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ABSTRACT

In this applicationpaper we reporton over fteen yearsof expe-
riencewith relatiistic and astroplysical visualization,which has
beenculminatingin a substantiaengagementor visualizationin
the EinsteinYear2005—the100" anniersaryof Einsteins publi-
cationson specialrelativity, the photoelectrieeffect, andBrownian
motion. This paperfocuseson explanatoryand illustrative visu-
alizationsusedto communicateaspectf the dif cult theoriesof
specialandgeneralrelativity, their geometricstructure andof the
related elds of cosmologyand astroplysics. We discussvisual-
ization strat@ies, motivatedby physicseducatioranddidacticsof
mathematicsanddescribavhatkind of visualizationmethodshave
provento beusefulfor differenttypesof media,suchasstill images
in popularsciencemagazines,Im contrikutionsto TV shaws, oral
presentationsor interactve museuminstallations. Although our
visualizationtools build upon existing methodsand implementa-
tions, thesetechniqueshave beenimproved by several novel tech-
nical contritutions like image-basedpecialrelativistic rendering
on GPUs,an extensionof generalrelativistic ray tracingto mani-
folds describedby multiple charts, GPU-basednteractve visual-
ization of gravitationallight de ection, aswell asplanetaryterrain
rendering. The usefulnessand effectivenessof our visualizations
aredemonstratedy reportingon experienceswith, andfeedback
from, recipientsof visualizationsandcollaborators.
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ical SciencesandEngineering
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1 INTRODUCTION

Albert Einstein (1879-1955)wasthe rst truly internationalpop
starof science andhis popularityhasnever beenmatchedby ary
otherscientistsince. In part, his popularityis certainlydueto his
extraordinary personality appearanceand political engagement.
Even moreimportantly though,specialand generalrelativity are
concerneavith conceptshateverybodyknowsfrom daily life, such
asspacetime, andlight—at the sametime engenderingin auraof
scienti c compleity andparadoxicakffects. Thereforemostpeo-
ple are both attractedand appalledby Einsteins theories,which
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shaw thatpropertiesof spacetime, andlight in relatiistic physics
are dramaticallydifferentfrom thoseof our familiar environment
governedby classicabphysics.

A major andtypical problemin explaining specialandgeneral
relativity to non-plysicistsis a lack of mathematicabackground,
especiallyin differentialgeometry We stronglybelieve thatvisual-
izationcanbeusedto addresshis problembecausé is anexcellent
meansof corveying importantaspectof Einsteins theorieswith-
out the needfor mathematicaformalism. Our goal is to develop
visualizationsthat are explanatory illustrative, and pedagogicain
nature.Our approachdoesnot targetdataexplorationbut the com-
municationof ideas theories,andphenomenao others. Although
dataandinformationexplorationis the focusof mostresearctef-
forts in the visualizationcommunity we think thatvisual commu-
nicationis anequallyimportantaspecbf visualization.Relatvistic
and astroplysical visualizationis hearily basedon mathematics,
physics,andcomputergraphicsand,thereforejs rootedin thetra-
dition of scienti c visualization.

In this applicationpaper we reporton over fteen yearsof ex-
periencewith relatiistic andastroplysicalvisualization,our group
having startedrelatedresearchat the end of the 1980s[12, 35].
Our long-termcommitmenthasbeenculminatingin a strongen-
gagementor visualizationin the EinsteinYear 2005. This year
the 100" annversaryof Einsteins annusmirabilis, in which he
publishedhis seminalarticleson Brownian motion, the photoelec-
tric effect, and specialrelativity, is celebrated. This anniversary
is the motivation for numerousworld-wide activities for popular
sciencepresentationsand2005hasalsobeendeclaredWorld Year
of Physics” by the UNESCO.

We have beenworking on variousvisualizationprojectsin the
contet of the EinsteinYear: accompaying visualizationsfor sev-
eral popularsciencearticlesin magazinesor book chapters;ani-
matedvisualizationsfor TV shaws; technicaland scienti ¢ con-
tents for major exhibitions in Ulm (March 2004—August2004),
Stuttcart (June2004), Bern (June2005-April 2006), and others.
Differenttypesof visualizationrequire different methods,equip-
ment, work ows, and know-how. Therefore,we are an interdis-
ciplinary teamof 15—-20peoplewith expertisein computergraph-
ics, relatvistic physics, physics educationyisual perceptionuser
interfaces,computerbasedmodelingand animation,and museum
design.Moreover, this technicalteamcollaboratesvith journalists
andwritersin the context of popularsciencepublications.

This casestudy discusseour stratgies for explanatoryvisu-
alization as well as technicalissuesof algorithms,implementa-
tions, andwork ows. We presenthow and why we employ dif-
ferentmethodsandtools, andwe describetechnicalcontributions
in the form of someextendedor novel visualizationmethodsfor
image-basedpecialrelativistic renderingon GPUs(graphicspro-
cessingunits), generalrelatwvistic ray tracing for spacetimesvith
non-trivial topology GPU-basednteractve visualizationof gravi-
tationallight de ection, aswell asrealisticplanetanyterrainrender

ing.



2 VISUALIZATION STRATEGIES

In general,visualizationscontainboth explicit andimplicit infor-
mation[8, 25]. A mismatchbetweerfactsimplicit in thevisualiza-
tion andthoseimplicit in thetheoryor the dataresultsin two types
of problems. The visualizationis not completeif notall factsim-
pliedby thetheoryarealsoimplied by thevisualization.Incomplete
visualizationsdo not needto be incorrect. In fact,incompleteness
is a valid meansof reducingcompleity andis frequentlyusedin
our visualizationsin orderto decreasehe cognitive load for the
user Corversely avisualizationis not soundif it impliesfactsthat
are not valid consequencesf the theory or data. Unfortunately
mary popularsciencepresentationsf relativity containvisualiza-
tionsthataremisleadingnot sound,or evencompletelywrong.

We addresghe issueof soundnes$y relying on a visualization
metaphotthatis easyto explain andthatavoids unnecessarympli-
cations: A virtual experimentis conductedunderthe in uence of
relatiistic effectsandtheimagestakenby avirtual cameraarethe
basisfor the visualization,i.e., an egocentricview is adoptedn a
visually enrichedhoughtexperiment3]. For example,specialrel-
ativistic effectscanbe demonstratedy virtual ights ata velocity
closeto the speedof light, or generalrelativity canbe illustrated
by viewing a virtual galaxy behinda black hole thatactsassource
for gravitationallight bending.Theideais to constructinstructie,
interesting,andcompellingscenariose.g.,with high-speedravel,
blackholes,wormholesor thelarge scalescoveredby cosmology

Our approacthasseveral advantagesFirst, the underlyingsce-
nario canbe easilydescribedo a layperson.Secondthe concept
of arealor virtual cameras well-known from cinema, TV, or com-
puter games. Third, image generationcorrespondgo a physical
experimentthat simulatedight propagtion. Therefore the funda-
mentalissueof coordinatesystemdependeng inherentto general
relatiity, is automaticallyaddressef4]. We applythe egocentric
stratgy for specialrelativity (Section3), generalrelatiity (Sec-
tions 4 and5), andcosmologicalights (Section7). The stratgy
alsolendsitself to the intentionaluseof incompletenessSeparate
relatvistic effectson light propagtion canbe selectvely switched
onor off, e.g.,color changesiueto Dopplershift may be switched
off to focuson geometriceffectsonly.

