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ABSTRACT

Weproposeahybrid particleandtexturebasedapproachfor thevi-
sualizationof time-dependentvector�elds. Theunderlyingspace-
time framework buildsa densevector�eld representationin a two-
stepprocess:1) particle-basedforward integrationof trajectories
in spacetimefor temporalcoherence,and2) texture-basedconvolu-
tion alonganothersetof pathsthroughthespacetimefor spatially
correlatedpatterns.Particledensityis controlledby stochastically
injectingandremoving particles,takinginto accountthedivergence
of the vector �eld. Alternatively, a uniform densitycanbe main-
tainedby placingexactlyoneparticlein eachcell of auniformgrid,
which leadsto particle-in-cell forward advection. Moreover, we
discussstrategies of previous visualizationmethodsfor unsteady
�o w and show how they addressissuesof spatiotemporalcoher-
enceand densevisual representations.We demonstratehow our
framework is capableof realizingseveral of thesestrategies. Fi-
nally, we presentan ef�cient GPU implementationthat facilitates
aninteractivevisualizationof unsteady2D �o w onShaderModel3
compliantgraphicshardware.

CR Categories: I.3.3 [ComputerGraphics]:Picture/ImageGen-
eration; I.3.7 [ComputerGraphics]: Three-DimensionalGraphics
andRealism—Color, shading,shadowing, andtexture

Keywords: Unsteady�o w visualization,visualizationframework,
LIC, textureadvection,particlesystems,GPUmethods

1 I NTRODUCTI ON

Many vector�eld visualizationtechniquescomputethe motionof
masslessparticlesalong the vector �eld to obtain characteristic
structureslike streamlines.With a denserepresentationlike Line
IntegralConvolution (LIC) [1], thedomainis denselycoveredwith
particlelinesto overcometheissueof appropriatelychoosingseed
pointsfor particletracing.

In this paper, we focus on the densevisualization of time-
dependentvector �elds. Any denserepresentationhasto address
the challenginggoal of achieving spatiotemporalcoherence. In
Section4, we analyzethestrategiesfollowedby previousmethods
toconstructaspatiotemporallycoherentevolutionof denseline-like
visualpatterns,suchasstreamlines,pathlines,or streaklines.

A genericspacetimeframework, as developedin our previous
work [3, 27], is onepossibleapproachfor thevisualizationof time-
dependentvector�elds. This framework builds uponthe fact that
two typesof coherenceare importantin animatedvisualizations:
spatial coherence,which conveys the structureof a vector �eld
within a singlepictureby visual patterns,andframe-to-frameco-
herence,which allows theuserto identify themotionof thesepat-
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terns.Thespacetimeframework providesexplicit controloverboth
typesof coherenceby meansof a two-stepprocess.The �rst step
generatescontinuoustrajectoriesin spacetimeto achieve temporal
coherence.Thesecondstepgeneratesspatialpatternsby convolu-
tion alonganothersetof pathsthroughthespacetimevolume.

In this paper, we adoptour previous texture-basedimplementa-
tion of theframework [27] andimprove theconstructionof space-
time trajectoriesby replacing texture-basedbackward gathering
with particle-basedforward integration. The main advantageof
forward integrationis a signi�cant reductionof computationsand
memoryfootprint. A typical speedupis in therangeof 10–100for
a comparablevisualizationquality. In particular, the particleap-
proachis extremelyef�cient whenthedensityof therepresentation
is low. Anotheradvantageis thatconstantspatialfrequenciescanbe
maintained.We describetwo alternative methodsto achieve a uni-
form densityof particlesover time: The�rst approachcontrolspar-
ticle densityby stochasticinjection andremoval of particles.The
secondapproachchecksandadjuststheparticledensitythat is ex-
plicitly measuredon cellsof a uniform grid. In a specialcase,ex-
actlyoneparticleis keptpercell, leadingto thenew particle-in-cell
advectionmethod.

The combinedparticle/texture-basedframework retainsall im-
portant advantagesof the previous, purely texture-basedimple-
mentation[27]. First, its high degreeof �e xibility allows us to
implementor mimic previous �o w visualizationmethods. Sec-
ond,high visualizationquality is achieved by Lagrangianintegra-
tion, which avoids arti�cial blurring inherentto Eulerianor semi-
Eulerianmethods.Third, a directmappingto graphicsprocessing
units (GPUs)leadsto an ef�cient implementation.The GPU im-
plementationof theparticle-basedmethodmakesuseof acoupling
betweentextureinformationandvertex processing,which is facili-
tatedby GPUswith ShaderModel3 support.

2 PREVI OUS WORK

Thediscussionof previouswork focuseson noise-basedanddense
representations[10]. Early texture-synthesistechniquesfor vector
�eld visualizationarespotnoise[22] andLIC [1]. Although LIC
hasbeenextendedin variousrespects,speci�c methodsfor time-
dependentvector�elds andanimationareparticularlyinterestingin
thecontext of thispaper, suchasUnsteadyFlow LIC (UFLIC) [19],
AcceleratedUFLIC (AUFLIC) [14], Dynamic LIC (DLIC) [20],
andUnsteadyFlow Advection–Convolution (UFAC) [27].

