set-

ting, canbegeneratedby non-linear4D raytracing[13,35,44, 47].
Startingpoint is standard3D Euclideanray tracing,which needs
threemajorextensionsto incorporategeneralrelativistic rendering.
First, straight light rays in threedimensionshave to be replaced
by geodesiclight rays in four dimensions,which canbe approxi-
matedby polygonallines. Second,theray projectorthatgenerates
a light ray correspondingto a pixel on the imageplanehasto be
modi�ed to computelight propagation governedby the geodesic
Equation(2). The initial value problemfor this systemof ordi-
narydifferentialequationscanbesolvedby numericalintegration,
e.g.,an adaptive fourth-orderRunge-Kutta method. Initial values
are determinedby the position, orientation,and �eld of view of
theobserver's cameraandby thecoordinatesof thecorresponding
pixel on the imageplane. The initial valuesare�rst computedin
thelocal frameof thecamera(a local Minkowski system)andthen
transformedinto theglobalcoordinatesystem.Thethird extension
concernstheintersectionbetweenlight raysandsceneobjectsthat
hasto take into accounta fourth, temporalcoordinate. Figure 3
shows an exampleof generalrelativistic ray tracing: It displaysa
sphericalsurfacelocatedin Kerr spacetime,which describesthe
metricof a rotatingmassive object.Thesurfacetextureof Earthis
appliedto visualizethedistortionsdueto light de�ection.

So far, we have assumeda single coordinatesystemin which
light raysarecomputed. In general,however, the geometryof a
spacetimehasanon-trivial topologythatcanonly berepresentedby
anatlascontainingseveral charts,i.e., several coordinatesystems.
A teapotwith handleandpot is anexampleof a 2D manifoldwith
non-trivial topology. The implementationof an atlasleadsto an



Figure 3: Visualization of Kerr spacetime. c
 2005 Th. M•uller

Figure 4: Ray tracing in non-trivial topology: A wormhole be-
tween the market place of T•ubingen and a �ctitious Mars station.
c
 2005 M. Borchers and Th. M•uller

extensionof thedatastructuresfor raytracing.First,alight raynow
consistsof 5D pointswith four spacetimecoordinatesandonechart
number(an ID). A light ray is decomposedin differentsegments
thatbelongto differentcharts.In eachchart,thelight ray segment
is determinedby thegeodesicEquation(2), basedontheassociated
spacetimemetric. When the light ray exits one chart and enters
anotherchart, the positionanddirectionof the previous segment
are transformedfrom the previous chart to the new one,yielding
theinitial valuesfor thefollowing ray segment.Theconceptof an
atlasalsoaffectsthe representationof sceneobjects. Eachobject
is associatedwith a singlechart,andray–objectintersectionsare
computedon a chart-by-chartbasis. As a further extension,we
representsceneobjectswith respectto a local referenceframe. In
this way, moving objectscanbedescribed,similarly to themotion
of a cameradescribedabove. The positionandvelocity of a free-
falling objectis determinedby thegeodesicEquation(2), whereas
thevectorsof thelocal framehaveto satisfytheequationof parallel
transport[28].

An interestingspacetimewith non-trivial topologyisawormhole
connectingtwo far away regionsof spacetime[31]. As detailedby
oneof us,Th. Müller [32], the ray-tracingvisualizationof worm-
holesis a goodtool for teachinggeneralrelativity. Figure4 shows
anexampleof a wormholebetweenthemarket placeof Tübingen
anda �ctitious Mars station. Wormholesare typically visualized
by drawingslike Figure5, which couldbeconsideredan“industry
standard”sincethey appearin practicallyevery populararticleon
thesubject.In fact,this kind of drawing probablygave wormholes

Upper Universe

Lower Universe

Figure 5: A popular visualization of a wormhole that is scienti�cally
correct, but neverthelessis not sound. c
 2004 Th. M•uller

their very name.While suchanillustrationis scienti�cally correct,
it is neverthelessnot soundbecauseit givesthe impressionthat a
wormholeis a tube-like structure.In fact,a wormholeis not a tube
but a sphericalobject. Our visualizationof the wormholeon the
Tübingenmarketplace(Figure4) comesmuchcloserto giving this
impression,especiallyif severalpicturesfrom severaldirectionare
presented,or if ananimatedsequencecanbeshown. Theunsound
visualizationof Figure5 doesnot show a wormholein a (3+1)-D
spacetime,but rathera (2+1)-Done,embeddedin Euclideanspace.
Only thesurfaceseenin thedrawing comprisesthewormhole,all
the restof the 3D spaceis not part of it. However, it involvesa
majorstepof mathematicalabstractionto fully graspthis fact,even
if it is carefullylaid out in someaccompanying text.