An alternatve stratgy is basedon the tradition of mathemati-
cal visualization. In general,this stratgy tendsto rely on more
abstractmetaphorghat are moredif cult to explain andthat may
bemisleading.Thereforeanexocentricmathematicavisualization
of relatvity hasto be carefullydesignedrom a didacticalpoint of
view. Section6 describe®urapproachor anexocentricillustration
of curvedgeometry

3 SPECIAL RELATIVISTIC RENDERING

The mathematicafoundationof specialand generalrelatvity is

built on the conceptof 4D spacetimei.e., the combinationof 3D

spaceand 1D time. Specialrelativity is ableto describethe kine-
maticsof photons,which have vanishingrest mass,and massve
objectsalike. Generalrelativity is only requiredwhen gravitation

needsto be included (seeSection4). Specialrelatvistic effects
becomenoticeableat velocitiescomparableo the speedof light.

Therefore purapproacho specialrelatiistic visualizationis based
on virtual motion at very high speed.This sectionbrie y reviews
two methodsfor specialrelatiistic rendering,and evaluatesthem
in the contet of our visualizationapplications.

Specialrelatvity is basedon at spacetimedescribedby the
Minkowski metric [28, 30]. Pointsin spacetimeso-calledevents,
aretransformedbetweernreferenceframesmaoving at differentve-
locitiesby the LorentztransformationThe Lorentztransformation
of light emissioneventsis the basisfor an object-spaceapproach
to specialrelatvistic rendering[19, 45]. For relatiistic motionin

a static scene,object-spacaenderingboils dowvn to a non-linear
transformatiorof spatialpositionsfrom the static sceneto spatial
positionsasseerby thefastmoving cameraFor interactve render

ing, this transformatioris rst appliedto the verticesof the scene
objects,and then the transformedgeometryis renderedoy usual
methodf non-relatvistic computergraphics.

More recently we have developedimage-basedpecialrelativis-
tic rendering[46] asan alternatve renderingmethodthatonly re-
quirescomputationsn 2D imagespace.lt builds uponthe concept
of theplenopticfunctionP(x; g; f ;I ), whichdescribesheradiance
of thelight dependingon direction(qg; f ) in sphericalcoordinates,
spacetimepositionx, andwavelength/ [1]. The basicideais to

rst recordthe plenopticfunction within a static sceneandfor a
staticcameraandthento transformthe plenopticfunctioninto the
frameof a moving camera.Afterwards,non-relatvistic rendering
methodscanbe appliedto constructhe nal image.

The Lorentz transformationof the plenopticfunction is deter
mined by threerelatvistic effects: relatvistic aberrationof light,
Dopplereffect,andsearchligheffect. Therelativistic aberratiorof
light causesa modi cation of the directionof light andis ableto
describeheapparengeometryseerby afastmoving cameraThe
Dopplereffect accountdor the transformatiorof wavelengthand
causesa changein color. The searchlighteffect transformsradi-
anceand,e.g.,increaseshe brightnessof objectsaheadwhenthe
obsereris approachingheseobjectsat high velocity.

Letusconsidettwo inertial framesof referenceSands®, with &
moving with velocity v alongthez axisof S. A light rayis described
by direction(g; f ) andwavelength/ in frameS, andby (g% f 9 and
1 %n framesg. Then, the Lorentztransformatiorof the plenoptic
functionfrom Sto SLis [46]
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with the DopplerfactorD = g(1+ bcosq9, g= 1=p 1 b%2 b=
v=c, andthe speeddf light c. The plenopticfunctionsP andPCare
locatedat correspondingpacetimepositions,which areno longer
explicitly shavn in themathematicaéxpressions.

A directapplicationof image-basedpeciakelatiistic rendering
is usedto transformreal-world imageg46]. Realimagesaremost
usefulin illustratingrelativistic effectsin our familiarenvironment:
They provide a “before-and-after’effect appliedto our everyday
world andthereforefacilitatean easyrecognitionof relativistic ef-
fectsaffectingwell-known scenesAn importanttechnicalproblem
is thataberratiorleadsto severedistortionsin imagespacethatre-
quire the acquisitionof high-resolutioninput imageswith a very
large eld of view—usually even a full sphericalpanoramd(i.e.,
with 4p solid angle)is neededDataacquisitionis time-consuming
for a single panoramand extremely dif cult for ights basedon
a seriesof several hundredpanoramas. Even if a collection of
panoramamageswas available, storageand real-time processing
of the datawould be challenging,makingan interactive rendering
of relativistic motion very dif cult. Thereforewe usereal-world
image-basedenderingonly for pre-computedllustrations—either
for still imagesin magzines,or in Ims for exhibitions and TV
shaws.

The Lorentz transformationof the plenopticfunction canalso
be appliedto syntheticimages. The basicideais to constructa
panoraméby renderinga virtual sceneandthento transformthis
panorama.Graphicshardware hastremendouslymprovedin per
formanceandfunctionality sincethe developmentof image-based
specialrelatiistic renderingin 2000[46]. First, cubemaps,which
are effective in storing a panoramahave becomewidely avail-
able. Secondcubemapscanbeef ciently constructedy rendef
to-texture functionality Third and mostimportantly the Lorentz
transformationfrom Eq. (1) cantoday be implementedby GPU



Figure 1: Special relativistic visualization of apparent geometry at
b= 0.95.

fragmentprograms.Therefore an extremelyfastandperpixel ac-
curatecomputatiorhasbhecomepossible.

Ourinteractve applicationis implementedn C++andOpenGL.
Aberrationof light is realizedwith a dependentexture readfrom
the syntheticcubemap,implementeddy a few fragmentprogram
instructions. Dependingon the simulatedvelocity andtheresulting
distortion,differentcombination®f supersamplingnd Itering are
usedto achieve highimagequality. TheDopplerandsearchlighef-
fectsareimplementedisingpre-computediexturesaslookuptables
for thetransformectolorsof differentmaterialsn thescene.