A relatedclassof denserepresentationsmakesuseof texturead-
vection,which representsa densecollectionof particlesin a tex-
ture and transportsthis texture along the vector �eld [15]. Both
Lagrangian-EulerianAdvection(LEA) [5] andImage-BasedFlow
Visualization(IBFV) [23] adopt the idea of texture advection to
achieve an interactive visualizationof 2D unsteady�o w. Recent
progressin interactive �o w visualizationhasbeendrivenby thede-
velopmentof fastand �e xible GPUs[4, 23, 29]. GPU-basedin-
teractive visualizationcanbe extendedto vector �elds on curved
surfaces[11, 24, 28] andin 3D [21, 29, 30]. TheChameleonsys-
tem[13] allows theuserto interactively modify therenderingstyle



of pre-computedparticlepaths.Ef�cient particletracingcanbeac-
complishedwhena vector�eld is usedto drive the evolution of a
GPU-basedparticlesystem[7, 8, 9]. Finally, frame-to-framecoher-
encecanbeachievedfor theanimationof geometricallyconstructed
streamlines[6, 12].

3 NOM ENCL ATURE

This sectiondescribesthenomenclatureusedfor vector�elds and
differenttypesof particletracesthroughoutthis paper. The termi-
nologyis adoptedfrom our previousdiscussion[27] andallows us
to explicitly distinguishbetweenspatialandtemporalproperties.

In Euclideann-dimensionalspace,a time-dependentvector�eld
is a map u(x;t) that assignsa vector to eachpoint x in spaceat
time t. In what follows, lower-caseboldfacelettersdenotevectors
or points in nD spaceRn. Pathlinesxpath of the vector �eld are
governedby theordinarydifferentialequation

dxpath(t;x0; t0)
dt

= u(xpath(t;x0; t0);t) ; (1)

with theinitial conditionxpath(t0;x0; t0) = x0. In general,weadopt
anotationin whichx(t;x0; t0) describesacurveparameterizedby t
thatyieldsthepoint x0 for t = t0.

Particlemotioncanbeinvestigatedin spacetime,i.e., in a mani-
fold with onetemporalandn spatialdimensions.Theworld line—
the spacetimecurve—tracedout by a particle can be written as
Y (t;x0; t0) = (xpath(t;x0; t0);t). In general,curves in spacetime
are denotedby scriptedvariablesand have n+ 1 components:n
spatialandonetemporal. Y (t;x0; t0) is parameterizedby its �rst
argumentandpassesthroughthepoint (x0; t0) whent = t0. Weuse
thetermtrajectoryfor thespacetimedescriptionof a pathline,i.e.,
a trajectorycanbe consideredasa pathlinethat is lifted from nD
spaceto (n+ 1)D spacetime.

Besidespathlines,thereexist two importantadditionaltypesof
characteristiccurvesfor a time-dependentvector�eld: streamlines
andstreaklines.A streamlineis de�ned astheparticlepathassoci-
atedwith anarti�cially steady, instantaneousvector�eld at a �x ed
physicaltime t , which is governedby

dxstream(t;x0; t0)
dt

= u(xstream(t;x0; t0); t ) :

Here,t andt0 arejust parametersalongthecurve anddo not have
themeaningof physicaltime.

A streaklineis producedby dyethatis continuouslyreleasedinto
a vector�eld. To obtainthesnapshotof a streaklineat time t, par-
ticles arereleasedfrom x0 at timess 2 [tmin; t] andtheir positions
areevaluatedat time t: xstreak(s;x0; t) = xpath(t;x0;s). Thestreak-
line is parameterizedby s, andtmin is the�rst timethatparticlesare
released.

4 STRATEGI ES FOR UNSTEADY FL OW V I SUAL I ZATI ON

Characteristiccurvesof a �o w aregoodcandidatesto build dense
line-likevector�eld representations.In fact,pathlines,streamlines,
andstreaklinesareemployed in variousvisualizationmethodsfor
time-dependentdatasets.A fundamentalgoalof any visualization
methodis to constructa spatiotemporallycoherentvisualization.
This goal is not trivially achieved; for example,as discussedby
ShenandKao [19], a straightforward applicationof pathlinesand
streamlinesleadsto problemswith spatialand temporalcorrela-
tionsin a denserepresentation.A relatedissueis thatpathlines(or
streaklines)mayintersecteachother, whichmakesthemaproblem-
atic choicefor aconsistentrepresentation.

We discussseveraldifferentstrategiesusedin previouswork to
achieve a usefulvisualizationof unsteady�o w. The �rst strategy

lifts the visualizationfrom nD spaceto (n+ 1)D spacetime.This
higher-dimensionaldescriptionavoids the problemof intersecting
linesbecausespacetimetrajectoriesareuniqueandcannotintersect.
The disadvantageof this approachis that the problemsareessen-
tially postponedto a laterstageof visualizationwhena �nal image
hasto berenderedona2D display[31].