Generalrelativistic ray tracing,asusedfor producingthe ego-
centricvisualizationsin Figures3 and4, tendsto beseveralorders
of magnitudeslower than non-relativistic ray tracing becauseof
the signi�cantly increasednumberof computationsfor construct-
ing geodesiclines andintersectingpolygonalrayswith spacetime
geometry. Therefore,parallelizationis an urgentneedfor general
relativistic ray tracing. Domaindecompositioncanbe performed
on theimageplanebecausethecomputationof geodesicsandray–
objectintersectionsfor onepixel is independentof thosefor other
pixels. Gooddynamicload balancingis achieved by choosingan
appropriategranularity, which canbeas�ne asa singlepixel. Par-
allel ray tracingscaleswell even on distributedmemoryarchitec-
tureswith slow network connectionsbecauseonly little communi-
cationis requiredbetweenparallelcomputations.We regularly use
aLinux clusterwith 128dual-processornodesandMyrinet network
connection. To give an impressionof the renderingperformance
on our clustercomputer:A 10002 imageof a typical generalrel-
ativistic scenetakesaboutoneto two hourson 28 nodesequipped
with dual PentiumIII (650 MHz) CPUs. The implementationof
generalrelativistic ray tracingis basedon RayViS [14], an object-
orientedandextensibleray tracingprogramwritten in C++. Origi-
nally, RayViSwasdesignedfor non-relativistic standardraytracing.
Theaforementionedextensionshavebeenincludedinto thesystem
by extendingthefunctionalityby subclassing.

5 I NTERACTI VE GRAVI TATI ONAL L I GHT DEFL ECTI ON

As shown in theprevioussection,interactive visualizationof grav-
itational light bendingis very challengingandimpossiblewith to-
day's andnear-future low-costhardware. Nevertheless,a few re-
stricted, yet interestingscenarioscan be visualizedin real time.
Severalaspectshave to beexploitedsimultaneouslyto achieve in-
teractive visualization. First, only stationaryscenariosin which
sceneobjectsare�x edandthemetricis time-independentarecon-
sidered.In this way, the representationof light raysandthe inter-
sectionbetweenraysandobjectsis reducedto threespatialdimen-
sions. Second,symmetricspacetimesareusedto furtherdecrease
thenumberof independentdimensions.Third, thedegreesof free-
dom for sceneobjectscanbe reduced.Fourth, visualizationdata
canbepartly precomputedandreused.Fifth, texturing capabilities
of GPUscanbeusedto ef�ciently performper-pixel computations.



Figure 6: Museum installation for the visualization of gravitational
light bending. A black hole servesas gravitational sourceand can be
interactively controlled by direct manipulation on the touch panel.
The background image can be chosen from a collection of stored
astronomical pictures or from real-time camera input (top-left part
of the image).

We combinethesesaspectsto reducethe visualizationproblem
to computationsona2D domain,whichessentiallyresultsin image
warping.In this way, ef�cient image-basedgeneralrelativistic ren-
deringis possible[21]. Sofar, weusetwo differentspacetimesthat
facilitate image-basedvisualization: the Schwarzschildspacetime
[28], which describesnon-rotatingstarsandblack holes,and the
warpspacetime,which allows for faster-than-lighttravel [2]. This
faster-than-lighttravel canbevisualizedasseenfrom thebridgeof
the warp spaceshipby transforminga sphericalpanoramaof ob-
jectsthatsurroundthespaceshipat a suf�ciently largedistance,as
detailedin ourpreviouswork [21].