Basedon our experience,we have decidedto exclusively use
image-basedenderingasbasisfor interactve speciarelatiistic vi-
sualization.Theadwantage®f image-basedenderingare: First, al-
mostthesamerenderingpipelinecanbeusedasfor non-relatvistic
rendering.Unmodi ed non-relatvistic renderingis usedto Il the
panorama&ubemapsthesubsequeritorentztransformations just
oneadditionalrenderingstep.In particularimage-basedendering
doesnot interferewith the core renderingroutinesandthe scene
representationwhile object-spaceenderingneedsa ne andide-
ally view-dependente-tessellatiorof the sceneto avoid artifacts
from non-lineartransformationgppliedto vertex positions. Sec-
ond, illumination computationsbasedon the Dopplerandsearch-
light effects,canbereadilyincluded.Third, image-basedendering
is perpixel accurate poth for geometricand illumination effects.
Figure 1 shavs an examplefor the image-basedisualizationof
geometriceffectsfor an obserer traveling with 95 percentof the
speedof light. For this scene,our GPU implementatiorachieves
some90-125fps (framesper second)for the visualizationof ap-
parentgeometryandsome60 fps for the visualizationof geometric
andillumination effectson an ATI RadeonX800 XT GPU.

As basisfor navigation and cameracontrol, the relatwvistic-
vehicle-contrometaphof45] is adopted—am@xtensionof thenon-
relativistic ying-v ehicle or virtual-camerametaphors. The user
cancontrolthedirectionandvelocity of motionwith ajoystick (for
smallerinstallationsor desktopervironments)or a bicycle inter
face,whichis usefulfor large-screerinstallations.Figure2 shavs
anexamplefrom theexhibition in the“Stadthaus’in Ulm. Fromex-
periencethebicycle interfaceis very intuitive for (untrained)visi-
torsof exhibitionsbecausé providesagoodandexpectednapping
betweencontrols and their effects: This interface exploits func-
tional mimicry becauseelatiistic navigation imitatesreal-world
navigation on a bicycle [36]. Our installationfor Ulm allowed the
userto navigate througha highly detailed3D modelof Tubingen
thatwasoriginally designedor the Virtual Tubingenproject[41]
by the Max Planckinstitutefor BiocyberneticsTubingen.The ex-
hibition in Bernusesa 3D modelof Bern,shaving Einsteins com-
muting routeto his workplaceat the patentof ce. TheBernmodel
wasspeci cally designedor the exhibition by our collaboratorsat
the“HistorischesMuseum”Bern.

Figure 2: Interactive special relativistic visualization. Userscan con-
trol their motion by a bicycle interface.

4 GENERAL RELATIVISTIC RAY TRACING

Generalrelativity extendsspecialrelativity to include gravitation.
Through gravitational sources,the at Minkowski spacetimeof
specialrelativity becomesurved. Conceptsrom differentialge-
ometry are employed to describecurved spacetimeg28, 43]. A
basicconceptof differential geometryis the line elementds? =
é?nn:og,m(x) dx™dx", wheregnn(x) is an elementof the4 4

metric tensorat spacetimepositionx, anddx™ is anin nitesimal
distancein the mdirectionof the coordinatesystem.Light travels
along geodesics—thanaloguego straightlines in curved space-
time. Geodesidines canbe computedassolutionsto the geodesic
equation,
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wherel isanafne parametefor thegeodesidine. TheChristofel
symbolsG™,, arecomputedrom the metric:
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whereg™ (x) is theinverseof gpg (X).

Images,asseenby avirtual cameran a generalrelatvistic set-
ting, canbegeneratedby non-lineardD raytracing[13, 35,44, 47].
Startingpoint is standard3D Euclideanray tracing, which needs
threemajorextensiongo incorporategenerarelatvistic rendering.
First, straightlight raysin threedimensionshave to be replaced
by geodesidight raysin four dimensionswhich canbe approxi-
matedby polygonallines. Secondtheray projectorthatgenerates
a light ray correspondindo a pixel on the image planehasto be
modi ed to computelight propagtion governedby the geodesic
Equation(2). The initial value problemfor this systemof ordi-
nary differentialequationsanbe solved by numericalintegration,
e.g.,an adaptve fourth-orderRunge-Kitta method. Initial values
are determinedby the position, orientation,and eld of view of
the obserer's cameraandby the coordinate®f the corresponding
pixel on the imageplane. The initial valuesare rst computedn
thelocal frameof the cameraalocal Minkowski system)andthen
transformednto the global coordinatesystem.Thethird extension
concernghe intersectiorbetweerlight raysandsceneobjectsthat
hasto take into accounta fourth, temporalcoordinate. Figure 3
shavs an exampleof generalrelativistic ray tracing: It displaysa
sphericalsurfacelocatedin Kerr spacetimewhich describeshe
metric of arotatingmassve object. The surfacetexture of Earthis
appliedto visualizethedistortionsdueto light de ection.

So far, we have assumed single coordinatesystemin which
light rays are computed. In general,howvever, the geometryof a
spacetimdnasanon-trivial topologythatcanonly berepresentetly
an atlascontainingseveral charts,i.e., several coordinatesystems.
A teapotwith handleandpotis anexampleof a 2D manifold with
non-trivial topology The implementationof an atlasleadsto an



Figure 3: Visualization of Kerr spacetime. ¢ 2005 Th. Meiller

Figure 4. Ray tracing in non-trivial topology: A wormhole be-
tween the market place of Tubingen and a ctitious Mars station.
Cc 2005 M. Borchersand Th. Muller

extensionof thedatastructuredor raytracing.First,alight ray now
consistof 5D pointswith four spacetimeoordinatesndonechart
number(an ID). A light ray is decomposedh differentsegments
thatbelongto differentcharts.In eachchart,thelight ray segment
is determinedy thegeodesi&Equation(2), basedntheassociated
spacetimemetric. Whenthe light ray exits one chartand enters
anotherchart, the position and direction of the previous segment
aretransformedrom the previous chartto the nenv one, yielding
theinitial valuesfor thefollowing ray segment. The conceptof an
atlasalsoaffectsthe representatiof sceneobjects. Eachobject
is associatedvith a single chart, and ray—objectintersectionsare
computedon a chart-by-chartasis. As a further extension,we
represensceneobjectswith respecto alocal referencerame. In
this way, moving objectscanbe describedsimilarly to the motion
of a cameradescribedabore. The positionandvelocity of a free-
falling objectis determinedy the geodesidcquation(2), whereas
thevectorsof thelocal framehave to satisfytheequatiorof parallel
transpor{28].