The secondstrategy is to replacecharacteristiccurvesby arbi-
trary curves. A genericcurve transportedalong a vector �eld is
calleda timeline. Timelineshave the advantageof being tempo-
rally coherent,andthey do not intersecteachotherat any time if
they do not intersecteachotherat seedtime. However, timelines
usuallybecomeconvolutedaftera shortadvectionperiod.Another
problemis that timelineshave no direct relationshipto the vector
�eld; they do not show directionor magnitudeof the �o w. There-
fore,densetimelinesarerarelyused.

A third strategy is to relax the goal of constructingdenseline-
like structures.LEA [5] andIBFV [23], for example,arebasedon
line integral convolution along (time-reversed)streaklines.Since
streaklinesmay intersect,this strategy leadsto visualpatternsthat
are smearedout in more than just a single direction. Similarly,
UFLIC [19] and AUFLIC [14] generatewidened“lines” for un-
steadyvector�elds. Therefore,LEA, IBFV, UFLIC, andAUFLIC
achieve a temporallycoherentvisualizationat the cost of a non-
constantresolutionof spatialstructures.Theextentof linewidening
canbedecreasedby usingshortcurves,e.g.,streakletsor pathlets,
which reducethe chanceof overlappingandintersectinglines. A
sparserepresentation,e.g.,basedon OrientedLIC (OLIC) [25] or
dyeinjectionata few isolatedlocations,canalsobeusedto reduce
theproblemof overlappingcurvesbecausea few isolatedlinescan
bedistinguishedevenwhenthey intersect.

The fourth strategy is to relax temporalcoherence.A straight-
forward approachbuilds an animationfrom a collection of LIC
computationsfor differenttime steps.A naive implementationof
this methodleadsto signi�cant �ick ering. UFAC [27], however,
reducesor even removes �ick ering by controlling the length of
streamlinesasa functionof unsteadiness.

The�fth strategy is to transportline-likevisualpatternsnotalong
theoriginalvector�eld, but to chooseanevolutionalongadifferent
vector�eld. As demonstratedby DLIC [20], thisapproachis useful
for vector�elds thatdonot representaphysicalmotionof material,
e.g.,for time-dependentelectric�elds.

The third strategy is most popularfor the visualizationof un-
steady�o w when the rangeof researchand applicationsis con-
sidered.Although previous researchaddressesissuesof temporal
andspatialcoherence,noneof thepaperson LEA, IBFV, UFLIC,
or AUFLIC describesexplicitly whatkind of line-like patternsare
shown in a singlesnapshotof ananimation.In our previouswork
[3], we have attemptedto identify the typesof lines generatedby
thesevisualizationmethodsbecausewebelievethatthecharacteris-
ticsof differentmethodscanbebestassessedwith anexplicit spec-
i�cation of boththetemporalandspatialproperties.

Thefollowing sectiondescribesa visualizationframework suit-
ablefor thethird, fourth,and�fth of theaforementionedstrategies.

5 CONTI NUOUS FRAM EWORK

We brie�y discussa genericcontinuousframework that targetsan
explicit modelof a spatiotemporalvisualization.Theframework is
detailedin ourpreviouswork [3, 27].

The basicideaof the framework is to adopta spacetimeview
on particletracing. In general,a denserepresentationof a vector
�eld employs a large numberof particlesso that the intersection
betweeneachspatialslice andthe trajectoriesyields a densecov-
erageby points. Accordingly, spacetimeitself is densely�lled by
thesetrajectoriesY (s;x;t), associatedwith thevector�eld u(x;t).
Propertiesthat typically comprisejust a gray-scalevaluefrom the



range[0;1] can be attachedto particlesto distinguishthem from
oneanother. Propertiesareallowed to changecontinuouslyalong
the trajectory;very often,however, they remainconstant.From a
collectionof trajectories,a propertyfunctionI(x;t) canbede�ned
by identifyingits valuewith thepropertyof theparticlethatcrosses
throughthe spacetimelocation(x;t). The function valueis setto
zeroif thelocationis not coveredby a trajectory. By this construc-
tion, I (x;t) �lls the completespacetimedomain. The continuous
behavior of trajectoriesandtheirattachedpropertiesguaranteesthat
spatialslicesthroughthe property�eld I (x;t) at nearbytimesare
stronglyrelated,i.e., theseslicesaretemporallycoherent.An ani-
matedsequencebuilt from spatialsliceswith increasingtimeresults
in themotionof particlesgovernedby thevector�eld.

Since,in general,different particlesare not correlated,spatial
slicesof theproperty�eld donotexhibit any coherentspatialstruc-
tures.To achieve spatialcorrelation,a �ltered spatialsliceDt (x) is
de�ned throughtheconvolution

Dt (x) =

¥Z

� ¥

k(s)I (Z (t � s;x;t)) ds (2)

alongZ (s;x;t). Thesubscripton Dt is a reminderthatthe�ltered
imagedependson time. Thekernelk(s) neednot be thesamefor
all points on the �ltered slice and may dependon additionalpa-
rameters,suchasderived vector �eld data. Z (s;x;t) canbe any
paththroughspacetimeandneednot bethetrajectoryof a particle.
However, thespatialcomponentsof thepatharegivenby thepath-
lines of someothervector�eld w(x;t). The temporalcomponent
of Z (s;x;t) maydependonsandt.