We have recentlyimplementedthereal-timevisualizationof the
Schwarzschildspacetimefor interactivemuseuminstallations.Fig-
ure6 showsour installationfor theexhibition in the“Stadthaus”in
Ulm. Thescenariocontainsa blackhole,which servesasgravita-
tional source,anda backgroundimage,which is distorteddueto
gravitationallight de�ection. Becauseof thesphericalsymmetryof
the Schwarzschildspacetime,the light raysstartingat the camera
exhibit cylindrical symmetryaroundanaxisde�ned by thecamera
andthecenterof theblackhole,i.e., it is suf�cient to computea1D
setof geodesiccurves,describedby theanglebetweenlight rayand
symmetryaxis. Moreover, thebackgroundgeometryis assumedto
be in�nitely far away from the blackhole so that,similarly to en-
vironmentmapping,thedirectionof de�ectedlight is suf�cient to
describetheintersectionbetweenlight raysandbackground.There-
fore, gravitational light bendingleadsto imagedeformationswith
cylindrical symmetryaroundtheblackhole.In ourimplementation,
theCPUcomputesa1D lookuptablewith de�ection angles,which
is usedasdependenttextureto reconstructthewarpingof theback-
groundbyaGPUfragmentprogram.OurOpenGLGPUimplemen-
tationon anATI RadeonX800 XT GPUachievessome70 fps for
the simultaneousvisualizationon two outputscreens(1280� 768
and1024� 768),processinga 1600� 1200video input streamas
backgroundimagein realtime.

Theuserinterfacerelieson directmanipulation.Theblackhole
canbedraggedon the touch-screenby usinga �nger, asshown in
Figure6. Differentbackgroundimagescanbechosenfrom a col-
lection of storedastronomicalpicturesor from a cameracovering
the installationarea(lower partof the touch-screen).Themassof
theblackholecanbemodi�ed by selectingdifferentsizesof black
hole icons(left partof thescreen).This restrictive andspecialized
interactionmodelis usedto shift the �e xibility–usability tradeoff,
inherentto any interactivesystem,towardshighusability[37].

Figure 7: Visualization of 
at and curved spaceswith building bricks
models. Left: 
at (Euclidean) space. Right: Curved spacesurround-
ing a black hole (inner boundary of the model at 1.25 Schwarzschild
radii). c
 2005 U. Kraus and C. Zahn

6 GEOM ETRI C AND EXOCENTRI C V I SUAL I ZATI ON

In additionto the egocentricvisualizationstrategy, we selectively
also useexocentricapproachesthat are rootedin the tradition of
mathematicalvisualization.Traditionally, geometryis animportant
aspectof mathematicalvisualization[17, 38,42].

As oneexample,we illustratethe conceptof a curved spacein
anintuitivewaythatdoesnotrequiremathematicalformalism[22].
This visualizationis basedon the principle of the Regge calcu-
lus,wherea 4D curvedspacetimeis subdividedinto smallsections
that are eachintrinsically �at, similar to the approximationof a
curvedsurfaceby small�at elementsof surfacearea.Here,wecon-
�ne ourselves to 3D space(a space-like hypersurfaceof constant
Schwarzschildtime) which is subdivided into sectionswith intrin-
sicEuclideangeometry. Thesebuilding bricksareassembledinto a
modelthatcanbedisplayedin computeranimationsandcanalsobe
constructedasa papermodel(seeFigure7). Sucha modelis a 3D
mapof thespace,computedto scale,andcanbeused,e.g.,to deter-
minegeodesics(straightlinesonthemap)andtheparalleltransport
of vectors(parallellineson themap)by drawing on themodelin-
steadof solvingdifferentialequations.This permitsa quantitative
treatmentof curved space,geodesics,and parallel transporton a
high-schoolor undergraduatelevel wherethe analyticdescription
of curvedmanifoldswouldbetooadvanced.

Otherexamplesof exocentricvisualizationareusedto illustrate
the propagation of light rayswithin specialandgeneralrelativity
andcanthusexplain thestructureof egocentricvisualizationsfrom
adifferentpointof view.