An interestingspacetimavith non-trivial topologyis awormhole
connectingwo far away regionsof spacetimg31]. As detailedby
oneof us, Th. Muller [32], the ray-tracingvisualizationof worm-
holesis a goodtool for teachinggeneralrelatvity. Figure4 shavs
an exampleof a wormholebetweerthe market placeof Tubingen
anda ctitious Mars station. Wormholesare typically visualized
by dravingslike Figure5, which could be consideredn “industry
standard”sincethey appeaiin practicallyevery populararticle on
the subject.In fact, this kind of drawing probablygave wormholes

Upper Universe

Figure 5: A popular visualization of a wormhole that is scienti cally
correct, but neverthelessis not sound. ¢ 2004 Th. Muller

their very name.While suchanillustrationis scienti cally correct,
it is neverthelesmot soundbecauset givesthe impressionthata
wormbholeis atube-like structure.In fact,awormholeis notatube
but a sphericalobject. Our visualizationof the wormholeon the
Tubingenmarket place(Figure4) comesmuchcloserto giving this
impressiongspeciallyif severalpicturesfrom severaldirectionare
presentedor if ananimatedsequenceanbe shavn. Theunsound
visualizationof Figure5 doesnot shav a wormholein a (3+1)-D
spacetimebut rathera (2+1)-D one,embeddednh Euclidearspace.
Only the surfaceseenin the drawing compriseghe wormhole,all
the restof the 3D spaceis not part of it. However, it involvesa
major stepof mathematicahbstractiorio fully graspthisfact,even
if it is carefullylaid outin someaccompanping text.

Generalrelatiistic ray tracing, as usedfor producingthe ego-
centricvisualizationdn Figures3 and4, tendsto be severalorders
of magnitudeslower than non-relatvistic ray tracing becauseof
the signi cantly increasechumberof computationgor construct-
ing geodesidines andintersectingpolygonalrayswith spacetime
geometry Therefore parallelizationis an urgentneedfor general
relativistic ray tracing. Domain decompositiorcan be performed
ontheimageplanebecausehe computatiorof geodesicaindray—
objectintersectiondor onepixel is independenbf thosefor other
pixels. Gooddynamicload balancingis achiezed by choosingan
appropriategranularity which canbe as ne asasinglepixel. Par
allel ray tracing scaleswell even on distributed memoryarchitec-
tureswith slow network connectiondecausenly little communi-
cationis requiredbetweerparallelcomputationsWe regularly use
aLinux clusterwith 128dual-processanodesandMyrinet network
connection. To give an impressionof the renderingperformance
on our clustercomputer: A 100¢ imageof a typical generalrel-
ativistic scenetakesaboutoneto two hourson 28 nodesequipped
with dual Pentiumlll (650 MHz) CPUs. The implementationof
generalrelativistic ray tracingis basedon Ray\'S [14], an object-
orientedandextensibleray tracingprogramwritten in C++. Origi-
nally, Ray\’'Swasdesignedor non-relatvistic standardaytracing.
Theaforementione@xtensionshave beenincludedinto the system
by extendingthe functionality by subclassing.

5 INTERACTIVE GRAVITATIONAL LIGHT DEFLECTION

As shavn in the previous section,interactie visualizationof grav-
itational light bendingis very challengingandimpossiblewith to-
day's and nearfuture low-costhardware. Neverthelessa few re-
stricted, yet interestingscenarioscan be visualizedin real time.
Several aspecthave to be exploited simultaneouslyto achieve in-
teractve visualization. First, only stationaryscenariosn which
sceneobjectsare x edandthe metricis time-independerdrecon-
sidered.In this way, the representatiownf light raysandthe inter-
sectionbetweerraysandobjectsis reducedo threespatialdimen-
sions. Second symmetricspacetimesre usedto further decrease
the numberof independentiimensionsThird, the degreesof free-
dom for sceneobjectscanbe reduced. Fourth, visualizationdata
canbe partly precompute@ndreused Fifth, texturing capabilities
of GPUscanbeusedto ef ciently performperpixel computations.



Figure 6: Museum installation for the visualization of gravitational
light bending. A black hole servesas gravitational sourceand can be
interactively controlled by direct manipulation on the touch panel.
The background image can be chosen from a collection of stored
astronomical pictures or from real-time camera input (top-left part
of the image).

We combinethesesaspectdo reducethe visualizationproblem
to computation®na 2D domain,whichessentiallyesultsin image
warping.In thisway, ef cient image-basedenerakelativistic ren-
deringis possiblg21]. Sofar, we usetwo differentspacetimeshat
facilitateimage-basedisualization: the Schwarzschildspacetime
[28], which describesnon-rotatingstarsand black holes,and the
warp spacetimewhich allows for fasterthan-lighttravel [2]. This
fasterthan-lighttravel canbevisualizedasseenfrom the bridgeof
the warp spaceshipy transforminga sphericalpanorameof ob-
jectsthatsurroundthe spaceshimt a sufciently large distanceas
detailedin our previouswork [21].

We have recentlyimplementedhe real-timevisualizationof the
Schwarzschildspacetiméor interactve museuminstallations Fig-
ure 6 shaws ourinstallationfor the exhibition in the “Stadthaus’in
Ulm. The scenariocontainsa black hole, which senesasgravita-
tional source,and a backgroundmage,which is distorteddueto
gravitationallight de ection. Becausef the sphericasymmetryof
the Schwarzschildspacetimethe light rays startingat the camera
exhibit cylindrical symmetryaroundanaxisde ned by thecamera
andthecenterof theblackhole,i.e.,it is sufcient to computea 1D
setof geodesicurves,describedy theanglebetweeright ray and
symmetryaxis. Moreover, the backgroundyeometryis assumedo
bein nitely far away from the black hole sothat, similarly to en-
vironmentmapping,the directionof de ectedlight is sufcient to
describeheintersectiorbetweeright raysandbackgroundThere-
fore, gravitational light bendingleadsto imagedeformationswith
cylindrical symmetryaroundtheblackhole. In ourimplementation,
the CPUcomputes 1D lookuptablewith de ection angleswhich
is usedasdependentextureto reconstructhewarpingof theback-
groundby aGPUfragmentprogram.OurOpenGLGPUimplemen-
tationon an ATl RadeonX800 XT GPU achievessome70 fps for
the simultaneouwisualizationon two outputscreeng1280 768
and1024 768),processinga 1600 1200videoinput streamas
backgroundmagein realtime.

Theuserinterfacerelieson directmanipulation.The black hole
canbe draggedon thetouch-screetby usinga nger, asshowvn in
Figure6. Differentbackgroundmagescanbe chosenfrom a col-
lection of storedastronomicabicturesor from a cameracovering
the installationarea(lower part of the touch-screen) The massof
theblackhole canbe modi ed by selectingdifferentsizesof black
holeicons(left partof the screen).This restrictve andspecialized
interactionmodelis usedto shift the e xibility—usability tradeof,
inherentto ary interactive systemtowardshigh usability [37].