An animatedvisualizationis composedof imagesDt for uni-
formly increasingtimet. Thestructureof Dt is de�nedby thetriplet
[I ;Z ;k], whereI is built from trajectoriesY . Themainadvantage
of this genericframework is its separatecontrolover the temporal
evolution alongpathlinesof u(x;t) andover the spatialstructures
thatresultfrom convolutionalongpathsbasedonw(x;t).

Severalparameterchoicesfor thistriplet leadto usefulvisualiza-
tions[27]. For example,theframework-basedversionof LEA [5] is
realizedby settingu(x;t) to thegiveninputvector�eld v(x;t), and
w(x;t) = 0. LEA constructsa densecollection of time-reversed
streaklets,adoptingthe third strategy from Section4. Similarly,
IBFV [23] is basedon a densecollectionof streaklets,obtainedby
usingu(x;t) = 0 andw(x;t) = v(x;t). In contrast,UFAC [27] sets
u(x;t) to theinputvector�eld v(x;t) andperformstheconvolution
along instantaneousstreamlinesat time t0 of the same�eld, i.e.,
w(x;t) = v(x;t0) andZ (s;x;t0) = ( � ;t0). The lengthof stream-
lines is controlledby the unsteadinessof the vector �eld, follow-
ing the fourth strategy from Section4. Finally, DLIC [20] targets
theanimationof instantaneousstreamlines(or �eldlines) of a time-
dependentvector �eld. Two differentvector �elds areusedfor a
framework-basedversionof DLIC: w(x;t) governsthe streamline
generationat eachtime step,while u(x;t) describesthe evolution
of streamlines.DLIC canbeconsideredasanexampleof the �fth
strategy from Section4, which transportsline-like visual patterns
along a separatevector �eld. Therefore,the framework is capa-
ble of implementingthreeimportantstrategiesfor time-dependent
vector�elds, throughanappropriatechoiceof parameters.

6 PARTI CL E-BASED DI SCRETI ZATI ON

A discretizationof thecontinuousframework allowsusto compute
visualizationimages.Theproperty�eld I , thevisualizationimages
Dt , andthevector�elds arerepresentedby discreteuniformgrids—
or textures. The implementationcanbe separatedinto two major
parts: First, spatialslicesof the property �eld I are constructed
from trajectoriesof one vector �eld; the completeproperty�eld

is generatedon thespacetimedomainby combiningspatialslices.
Second,convolution is performedalong Z within the spacetime
property�eld.

The previous discretization[27] implementsboth parts by a
purely texture-basedgatheringof propertycontributions: Starting
from a texel, trajectoriesaretracedandpotentialcontributionsare
gatheredandaccumulatedfrom locationsalongthesetrajectories.
Bene�ts of this implementationareahigh-qualityvisualizationdue
to Lagrangianintegration(asopposedto arti�cial blurring in Eule-
rian andsemi-Lagrangianapproaches)anda highly �e xible frame-
work that facilitatesvariousvisualizationmethods.Unfortunately,
thegatheringapproachrequiresarecurringandtime-consumingin-
tegrationof particletracesto constructthespacetimeproperty�eld
I . Eachspatialslice throughI triggersa completeintegrationof
longtrajectoriesbackwardin time. Thecomputationalcostsarede-
terminedby themaximumparticlelifetime, on theorderof 20–200
time steps.A relatedproblemis thata signi�cant temporalportion
of thedatasetneedsto bekept in memorybecausebackwardpar-
ticle tracingmustaccessthecorrespondingtimestepsof thevector
�eld. A third issueis a non-constantspatial frequency in slices
throughI , introducedby thedivergenceof thevector�eld.

Thegoalof our new discretizationschemeis to overcomethese
problemsand,at thesametime,retaintheaforementionedbene�ts.
The basicideais to replacegatheringbasedon backward integra-
tion by anapproachthatpropagatesparticlesforwardin time. The
changesmainly concernthe �rst stageof the framework, i.e., the
constructionof thespacetimevolume.

To achieve a high �e xibility in designingthe injection of new
particles,we supporta continuousdescriptionof injected“parti-
cles”ona spatialsliceof constanttimet. We useradialbasisfunc-
tions (RBFs) [17, 18], which aresphericallysymmetricfunctions
aroundassociatedcenterpoints,to representtheinjectionof “parti-
cles”:

Iinject(x) = å
i

l i f i(jjx � xi jj ) ;

with an index i that labels a particle, the correspondingweight
l i , the centerxi , and the radial basisfunction f i(r). Common
typesof basisfunctionsfor numericalapproximationsarethin-plate
splines,multiquadrics,inversemultiquadrics,or Gaussians.The
goal of this paperis to modelparticle traces,not to approximate
a genericfunction. Therefore,basisfunctions with compactor
quasi-compactsupportareadequatebecausethey representlocal-
ized particlesof �nite size. We typically useGaussianfunctions,
f (r) = exp(� r2=(2s 2)) , with width s .