7 PL ANETARY AND COSM OL OGI CAL RENDERI NG

Generalrelativity is the acceptedtheoryof gravitation and, thus,
the basisfor cosmology. Therefore,illustration of astronomical
andcosmologicalaspectsnicely comesalongwith relativistic vi-
sualization. Cosmologycoversenormoustime and lengthscales,
which were,e.g.,excellently visualizedin the classic�lm “Pow-
ers of Ten” [10]. More recently, Hansonet al. [16] have pre-
sentedatruly large-scalevisualizationfor cosmology, includingthe
metaphorof the“cosmicclock”, whichis usedfor their“SolarJour-
ney” project [15]. Other relatedwork dealswith a sophisticated
renderingof galaxiesor nebulae[26, 33].

In this section,we describeour visualizationmethodsusedin a
�lm projectfor theexhibition in Bern.This�lm coversatime-lapse
virtual journey from Earththroughthe solarsystem,further away
fromourgalaxy, and�nally to large-scalegalaxyclusters.Themain
goal is to show theenormouslengthscalesinvolved in astronomy
andcosmologyand,thus,physicalcorrectness(e.g.,concerningthe
sizesof objectsaswell astheir temporalandspatialrelationships)
is most important. Anothergoal is a visually aestheticrendering



that allows us to motivatemuseumvisitors to view further, more
complex visualizationsof generalrelativity andcosmology.

The�lm productionis decomposedin separateprojectsfor plan-
etaryrenderingandgalaxyvisualization.Westartby discussingour
toolsfor avirtual �ight throughthesolarsystem.Therealreadyex-
ist numerousandexcellenttoolsfor astronomicalvisualizationand
planetrendering(unlike the situationin relativistic visualization).
We use“Celestia” [4] asbasisfor planetaryvisualizationbecause
it is an extensibleopen-sourcetool with goodvisualizationqual-
ity, excellentinteractivecameranavigation,andaphysicallycorrect
modelingof bothplanetaryandstarconstellations.Wehaveslightly
modi�ed “Celestia”in threerespects.First,antialiasingandmotion
blur have beenincludedto improve imagequality. Second,camera
pathsareinterpolatedwith cubicor exponentialsplines,depending
on thetraversedlengthscale.Third, a �le-basedinterfacehasbeen
addedto exchangecamerapathswith othertools.

Although “Celestia” is suitablefor most parts of the journey
throughthesolarsystems,it is not appropriatefor close-by�ights
becauseextremely high-resolutionterrain models are not sup-
ported. Therefore,we have developeda tool for high-qualityand
ef�cient planetaryrenderingwith graphicshardware. Similarly to
Cignoni et al. [6], who derive a planet-optimizedversionof their
originalBDAM terrainrenderingmethod[5], weextendtheterrain
renderingsoftwareby Röttgeretal. [39] for planetaryvisualization.

Theoriginal terrainrenderingtechniquetargetsthevisualization
of DEM (digital elevationmodel)andcolor texturedatade�ned on
a �at uniform grid. Planetaryterrainrenderingessentiallyextends
thedomainfrom a planarsurfaceto a sphericalsurface.Elevation
datais interpretedasdisplacementsalongthenormalvectorof the
sphericaldomain.Sphericalgeometryhastheproblemthataglobal
isometricmappingto a �at 2D texture is not possible.Therefore,
thedomainis typically split into severaltiles thatexhibit analmost
uniform samplingratefor DEM andtexturedata.Tiling is realized
by triangulatingtheboundariesbetweentiles,whichmayevenhave
differentresolutionsof DEM andtexturedata.To savememoryand
reducestresson thegeometrypipelineof theGPU,anadaptive tes-
sellationof theheight�eld is employed. Following [39], we usea
continuouslevel-of-detailof which there�nementcriterionis gov-
ernedby the distanceof the viewer anda quality level. Temporal
poppingartifactsareeliminatedby geomorphing,which smoothly
interpolatesbetweentwo neighboringresolutionlevels. Aliasing
and�ick eringartifactsthatmaybecausedby samplingof thesur-
facetextureareavoidedby GPU-supportedMIP mapping.