Figure 7: Visualization of at and curved spaceswith building bricks
models. Left: at (Euclidean) space. Right: Curved spacesurround-
ing a black hole (inner boundary of the model at 1.25 Schwarzschild
radii). ¢ 2005 U. Kraus and C. Zahn

6 GEOMETRIC AND EXOCENTRIC VISUALIZATION

In additionto the egocentricvisualizationstratgy, we selectvely
also use exocentricapproacheshat are rootedin the tradition of
mathematicavisualization.Traditionally geometryis animportant
aspecbf mathematicaVvisualization[17, 38,42.

As oneexample,we illustrate the conceptof a curved spacein
anintuitive way thatdoesnotrequiremathematicalormalism[22].
This visualizationis basedon the principle of the Regge calcu-
lus,wherea 4D cunedspacetimes subdvidedinto smallsections
that are eachintrinsically at, similar to the approximationof a
cunedsurfaceby small at element®f surfacearea.Here,we con-

ne oursehesto 3D space(a space-lile hypersurbceof constant
Schwarzschildtime) which is subdvidedinto sectionswith intrin-
sic Euclideangeometry Thesebuilding bricksareassemblechto a
modelthatcanbedisplayedn computemnimationsandcanalsobe
constructedisa papermodel(seeFigure?). Suchamodelis a 3D
mapof thespacecomputedo scale andcanbeused.g.,to deter
minegeodesicgstraightinesonthemap)andtheparalleltransport
of vectors(parallellines on the map) by drawing on the modelin-
steadof solving differentialequations.This permitsa quantitatve
treatmentof curved space,geodesicsand parallel transporton a
high-schoolor undegraduatdevel wherethe analytic description
of curved manifoldswould betoo advanced.

Otherexamplesof exocentricvisualizationareusedto illustrate
the propagtion of light rayswithin specialand generalrelativity
andcanthusexplainthe structureof egocentricvisualizationdrom
adifferentpoint of view.

7 PLANETARY AND COSMOLOGICAL RENDERING

Generalrelatiity is the acceptedheory of gravitation and, thus,
the basisfor cosmology Therefore,illustration of astronomical
and cosmologicalaspectsicely comesalong with relativistic vi-
sualization. Cosmologycovers enormoudime andlength scales,
which were, e.g., excellently visualizedin the classic Im “Pow-
ers of Ten” [10]. More recently Hansonet al. [16] have pre-
sentedatruly large-scalevisualizationfor cosmologyincludingthe
metaphoof the“cosmicclock”, whichis usedfor their“Solar Jour
ney” project[15]. Otherrelatedwork dealswith a sophisticated
renderingof galaxiesor nehulae[26, 33].

In this section,we describeour visualizationmethodsusedin a
Im projectfor theexhibitionin Bern. This Im coversatime-lapse
virtual journgy from Earththroughthe solarsystem further away
fromourgalaxy, and nally tolarge-scalaalaxyclusters.Themain
goalis to shawv the enormoudengthscalesinvolvedin astronomy
andcosmologyand,thus,physicalcorrectnesge.g.,concerninghe
sizesof objectsaswell astheir temporalandspatialrelationships)
is mostimportant. Anothergoal is a visually aesthetiaendering



that allows us to motivate museumvisitors to view further, more
comple visualizationof generarelativity andcosmology

The Im productionis decomposeth separatgrojectsfor plan-
etaryrenderingandgalaxyvisualization.We startby discussingur
toolsfor avirtual ight throughthesolarsystem.Therealreadyex-
ist n umerousandexcellenttoolsfor astronomicatisualizationand
planetrendering(unlike the situationin relativistic visualization).
We use“Celestia” [4] asbasisfor planetaryvisualizationbecause
it is an extensibleopen-sourcaool with good visualizationqual-
ity, excellentinteractve cameranavigation,andaphysically correct
modelingof bothplanetaryandstarconstellationsWe have slightly
modi ed “Celestia’in threerespectsFirst, antialiasingandmotion
blur have beenincludedto improve imagequality. Secondcamera
pathsareinterpolatedvith cubicor exponentialsplines,depending
onthetraversedengthscale.Third, a le-basedinterfacehasbeen
addedo exchangecamergpathswith othertools.

Although “Celestia” is suitablefor most parts of the journey
throughthe solarsystemsit is not appropriatefor close-by ights
becauseextremely high-resolutionterrain models are not sup-
ported. Therefore we have developeda tool for high-qualityand
efcient planetaryrenderingwith graphicshardware. Similarly to
Cignoni et al. [6], who derive a planet-optimizedrersionof their
original BDAM terrainrenderingmethod[5], we extendtheterrain
renderingsoftwareby Rottgeretal. [39] for planetarwisualization.

Theoriginalterrainrenderingechniquearngetsthevisualization
of DEM (digital elevationmodel)andcolor texture datade ned on
a at uniform grid. Planetanyterrainrenderingessentiallyextends
the domainfrom a planarsurfaceto a sphericalsurface. Elevation
datais interpretedasdisplacementalongthe normalvectorof the
sphericablomain.Sphericageometryhasthe problemthataglobal
isometricmappingto a at 2D textureis not possible. Therefore,
thedomainis typically split into severaltiles thatexhibit analmost
uniform samplingratefor DEM andtexturedata.Tiling is realized
by triangulatingthe boundariebetweertiles, whichmayevenhave
differentresolutionsof DEM andtexturedata.To save memoryand
reducestresonthegeometrypipelineof the GPU,anadaptve tes-
sellationof the height eld is employed. Following [39], we usea
continuoudevel-of-detailof which there nementcriterionis gov-
ernedby the distanceof the viewer anda quality level. Temporal
poppingartifactsare eliminatedby geomorphingwhich smoothly
interpolatesbetweentwo neighboringresolutionlevels. Aliasing
and ick ering artifactsthat may be causedy samplingof the sur
facetextureareavoidedby GPU-supported1IP mapping.

In additionto high-resolutionterrain data,the mostsigni cant
illumination aspect$ave to be consideredo achieve a corvincing
andrealisticvisualization.Planetdik e Earthor Marshave anatmo-
spherethat greatly affectstheir appearanceOur startingpoint for
atmospheriecenderings themodelby Nishitaetal. [34], who take
into accountRayleighandMie scattering.By splitting the render
ing processnto a pre-processingnda GPU-basegbart,aninterac-
tive visualizationis possible[9]. We adoptthis renderingmethod
and modify it in a few ways: The optical length lookup-tableis
enhancedothatit canbe usedfor light attenuatiorbetweensam-
ple pointsandlight sourceaswell asbetweensamplepointsand
viewer. Attenuationis determinecdhtruntimeandmappedntojust
two spheresTherefore we avoid lookupsfor shadedareasandex-
pensve volumerenderingfor sphericalayers.