For thetemporalevolution of injectedparticles,we assumethat
the centerpointsxi travel alongpathlinesandthe basisfunctions
f i remainconstant.However, weightsl i maychangeover time to
modelaphase-inandphase-outof particles.Additionalexternalpa-
rameters,suchasadditionalattributesof a �o w, mayalsoin�uence
l i . For simplicity of notation,theseparametersarenot explicitly
includedin themathematicalexpressions.Thescenariois extended
to a repeatedinjectionthatoccursat severaldiscretetime levels t .
Then,thespacetimeproperty�eld is

I (x;t) = å
t � t

å
i

l t ;i(t � t )f t ;i(jjx � xpath(t;xt ;i ; t )jj ) : (3)

The additional subscriptt labels the time of particle injection.
Moreover, theweightl t ;i dependson theageof aparticle,t � t .

This formulationallows us to computespatialslicesof I incre-
mentally: If pathlineshave beendeterminedfor timet, particlepo-
sitionsat the following time stept + Dt canbecalculatedby inte-
gratingtheparticletracingEquation(1) only for asmalltime inter-
val Dt, i.e., a re-computationof completepathlinesis avoided. In
this state-preservingapproach,currentparticlepositionsarestored
for laterreuse.Particlestatesareheldin anarraythatrepresentsall
active particles.Theparticlestatecomprisespositionx, aget � t ,



Booleanstatefor activity, andpossibleadditionalattributes. The
activity stateallows us to remove a particle from the systemby
settingits activity stateto false. Particle removal is usefulto free
computationalandmemoryresourcesfor particlesthat have died,
i.e., whoseweight is zerofor all future times. Therefore,the size
of the particlearraycanbe restrictedto the maximumnumberof
simultaneouslyactiveparticles.A new particleis injectedby �lling
apreviously inactivearrayelementwith theinitial particleposition,
andby settingtheageto zeroandtheactivationstateto true. The
particlesystemis propagatedfrom timet to t + Dt by updatingposi-
tionsaccordingto aLagrangianintegrationof Eq.(1) andby adding
Dt to theageof aparticle.

Theconstructionof theproperty�eld in Eq.(3) requirestheeval-
uationof RBFsin a �nite region aroundparticlepositions,de�ned
by the sizeof the supportof the RBFs. This processis identical
to a scanconversionof RBFson annD spatialdomainif theprop-
erty �eld is discretizedon a uniform grid. Then,thesummationin
Eq.(3) canbecomputedby additively blendingseveralparticles.

Thesecondmajorpartof thediscretizationimplementsthecon-
volutionalongtrajectoriesZ throughthespacetimeproperty�eld.
The basic idea is to discretizethe convolution integral (2) by a
Riemannsum. Sincethe convolution is performedfor eachtime
stepseparately, this part of the framework generallycannotbene-
�t from incrementalcomputations.Therefore,thecalculationsare
performedfor eachtimestepandeachtexel independently.

Theincrementalconstructionof thespacetimeproperty�eld has
several advantages. First, pathlinesare computedincrementally
and,thus,unnecessaryre-computationsof completetrajectoriesare
avoided. Second,the computationtime is linear in the numberof
particles,i.e., the particle-basedmethodis very ef�cient for mod-
eratelysparserepresentationslike OLIC [25]. Third, the memory
footprint for thetime-dependentvector�eld u(x;t) is signi�cantly
cutdown to justasingletimestep.Fourth,for thecaseof LEA-type
visualizationwithin theframework, theconvolutionstagecanbeef-
�ciently realizedby a repeatedalphablendingof subsequentslices
throughthe spacetimevolume [27], i.e., the convolution compu-
tationcanalsobeperformedincrementally. Therefore,LEA-style
visualizationnicely �ts in with theincrementalconstructionof the
property�eld.

7 PROBABI L I STI C DENSI TY CONTROL

A problemof any particle-orientedvisualizationmethodis an ef-
fective control of particledensity. For example,a divergent �o w
makesparticlesdrift away from eachotherand,thus,reducesparti-
cledensity. Ourgoalis to controlparticledensitywhile avoidingits
explicit evaluation.To thisend,aprobabilisticapproachis applied:
We assumethat a large numberof particlescoversthe domainso
that the law of large numbers,as formalizedby Chebyshev's in-
equality, can be usedto identify the densityof discreteparticles
with a continuousmaterialdensity. The idea is to specify prob-
abilities for the injection of new particlesandthe removal of old
particlesin awaywhichensuresthatanimposedparticledensityis
maintained.

Webegin thediscussionwith acontinuousdescriptionin 3D and
later apply it to a discretizedparticle formulation and to the 2D
case. A continuousstreamof materialis characterizedby its ve-
locity u andmassdensityr , which canbe combinedto form the
densityof mass�o w, j = r u. The total massin a volumeV is
M =

R
V r (x;t) d3x. Masscanbe changedby in�o w andout�ow

of materialaccordingto dM=dt = �
H
¶V j (x;t) � dA, where¶V and

dA describethe boundaryof the volumeandan orientedsurface
elementof the boundary, respectively. Assumingconservation of
mass,achangeof massdensityis exclusively causedby in�o w and

out�ow:

dM
dt

=
Z

V

¶r (x;t)
¶t

d3x = �
I

¶V
j (x;t) � dA = �

Z

V
Ñ� j (x;t) d3x :

(4)
The last equality is due to the generalStokes' theorem,valid in
nD space. The differential form of Eq. (4) yields the continuity
equation