In addition to high-resolutionterraindata,the mostsigni�cant
illumination aspectshave to beconsideredto achieve a convincing
andrealisticvisualization.PlanetslikeEarthor Marshaveanatmo-
spherethatgreatlyaffectstheir appearance.Our startingpoint for
atmosphericrenderingis themodelby Nishitaet al. [34], who take
into accountRayleighandMie scattering.By splitting therender-
ing processinto apre-processingandaGPU-basedpart,aninterac-
tive visualizationis possible[9]. We adoptthis renderingmethod
and modify it in a few ways: The optical length lookup-tableis
enhancedsothat it canbeusedfor light attenuationbetweensam-
ple pointsand light sourceaswell asbetweensamplepointsand
viewer. Attenuationis determinedat runtimeandmappedontojust
two spheres.Therefore,we avoid lookupsfor shadedareasandex-
pensivevolumerenderingfor sphericallayers.

Planetaryrenderingcanbeperformedin realtimeif alow quality
level is used. Interactive renderingis mostusefulfor camerapath
planning.The �nal �lm renderingis doneat high resolution,high
quality level, andwith time-consumingsupersamplingfor spatial
antialiasingandmotionblur. Figure8 shows anexamplefor Mars
rendering,basedontheMOLA terrainandtexturedataprovidedby
NASA [29], with a resolutionof 180� 360� 1282 �oating-point
elevationsamples.

The otherpartsof the virtual cosmologicaljourney requirethe

Figure 8: Planetary terrain visualization of Mars, including atmo-
spheric rendering: Outside view (left), close-by 
ight (right).

renderingof objectslike gasclouds,stars,or galaxies.Astronomi-
cal photographsor other2D datasourcesareusedasbasisto con-
struct3D particlesystemsand�uids for Alias “Maya”, a commer-
cial and genericmodelingand animationtool, in order to model
objectslike theHorseheadNebula,thedistributionof cosmicback-
groundradiation,or quasars.As anothersource,we usethe ani-
matedvirtual voyagefrom theMilk y Way to theVirgo clusterthat
is partof thePBSshow “RunawayUniverse”[40].

The complete�lm is composedfrom separatevisualizationse-
quencesgeneratedby the above tools or includedfrom the afore-
mentionedresources.A consistentandsmoothcamerapathis con-
structedby exchangingcamerapositionsandorientationsbetween
differenttools.Videoeditingis usedto constructthe�nal �lm.

8 VAL I DATI ON AND EFFECTI VENESS

Our visualizationactivities canbe validatedfrom differentpoints
of view. A �rst classof goalscanbeclassi�ed astechnicalgoals.
Here,oneobjective is physicalaccuracy becauseour visualization
strategy with egocentricviewsleadsto realisticlookingimagesthat
requireaccuratevisual representation.This accuracy is achieved
by applyingnumericalschemeswith explicit errorcontrol to solve
underlyingphysicalsimulations.Anotherobjective is real-timeca-
pability for interactivevisualizations.Weachievethisgoalby using
ef�cient GPUimplementationsalongwith adaptiverenderingmeth-
ods.Third, stableanderror-proof softwareis requiredfor unsuper-
visedinteractive installations.Long-terminstallationsin museum
exhibitions, which typically last for several months,have demon-
stratedtherobustnessof oursoftware.

Another, even moreimportantclassof goalsis concernedwith
the humanrecipientsof visualization. Our objectivesareto com-
municatephenomenaof relativistic physics,to explain underlying
concepts,and to motivate and inspire. Usually, the effectiveness
of visualizationis validatedby userstudieswith controlledsettings
anda thoroughstatisticalevaluation.This typeof userstudyis not
feasiblefor our visualizationsbecausewe addresslarge groupsof
peoplewith whomwe have no,or only indirectandloose,contact.
Therefore,a directandcontrolledevaluationof theeffectsof visu-
alizationis dif�cult.

Nevertheless,wehaveconsiderableexperienceandmanifoldev-
idencefor theeffectivenessof ourapproach.Onegroupof usersare
readersof popular-sciencepublicationsin magazinesor books.We
havenoimmediatecontactwith readers,but wecanreportonexpe-
rienceswith journalists,writers,andgraphicsdesignerswhoarere-
sponsiblefor preparingthesepublications.A general�nding is that
the egocentricstrategy is stronglypreferredby print media. An-
otherobservation is that familiar scenesaremostpopular—a large
portionof ourspecialrelativistic visualizationsfor magazinesshow
high-speedtravel throughtheBrandenburg Gatein Berlin, towards