Planetaryrenderingcanbeperformedn realtimeif alow quality
level is used. Interacte renderingis mostusefulfor cameragpath
planning. The nal Im renderingis doneat high resolution,high
quality level, andwith time-consumingsupersamplindor spatial
antialiasingandmotionblur. Figure8 showvs anexamplefor Mars
renderingbasedntheMOLA terrainandtexturedataprovidedby
NASA [29], with a resolutionof 180 360 128 oating-point
elevationsamples.

The other partsof the virtual cosmologicafjourney requirethe

Figure 8: Planetary terrain visualization of Mars, including atmo-
spheric rendering: Outside view (left), close-by ight (right).

renderingof objectslik e gasclouds,stars,or galaxies.Astronomi-
cal photograph®r other2D datasourcesareusedasbasisto con-
struct3D particlesystemsand uids for Alias “Maya”, acommer
cial and genericmodelingand animationtool, in orderto model
objectsliketheHorseheadNehula, thedistribution of cosmicback-
groundradiation,or quasars.As anothersource,we usethe ani-
matedvirtual voyagefrom the Milk y Way to the Virgo clusterthat
is partof the PBSshav “Runavay Universe”[40].

The complete Im is composedrom separatevisualizationse-
quencegeneratedy the above tools or includedfrom the afore-
mentionedesourcesA consistenandsmoothcamergathis con-
structedby exchangingcamergpositionsandorientationsbetween
differenttools. Videoeditingis usedto constructhe nal Im.

8 VALIDATION AND EFFECTIVENESS

Our visualizationactivities can be validatedfrom differentpoints
of view. A rst classof goalscanbe classi ed astechnicalgoals.
Here,oneobjective is physical accurag becauseur visualization
stratgyy with egocentricviews leadsto realisticlookingimageshat
requireaccuratevisual representation.This accuray is achieved

by applyingnumericalschemesvith explicit errorcontrolto solve

underlyingphysical simulations.Anotherobjectie is real-timeca-

pability for interactive visualizations We achieve this goalby using
ef cient GPUimplementationslongwith adaptverenderingmeth-
ods. Third, stableanderrorproof softwareis requiredfor unsuper

visedinteractve installations. Long-terminstallationsin museum
exhibitions, which typically last for several months,have demon-
stratedtherobustnes®f our software.

Another even moreimportantclassof goalsis concernedwith
the humanrecipientsof visualization. Our objectvesareto com-
municatephenomenaf relativistic physics,to explain underlying
concepts,andto motivate andinspire. Usually; the effectiveness
of visualizationis validatedby userstudieswith controlledsettings
andathoroughstatisticalevaluation. This type of userstudyis not
feasiblefor our visualizationshecausave addresdarge groupsof
peoplewith whomwe have no, or only indirectandloose,contact.
Thereforea directandcontrolledevaluationof the effectsof visu-
alizationis dif cult.

Neverthelesswe have considerablexperienceandmanifoldev-
idencefor theeffectivenes®f ourapproachOnegroupof usersare
readerf popularsciencepublicationsin magazinesor books.We
have noimmediatecontactwith readersbut we canreporton expe-
rienceswith journalistswriters,andgraphicsdesignersvho arere-
sponsibldor preparinghesepublications A generalnding is that
the egocentricstratay is strongly preferredby print media. An-
otherobsenationis thatfamiliar scenesaremostpopular—alarge
portionof our specialrelatiistic visualizationfor magazinesshov
high-speedravel throughthe Brandenhirg Gatein Berlin, towards



theEiffel Tower in Paris,or aroundSaturn(the level of familiarity,
of coursejs dependenbn culturalbackground)Both obsenations
shaw thatvisualizationswith obviousimpliedinformation(i.e., nat-
uralegocentricvisualizationmimicry basednwell-known scenes)
is mosteffective for publicationshathave to beconcisebecausef
limited printing space.A strongevidencefor the effectivenessof
our printedvisualizationds a continuingmediapresenceSeveral
popularsciencepublicationsare carrying our visualizations. Our
experiencesvith TV arevery similarto thosewith print media;the
sametype of egocentricvisualizationis appropriatdor Ims.

Oral presentation$or a generalaudienceare anotherenviron-
mentin which visualizationplays an importantrole. One of us,
H. Ruder hasextensive experiencewith invited talks on relativity
andastroplysics;only in 2004and2005,e.g.,he gave or will give
morethan70invited presentation®r generabudiencesThefeed-
backfrom the audiences exclusiely positive, even enthusiastic.
Not only is the numberof talks impressie, but alsothe number
of peoplein the audience:On several occasionstalks weregiven
to far morethana thousandpeople. H. Ruderwas also awarded
themostprestigiousRobert-Wchert-Pohl-Preisby the“Deutsche
PhysikalischeGesellschaft{GermanPtysical Society theworld's

rst andlargestphysicalsociety)in 2002for his excellencen com-
municatingphysics.

In addition, visualizationis an important elementin exhibi-
tions. We have contritutedto exhibitions for the “Stadthaus™Ulm
(March 2004-Augus2004), “Highlights der Physik” in Stuttcart
(June2004),andthe “HistorischesMuseum”in Bern (June2005—
April 2006). Visualizationfor museumexhibitionsis distinctfrom
thosefor popularsciencepublicationsandinvited talks. First,more
in-depth information can be communicatedo museumvisitors,
who usually take more time for a museumvisit than readersfor
apopularsciencearticle. In anexhibition, manifoldinformationis
presentedywhich may rangefrom historic backgroundo mostre-
centphysical theories. Therefore we areableto includenot only
egocentricvisualizationsbut alsoexocentric,mathematicalisual-
izations. Thesetypesof visualizationarerathercomplex andneed
additionalexplanationswhich arefacilitatedby anotherbene t of
an exhibition: Several kinds of information canbe shavn simul-
taneously e.g., an animatedvisualizationcan be displayedon a
screenside-by-sidewith an accompaying explanationon a text
panel. A third differenceis that interactie applicationsare pos-
sible. Interactve explorationleadsto a betterunderstandinghan
a x ed visualizationbecausehe useris actively involved. With
large-screemisplaysandanappropriataiserinterface,evenanim-
pressiorof immersioncanbeachieved.

Finally, our illustrative visualizationshave provento bevaluable
teachingmaterial. They provide a highly motivating introduction
into the studyof thetheoryof relativity. Apartfrom thefun aspect,
they seriouslyassistteachingandlearning. In teachingthe theory
of relatiity one mustdo without classroomexperiments. Visual-
ization offers a substitute: “experiments”can be performedwith
interactize visualizationtools and “measurementstan be taken
on papermodel spacetimes.We malke visualizationsavailable to
studentsand teachergboth high schooland university teachers)
by contributing regularly to physicsteacherstontinuingeducation
seminarsandto conference®n physics education. We have pre-
sentedtheseprojectsin contributionsto variousteachersjournals
andwe alsomaintaina highly frequentedwebsité on which we
shav images movies, andexplanatorytexts on a level thatis suit-
ablefor teachingat high schoolandintroductoryuniversity level.