Ñ� j (x;t) +
¶r (x;t)

¶t
= 0 :

Densitycanbecontrolledby introducingnew materialor removing
existing material,i.e., thecontinuityequationneedsto beextended
to

s inj(x;t) � r (x;t)sdel(x;t) = Ñ � (r (x;t)u(x;t)) +
¶r (x;t)

¶t
; (5)

wheres inj describesthe rateof injectionof massdensityper time
interval andsdel the relative rateof massremoval. Equation(5)
canbesimpli�ed by takinginto accounttwo usefulapproximations.
First, Ñ � (r u) � r Ñ � u if a slow spatialchangeof thedensityr is
assumed.Second,if the time scalesfor changesof r are larger
thanthetime scalesfor injectionandremoval of particles,theterm
¶r =¶t canbeneglectedbecausetheparticlesystemis in adynamic
equilibrium. Similarly to the treatmentin equilibrium thermody-
namics,we still canchanger over time, with a brief delaycaused
by tuning-in. However, in mostcases,we would like to maintaina
temporallyandspatiallyconstantdensityanyway. Thetwo approx-
imationsleadto

s inj(x;t) = r (x;t)(sdel(x;t) + Ñ � u(x;t)) : (6)

Thechoicesfor s inj andsdel arenot independent.In addition,s inj
and sdel are constrainedto non-negative valuesbecausean “in-
verse” injection or removal of particlesis impossible. One pos-
sibility is to sets inj to a globally �x ed,user-de�ned value. Then,
sdel is usedto locally controlmaterialdensity. Theremoval rateis
proportionalto the amountof existing materialr . From a proba-
bilistic point of view, (sdelDt) is a measurefor theprobability that
a particleis removedduringtime stepDt, i.e.,particleremoval can
be implementedby Russianroulette. If a vector �eld u, an arbi-
trarybut �x edvalues inj , andadensitydistribution r aregiven,the
correspondingsdel canbecomputed.

An alternativeapproachsetssdel toaglobally�x edvalueandde-
terminesanassociatedspace-dependents inj . Theinjectiondensity
s inj canbe relatedto a correspondingprobability densityby nor-
malization: s �

inj(x;t) = s inj(x;t)=
R
V s inj(x;t) d3x: Therefore,in-

jection canbe modeledby probabilisticallygeneratingnew parti-
clesaccordingto this probabilitydensity. A third approachusesa
space-dependentinjectionandremoval of particles,combiningthe
othertwo methods.In all threeapproaches,densitycanbeglobally
scaledwith a constantfactorx by uniformly scalings inj with the
samefactorx . Therefore,thedensityor sparsenessof therepresen-
tation canbe easilyadjustedby modifying the injection rate, i.e.,
thenumberof new particlesperunit time.

Evenwhentheexpectationvaluefor particledensityis keptcon-
stant,amodi�cation of injectionandremoval ratesmayaffect tem-
poralcoherence.For example,low injectionandremoval rateslead
to hightemporalcoherence.Conversely, highinjectionandremoval
ratesreducethetime andlengthscalesover which theequilibrium
stateis achieved: They arebetterfor quickly adaptingdensity—at
thecostof decreasedtemporalcoherence.

A probabilisticinjectionof particlesrequirestheconstructionof
associatedprobabilitydensityfunctions.Weassumethata(pseudo)
randomnumbergeneratorprovides a uniform randomvariable.
Froma1D uniformdistribution,anon-uniformnD probabilityden-
sity function canbe constructedin variousways [2]. We usere-
jectionsamplingto constructtheprobabilitydensitys �

inj . Russian



(a) (b) (c) (d)
Figure 1: Probabilistic density control for a 
o w with a sink in the center. Image (a) shows the particle distribution without density control,
(b) with density control, (c) a sparse representation with density control, and (d) the particle system from (b) with LEA-type alpha blending.

roulette for particle removal can be achieved with the inversion
method:A single,uniformly distributedrandomnumberis drawn;
if the numberis lessthanthe probability for particledeletion,the
particleis removed. Thediscussionof this sectioncanbeimmedi-
atelytransferredfrom 3D domainsto 2D domainsbecauseStokes'
theoremalso appliesin 2D. The only differenceis that boldface
variablesrepresent2D vectorsinsteadof 3D vectorsandthat vol-
umeV is replacedby areaA.

Figure1 illustratestheprobabilisticdensitycontrolfor a2D vec-
tor �eld with radial in�o w anda sink at the center. The �o w can
bebestrecognizedin theLEA-type visualizationdisplayedin Fig-
ure1d. Figures1a–cshow snapshotsof theparticlesystem,without
the secondconvolution stageof the framework. Figure 1a illus-
tratesa spatiallyuniform injection andremoval of particles. Due
to convergenceof the �o w, particlesclump togetherin the center
of the image.Figure1b demonstratesprobabilisticdensitycontrol
by adaptingbothinjectionandremoval propertiesto thedivergence
of the�o w, which achievesa uniform density. Figure1c shows an-
otherexampleof densitycontrol,with a muchsmallerdensityand
larger RBFs than in Figure1b. Animationscorrespondingto the
four imagescanbefoundonourprojectwebpage[26].