theEiffel Tower in Paris,or aroundSaturn(thelevel of familiarity,
of course,is dependentonculturalbackground).Bothobservations
show thatvisualizationswith obviousimpliedinformation(i.e.,nat-
uralegocentricvisualization,mimicrybasedonwell-knownscenes)
is mosteffective for publicationsthathave to beconcisebecauseof
limited printing space.A strongevidencefor the effectivenessof
our printedvisualizationsis a continuingmediapresence:Several
popular-sciencepublicationsarecarryingour visualizations.Our
experienceswith TV areverysimilar to thosewith print media;the
sametypeof egocentricvisualizationis appropriatefor �lms.

Oral presentationsfor a generalaudienceare anotherenviron-
ment in which visualizationplays an importantrole. One of us,
H. Ruder, hasextensive experiencewith invited talkson relativity
andastrophysics;only in 2004and2005,e.g.,hegave or will give
morethan70invitedpresentationsfor generalaudiences.Thefeed-
back from the audienceis exclusively positive, even enthusiastic.
Not only is the numberof talks impressive, but also the number
of peoplein the audience:On several occasions,talks weregiven
to far more thana thousandpeople. H. Ruderwasalsoawarded
themostprestigious“Robert-Wichert-Pohl-Preis”by the“Deutsche
PhysikalischeGesellschaft”(GermanPhysicalSociety, theworld's
�rst andlargestphysicalsociety)in 2002for hisexcellencein com-
municatingphysics.

In addition, visualization is an important elementin exhibi-
tions. We have contributedto exhibitions for the“Stadthaus”Ulm
(March 2004–August2004), “Highlights der Physik” in Stuttgart
(June2004),andthe“HistorischesMuseum”in Bern(June2005–
April 2006).Visualizationfor museumexhibitionsis distinct from
thosefor popular-sciencepublicationsandinvitedtalks.First,more
in-depth information can be communicatedto museumvisitors,
who usually take more time for a museumvisit than readersfor
a popular-sciencearticle. In anexhibition, manifoldinformationis
presented,which may rangefrom historic backgroundto mostre-
centphysical theories.Therefore,we areableto includenot only
egocentricvisualizationsbut alsoexocentric,mathematicalvisual-
izations.Thesetypesof visualizationarerathercomplex andneed
additionalexplanations,which arefacilitatedby anotherbene�t of
an exhibition: Several kinds of informationcanbe shown simul-
taneously, e.g., an animatedvisualizationcan be displayedon a
screenside-by-sidewith an accompanying explanationon a text
panel. A third differenceis that interactive applicationsare pos-
sible. Interactive explorationleadsto a betterunderstandingthan
a �x ed visualizationbecausethe user is actively involved. With
large-screendisplaysandanappropriateuserinterface,evenanim-
pressionof immersioncanbeachieved.

Finally, our illustrativevisualizationshaveprovento bevaluable
teachingmaterial. They provide a highly motivating introduction
into thestudyof thetheoryof relativity. Apart from thefun aspect,
they seriouslyassistteachingandlearning. In teachingthe theory
of relativity onemustdo without classroomexperiments.Visual-
ization offers a substitute:“experiments”can be performedwith
interactive visualizationtools and “measurements”can be taken
on papermodelspacetimes.We make visualizationsavailable to
studentsand teachers(both high schooland university teachers)
by contributing regularly to physicsteachers'continuingeducation
seminarsandto conferenceson physicseducation.We have pre-
sentedtheseprojectsin contributionsto variousteachers'journals
and we also maintaina highly frequentedwebsite1 on which we
show images,movies,andexplanatorytexts on a level that is suit-
ablefor teachingathighschoolandintroductoryuniversitylevel.

We referto ourprojectwebsite2 for a detaileddocumentationof
our visualizationactivities, including videos,further images,and
extensive listsof diversereferences.