We referto our projectwebsité for a detaileddocumentatiormf
our visualizationactiities, including videos, furtherimages,and
extensie lists of diversereferences.

L www.spacetimetravel.org  (in English)
www.tempolimit- lichtgeschwindigkeit.de
2 www.vis.uni- - stuttgart.de/relativity

(in German)

9 CONCLUSION AND FUTURE WORK

Our mostimportantmessagés that visualizationis a very useful
tool for communicatingandexplainingcomplicatedacts.We have
successfullyemployed methodsootedin thetradition of scienti ¢
visualizationin orderto corvey elementsof the dif cult theories
of specialandgenerakelativity. We believe thatillustrative visual-
izationandvisualcommunicatiorshouldreceve moreattentionby
the scienti ¢ visualizationcommunity Computerbasedvisualiza-
tion hasmoreto offer thanexplorationof datasets—itis capableof
communicatingohysical phenomenar theoreticaland mathemat-
ical concepts.After all, explanatoryandillustrative visualization
hasa hugemarlet of potential“customers”;e.g.,we have reached
severalmillion recipientswith ourimagesand Ims. Weunderstand
thetermillustrationin its broadandoriginalsensé, whichincludes
theapplicationof artisticdrawing stylesor traditionaldesign(asin
[11, 18, 24]), but alsocoversvisualexplanations.

Fromourexperiencewe think thatthefollowing aspectplay an
importantrole in explanatoryvisualizationof relatiity, but could
alsobevalid for otherapplications.

First, domain knowledge is indispensable,which is in ac-
cordancewith a long-standingdemandin scienti ¢ visualization
[20, 27]. We have includeddomainknowledgeto a very large ex-
tentby teamingup expertsin visualization,computergraphicsyel-
ativistic physics,physicseducationmodeling,andmuseundesign.

Secondthefactsimpliedin avisualizationhave to betakeninto
account. A good stratey is to reducethe amountand complex-
ity of implied informationby usingsimpleandnaturalmetaphors.
We think thattheapproactof egocentricvisualexperimentswhich
canberegardedasamodi cation of Gedankneperimentgthought
experiments)[3] frequentlyusedby Einstein,is very successful.
For interactve applicationsjn addition,theissueof the e xibility—
usability tradeof should be considered. We recommendto use
highly specializediserinterfaceswith only aminimal choiceof pa-
rameterslf moreabstracvisualizationsareemployed,they should
be combinedwith additional (textual) information that explicitly
statesthe connectionbetweernvisual representatiomanddisplayed
information.

Third, the aesthetic-usabiliteffect [23] is especiallyimportant
for visual communicatiorbecausettractve designspromotecre-
ative thinking and problemsolving. Therefore,we use realistic
looking, carefully designedmodels (e.g., Virtual Tubingen, 3D
modelof Bern), highly accurateneasurement®.g., MOLA Mars
data),orimage-basedenderingwith real-world data.

Fourth, the visualizationwork ow canusually be built upona
mix betweenstandardoff-the-shelftools and individual develop-
ments. Standardtools have the obvious advantageof saving re-
sources For interactive visualization,however, custom-madeoft-
wareis oftennecessaryOur visualizationmethodsene t from the
signi cantimprovementgraphicshardwarehasrecentlymade.For
example,we have presentechew GPU methodsfor image-based
specialrelatvistic renderingandinteractve visualizationof grav-
itationalllight de ection. Anotherreasonfor speci ¢ softwarede-
velopmentis that specializedvisual mappingmethodscannotbe
handledby existing tools. Examplesare our extensionsfor gen-
eral relativistic ray tracingwith multiple chartsor planetary-sized
terrainrendering.

Fifth, the development of visualization contents is time-
consumingbecausea good designtypically requiresmary itera-
tions. Thus,largevisualizationprojectsneedgoodplanning,areal-
istic timeline, andenoughresourcesFor example,the exhibitions
in Ulm andBernrequiredsometwo yearsof preparatorywork.

As detailedin this paper our currentvisualizationapproachis
primarily basedon egocentricpresentations. In future work, it

3 lllustrate: to explain or decoratga book, text, etc.) with pictures[from
Collins EnglishDictionary|[7]].



could be interestingto investigate abstract,exocentric visualiza-
tions in more detail andto compareor, possibly combinethem
with the egocentricapproach.On morefundamentafroundsit is
agrandgoalto nd somekind of (formalized)metricto assesshe
effectivenesssoundnessand completenessf educationalisual-
izations.Onatechnicakide,theperformancef generatelatiistic
visualizationcouldbeimproved, e.g.,by makinguseof intentional
incompleteneser betternumericalmethods.

ACKNOWLEDGMENTS

This work wassupportedn partsby the “DeutscheForschungsge-

meinschaft'(DFG) within SFB 382/D4. We thankH. Bulthoff for
his kind permissiorto usethe 3D modelof the“Virtual Tibingen”
project[41], createdat the Max Planckinstitutefor Biological Cy-
berneticsTiUbingen.Speciathanksto all anorymousreviewersfor
extremelyvaluablecomments.

REFERENCES

(1]

(2]
K]

(4]
(5]

(6]

(7]
(8]
(9]

[10]
[11]

(12]

(23]
[14]
(18]

(16]

[17]

(18]

[19]

E. H. AdelsonandJ. R. Bergen. The plenopticfunction andthe el-
ementsof early vision. In M. Landy and J. A. Movshon, editors,
ComputationaModelsof Visual Processingpages3—20,Cambridge,
1991.MIT Press.

M. Alcubierre. Thewarpdrive: hyperfasttravel within generalela-
tivity. Classicaland QuantumGravity, 11:L.73-L77,1994.

J.R. Brown. TheLaboratory of the Mind: ThoughtExperimentsn
the Natural SciencesRoutledgel.ondon,1991.
Celestia.http://www.shatters.net/celestia

P. Cignoni, F. Ganavelli, E. Gobbetti, F. Marton, F. Ponchio,and
R. Scopigno. BDAM - batcheddynamic adaptve meshesfor
high performanceerrain visualization. ComputerGraphics Forum,
22(2):505-5142003.

P. Cignoni, F. Ganarelli, E. Gobbetti, . Marton, F. Ponchio,and
R. Scopigno. Planet-sizedbatcheddynamic adaptve meshes(P-
BDAM). In Proc. |IEEE Misualization pagesl47-1552003.

Collins English Dictionary: Completeand Unabridged Harper
Collins PublishersGlasgav, sixth edition,2004.