8 EXPL I CI T DENSI TY CONTROL

An alternative approachfor densitycontrol explicitly checksthe
densityof particles.We computethedensityby countingparticles
in cellsof a uniform grid coveringthedomain.After eachparticle
integrationstep,thecell-baseddensityis computedandcompared
with the given density. If both differ by morethana user-de�ned
tolerancethreshold,surplusparticleshave to beremovedor, alter-
natively, missingparticleshave to beinjected.

We proposean ef�cient algorithm for a specialcaseof deter-
ministic densitycontrol—for a uniform densitywith exactly one
particle per cell. Due to this particle-per-cell propertywe name
this methodparticle-in-celladvection. Theapproachis alsobased
on the particle framework from Section6; it just usesa different
methodfor densitycontrolthanSection7.

The particle-in-celltechniqueconsistsof the following stages.
First, a valid particle con�guration is initialized: One particle is
chosenper cell, with randomizedfractionalcoordinates.The cell
contentsis identi�ed with the particleproperty. Initial properties
aremodeledaswhite noise. Second,particlesaretransportedac-
cordingto forwardLagrangianintegration.Third,are-initialization
is performedaftereachintegrationstepto re-establisha valid con-
�guration. This meansthat maximally one particle is storedper
cell. If severalparticlesaretransportedto thesamecell, only one
of themis kept,whichcanberealizedby overwritingexistingparti-
clesby new ones.A valid con�gurationalsomeansthatminimally
oneparticlehasto belocatedin eachcell. Sinceforwardtransport

mayleave destinationcellsuntouched,all cellshave to bechecked
if they areempty, andemptycellshave to be�lled with a new par-
ticle. Thepropertyof anew particleis setto a randomvalue.

Figure2 illustratesparticle-in-celladvectionbasedon a circular
vector �eld. Figure 2a (left part) shows a snapshotof the parti-
cle distribution from an animation. This imagedemonstratesthat
a randomanduniform collectionof particlesis maintained. The
right partof Figure2ausesyellow colorto visualizetheemptycells
thatoccurafteroneparticleintegrationstep.This pictureindicates
that a signi�cant portion of the cells may receive new particles,
which reducestemporalcoherence.Figure2b shows a LEA-type
visualization—witha continuousalphablendingbetweensubse-
quentparticledistributions—leadingto streaklets.Here,LIC post-
�ltering [5] with a short �lter kernel is additionallyappliedto in-
creasethe visualizationquality. In general,particle-in-celladvec-
tion provides a ratherlow temporalandspatialcoherencedue to
a high rateof particlecreationanddeletion. Therefore,the prob-
abilistic approachfrom Section7 is moreappropriatewhenhigh
quality is required.

Particle-in-celladvectionis relatedto the original implementa-
tion of LagrangianEulerianAdvection(LEA) [5]. LEA alsomain-
tainsa singleparticleper cell, it usesLagrangianintegration,and
a re-initializationstep.However, therearesomedifferences:First,
LEA appliesbackward integrationandbackwardtexturemapping.
Second,LEA suffers from “noise duplication” [5], which reduces
thespatialfrequency of thenoise.Therefore,LEA needsacontinu-
ousad-hocinjectionof noise,which is not requiredfor particle-in-
cell advection.

(a) (b)
Figure 2: Particle-in-cell advection for a circular 
o w. Image (a)
shows a snapshot of the particle distribution (left part), indicating
empty cells by yellow color (right part). Image (b) displays the result
of temporal blending in combination with LIC post-�ltering.



9 I M PL EM ENTATI ON

We have implementedthe framework from Section6, including
probabilisticandparticle-in-celldensitycontrolfor time-dependent
2D vector �elds. The implementationis basedon C++ and Di-
rectX 9.0. GPU states,vertex programs,and fragmentprograms
are con�gured within effect �les, using HLSL (high-level shad-
ing language)for the shaderprograms. The implementationre-
quiresShaderModel3 functionalityandwasdevelopedonNVIDIA
GeForce6 GPUs. The implementationwith probabilisticdensity
controlcanbeseparatedin four majorparts:(1) Lagrangianparti-
cle representationandintegration,(2) probabilisticdensitycontrol,
(3) constructionof spacetimeproperty�elds, and(4) convolution.
Particle-in-celladvectionadoptsthis pipelineandmodi�es it by an
alternativecontrolof particledensity.

The �rst part of the probability-basedpipeline is implemented
similarly to previousGPUparticlesystems[7, 8,9]. Weuseastate-
preservingparticlesystemthatholdsthecurrentposition(its x andy
components),age,andactivity statefor eachparticle.Particlestates
arestoredin 32-bit �oating-point 2D textures,labeledby particle
IDs. Particle positionsfor a subsequenttime steparedetermined
by explicit Euler integration of the particle tracing Equation(1),
basedon a vector�eld storedin a 16-bit �oating-point 2D texture.
Theintegrationstepis implementedby updatingthestatetexturein
a texel-by-texel fashionwithin a fragmentprogram.Here,render-
to-texturefunctionalityis employedin combinationwith ping-pong
rendering,i.e., two versionsof a textureareheldon theGPU,one
servingas rendertarget, the otheroneservingas lookup texture.
Both texturesareexchangedafter eachrenderingpass. The inte-
grationstepalsoupdatestheparticle's ageandcheckswhetherthe
particlehasleft the computationaldomain. In the latter case,the
particleis deactivated.