1 www.spacetimetravel.org (in English)
www.tempolimit- lichtgeschwindigkeit.de (in German)

2 www.vis.uni- stuttgart.de/relativity

9 CONCL USI ON AND FUTURE WORK

Our most importantmessageis that visualizationis a very useful
tool for communicatingandexplainingcomplicatedfacts.Wehave
successfullyemployedmethodsrootedin thetraditionof scienti�c
visualizationin order to convey elementsof the dif�cult theories
of specialandgeneralrelativity. We believe thatillustrative visual-
izationandvisualcommunicationshouldreceivemoreattentionby
thescienti�c visualizationcommunity. Computer-basedvisualiza-
tion hasmoreto offer thanexplorationof datasets—itis capableof
communicatingphysicalphenomenaor theoreticalandmathemat-
ical concepts.After all, explanatoryand illustrative visualization
hasa hugemarket of potential“customers”;e.g.,we have reached
severalmillion recipientswith ourimagesand�lms. Weunderstand
thetermillustrationin its broadandoriginalsense3, whichincludes
theapplicationof artisticdrawing stylesor traditionaldesign(asin
[11, 18,24]), but alsocoversvisualexplanations.

Fromourexperience,wethink thatthefollowing aspectsplayan
importantrole in explanatoryvisualizationof relativity, but could
alsobevalid for otherapplications.

First, domain knowledge is indispensable,which is in ac-
cordancewith a long-standingdemandin scienti�c visualization
[20, 27]. We have includeddomainknowledgeto a very largeex-
tentby teamingupexpertsin visualization,computergraphics,rel-
ativistic physics,physicseducation,modeling,andmuseumdesign.

Second,thefactsimplied in avisualizationhave to betakeninto
account. A good strategy is to reducethe amountand complex-
ity of implied informationby usingsimpleandnaturalmetaphors.
Wethink thattheapproachof egocentricvisualexperiments,which
canberegardedasamodi�cation of Gedankenexperiments(thought
experiments)[3] frequentlyusedby Einstein, is very successful.
For interactiveapplications,in addition,theissueof the�e xibility–
usability tradeoff should be considered. We recommendto use
highly specializeduserinterfaceswith only aminimalchoiceof pa-
rameters.If moreabstractvisualizationsareemployed,they should
be combinedwith additional (textual) information that explicitly
statesthe connectionbetweenvisual representationanddisplayed
information.

Third, the aesthetic-usabilityeffect [23] is especiallyimportant
for visual communicationbecauseattractive designspromotecre-
ative thinking and problemsolving. Therefore,we userealistic
looking, carefully designedmodels (e.g., Virtual Tübingen, 3D
modelof Bern),highly accuratemeasurements(e.g.,MOLA Mars
data),or image-basedrenderingwith real-world data.

Fourth, the visualizationwork�o w canusuallybe built upona
mix betweenstandardoff-the-shelf tools and individual develop-
ments. Standardtools have the obvious advantageof saving re-
sources.For interactive visualization,however, custom-madesoft-
wareis oftennecessary. Ourvisualizationmethodsbene�t from the
signi�cant improvementsgraphicshardwarehasrecentlymade.For
example,we have presentednew GPU methodsfor image-based
specialrelativistic renderingandinteractive visualizationof grav-
itational light de�ection. Anotherreasonfor speci�c softwarede-
velopmentis that specializedvisual mappingmethodscannotbe
handledby existing tools. Examplesare our extensionsfor gen-
eral relativistic ray tracingwith multiple chartsor planetary-sized
terrainrendering.

Fifth, the development of visualization contents is time-
consumingbecausea good designtypically requiresmany itera-
tions.Thus,largevisualizationprojectsneedgoodplanning,areal-
istic timeline,andenoughresources.For example,theexhibitions
in Ulm andBernrequiredsometwo yearsof preparatorywork.

As detailedin this paper, our currentvisualizationapproachis
primarily basedon egocentricpresentations. In future work, it

3 Illustrate: to explain or decorate(a book,text, etc.) with pictures[from
CollinsEnglishDictionary[7]].



could be interestingto investigate abstract,exocentricvisualiza-
tions in more detail and to compareor, possibly, combinethem
with theegocentricapproach.On morefundamentalgrounds,it is
a grandgoal to �nd somekind of (formalized)metric to assessthe
effectiveness,soundness,andcompletenessof educationalvisual-
izations.Onatechnicalside,theperformanceof generalrelativistic
visualizationcouldbeimproved,e.g.,by makinguseof intentional
incompletenessor betternumericalmethods.
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