M. P. Consensl|. F. Cruz,andA. O. Mendelzon.Visualizingqueries
andqueryingvisualizations SIGMODRec, 21(1):39-461992.

Y. Dobashi,T. YamamotoandT. Nishita. Interactve renderingof at-
mosphericscatteringeffectsusinggraphicshardware.In Proc. Graph-
ics Hardware, pages99-108,2002.

C. EamesandR. Eames.Poversof ten. 9 1/2 minute Im, 1977.

D. Ebertand P. Rheingans. Volumeillustration: Non-photorealistic
renderingof volumemodels.In Proc. IEEE Msualization pagesl 95—
202,2000.

T. Ertl, F. Geyer, H. Herold, U. Kraus, R. Niemeier H.-P. Nollert,
A. Rebetzl, H. Ruder andG. Zeller. Visualizationin astroplysics.
In Proc. Eurographics pagesl49-158,1989.

E. Groller. Nonlinearray tracing: Visualizing strangeworlds. The
Visual Computey 11(5):263-2761995.

A. Grone.Entwurfeinesobjektorientierteisualisierungssystenasuf
der BasisvonRaytracing PhDthesis,Universityof Tiibingen,1996.
A. J. Hanson. Solar journey project. http://www.cs.indiana.
edu/~hanson.

A. J.Hanson,C.-W. Fu, andE. A. Wernert. Very large scalevisual-
izationmethoddor astroplysicaldata. In Proc. Eurographics/ IEEE
TVCGSymposiunon Visualization pagesl15-1242000.

A. J.Hanson,T. Munzner and G. Francis. Interactve methodsfor
visualizablegeometry IEEE Computer27(7):73-83,1994.

C. G. Healg, L. Tateosian,. T. Enns,andM. Remple. Perceptually
basedbrushstrokesfor nonphotorealistivisualization. ACM Trans-
actionson Graphics 23(1):64—962004.

P-K. Hsiung,R. H. ThibadeauandM. Wu. T-buffer: Fastvisualiza-
tion of relatwistic effectsin spacetimeComputeiGraphics 24(2):83—
88,1990.

[20]
[21]

(22]

(23]

(24]

(25]

(26]

(27]
(28]
[29]
(30]

(31]

(32]
(33]

(34]

(35]
(36]

(37]

(38]

(39]

[40]
[41]
[42]

(43]

[44]

[45]

[46]

[47]

C. Johnson. Top scienti ¢ visualizationresearchproblems. |IEEE
ComputerGraphicsand Applications 24(4):13-172004.

D. Kobras,D. Weislkopf, andH. Ruder Generalrelatiistic image-
basedendering.TheMisual Computer 18(4):250-2582002.

U. Krausand C. Zahn. “Wir bastelnein SchwarzesLoch” — Un-
terrichtsmaterialierzur AllgemeinenRelatvitatstheorie. Praxis der
NaturwissendtaftenPhysik 54(4):38-432005.

M. KurosuandK. Kashimura.Apparentusabilityvs. inherentusabil-
ity: Experimentahnalysison the determinantsf theapparentisabil-
ity. In Proc. ACM CHI '95 ShortPapers, pages292-2931995.

D. H. Laidlaw. Visualizationviewpoints: Loose artistic“textures”for
visualization.|EEE ComputerGraphicsand Applications 21(2):6-9,
2001.

J.D. Mackinlay AutomaticDesignof Graphical PresentationsPhD
thesis,StanfordUniversity, Departmenbf ComputerScience, 1986.
TechnicalReportSTAN-NCS-86-1138.

M. Magnor G. Kindlmann, C. Hansen,andN. Duric. Constrained
inversevolumerenderingfor planetarynetulae. In Proc. IEEE Visu-
alization, pages33-90,2004.

B. H. McCormick, T. A. DeFanti,andM. D. Brown (eds.).Visualiza-
tion in scienti ¢ computing.ComputerGraphics 21(6),1987.

C.W. Misner, K. S.Thorne,andJ.A. Wheeler Gravitation Freeman,
New York, 1973.

Mars orbiter laseraltimeter (MOLA) scienceinvestigation. http:
INtpwww.gsfc.nasa.gov/tharsis/mola.html . NASA.

C. Mgller. TheTheoryof Relativity ClarendorPressOxford, second
edition, 1972.

M. S.Morris andK. S. Thorne.Wormholesin spacetimeandtheiruse
for interstellartravel: A tool for teachinggenerarelatvity. American
Journal of Physics56(5):395-4121988.

T. Mller. Visualappearancef a Morris—Thorne-vermhole. Ameri-
canJournal of Physics 72(8):1045—-105Q2004.

D. R. Nadeau.Volumescenegraphs.In Proc. Symposiunon Volume
\isualization pages49-56,2000.

T. Nishita, T. Sirai, K. Tadamuraand E. Nakamae. Display of the
Earthtakinginto accountatmospheriscatteringln Proc. SIGGRAPH
1993 pagesl 75-182,1993.

H.-P. Nollert, H. Ruder H. Herold, and U. Kraus. The relatistic
“looks” of aneutronstar AstonomyandAstrophysics208:153,1989.
D. A. Norman. The Designof EverydayThings Doubleday New
York, 1990.

D. A. Norman.ThelnvisibleComputer:WhyGoodProductsCanFail,
the Personal Computerls So Comple, and Information Appliances
AretheSolution TheMIT PressCambridgeMassachusett4,998.
K. Polthier Visualizingmathematics- online. In C. Brutler, editor,
MathematicandArt, pages29-42.Springer 2002.

S. Rottger W. Heidrich,P. Slusallek,andH.-P. Seidel.Real-timegen-
erationof continuoudevelsof detailfor height elds. In Proc. WSCG
'98, pages315-322,1998.

Runawvay Universe. Episodeof the PBSTV series‘Nova”. Original
broadcastiate:21 Nov 2000.

Virtual Tubingen. http://vr.tuebingen.mpg.de
Institutefor Biocybernetics;Tubingen.

J. Weeks. Real-timerenderingin curved spaces. IEEE Computer
Graphicsand Applications 22(6):90-992002.

S. Weinbeg. Gravitation and Cosmolgy: Principlesand Applica-
tions of the Geneal Theoryof Relativity JohnWiley & Sons,New
York, 1972.

D. Weislopf. Four-dimensionahon-linearray tracingasa visualiza-
tion tool for gravitational physics. In Proc. IEEE Msualization pages
445-4482000.

D. Weiskopf. An immersie virtual ervironmentfor specialrelativity.
In Proc. WSCG200Q pages337—344.2000.

D. Weislkopf, D. Kobras,andH. Ruder Real-world relatiity: Image-
basedspecialrelatvistic visualization. In Proc. IEEE Visualization
pages303-3102000.

D. Weislopf, T. SchafhitzelandT. Ertl. GPU-BasedNonlinearRay
Tracing.ComputeiGraphicsForum (Eurographics2004) 23(3):625—
633,2004.

Max Planck