The secondpart implementsparticle removal and injection in
order to control density. Randomnumbersare pre-computedby
theCPUandtransferredto a textureon theGPU.Particleremoval
needsjust a singleuniformly distributedrandomnumberperparti-
cle. Russianrouletteis implementedby comparingtheentry from
therandomnumbertexturewith a probabilityvalueaccessedfrom
a separate2D texture thatholdsthedivergenceof thevector�eld,
pre-computedon theCPU.Particle injectionis realizedby another
randomnumbertexture, constructedfrom an injection probability
densityby rejectionsamplingon the CPU.This texture yields the
random2D positionof anew particle.Particleinjectioncanbeper-
formedfor previously inactive state-texture elements.Particle re-
moval andinjectionis implementedwithin afragmentprogramthat
processesall particlesin atexel-by-texel fashionvia ping-pongren-
dering. Both randomtexturescanbereusedfor several time steps
by applyinga randomizedoverall rotationof texturecoordinates.

In the third part,a spacetimeproperty�eld is constructedfrom
particle trajectoriesaccordingto Eq. (3). RBFs areevaluatedby
rasterizingpoint spritesde�ned by a centerpoint (i.e., the parti-
cle position)anda 2D texture(i.e., a 2D discretizedversionof the
RBF). A phase-inandphase-outof particlesis employed to avoid
�ick ering; the particle's ageis usedto modulatethe brightnessof
thesprite.With ShaderModel3 compliantGPUs,avertex program
canaccesstexture dataand, therefore,the geometrypipelinecan
readtheparticle-statetextureto positionthecenterof apointsprite.
Thevertex texture is addressedby texturecoordinatescorrespond-
ing to theparticleID. Thesummationof severalRBFsaccordingto
Eq. (3) is implementedby anadditive blendingof thepoint sprites
correspondingto active particlesinto a commonrender-target tex-
ture. We usea 16-bit �oating-point target, which supportsalpha
blendingand leadsto higher accuracy than 8-bit �x ed-pointtex-
tures.

Thefourthpartimplementstheconvolutionaccordingto Eq.(2).
Similarly to our previous implementation[27], Lagrangianpar-

(a) (b)
Figure 3: Framework-basedLEA-type visualization of a vortical 
o w.
Image (a) shows spatial structures from alpha blending, image (b)
adds post-�ltering to improve the visualization quality.

ticle integration is applied to perform line integral convolution.
The main differenceis that the integral (2) is evaluatedin a sin-
gle renderingpassthrougha GPUfragmentprogramthatexecutes
a loop over all samplingpositionsin the Riemannsum. Shader
Model 3 facilitatesloopsandlong fragmentprograms(in contrast
to Pixel Shader2) and,therefore,multiple renderingpassescanbe
avoided. An alternative convolution modelis usedfor framework-
basedLEA: Successivealphablendingis appliedbetweentheprop-
erty �eld for thecurrenttime stepandthepreviously �ltered prop-
erty�eld, realizingadiscretizedversionof anexponential�lter ker-
nel [3].

Particle-in-celladvectionusesaslightly modi�ed pipelineto im-
plementanexplicit controlof particledensity. A valid particlecon-
�guration isconstructedby theCPU,andparticletransportis identi-
cal to thatof theoriginalpipeline.During re-initialization,avertex
programaccessesthe particle-statetexture to �ll a single texel at
thenew particleposition. If severalparticlesaretransportedto the
sametexel, they areautomaticallyoverwrittenby the latestdrawn
particle,leadingto arandomselectionof surviving particles.A sep-
araterenderingpassvisitsall texelsof theparticle-statetextureand
�lls emptytexelsby arandompropertyvalueandrandomfractional
coordinates.Finally, subsequenttimestepsof theproperty�eld are
combinedby successivealphablending.

Several postprocessingstageshave beenimplementedto im-
prove visualization quality. First, histogramequalization[16]
reestablishesgoodcontrast.Second,LIC post-�ltering [5] canbe
appliedto improve�ltering quality. Theimplementationof thecon-
volutionstageis reusedhere,justwith averyshort�lter kernel(typ-
ically some� ve integrationsteps).Figure3 illustratespost-�ltering
with a Gaussian�lter kernel,appliedto a framework-basedLEA-
typevisualizationof avortical �o w. Third,colormappingis usedto
visualizeadditionalattributesor to enhance�o w featuresby mask-
ing, e.g.,by velocitymasking[5].

10 RESULTS

Figure 4 shows snapshotstaken from animatedvisualizationsof
threedifferent unsteadyvector �elds. In Figure 4a, a LEA-style
framework-basedvisualizationwith velocitymaskingisusedtodis-
play time-dependentwater�o w in the Gulf of Mexico. The com-
pletedatasetcontains183 time stepswith a spatialresolutionof
352� 320. Figure4b is generatedby framework-basedUFAC and
shows the velocity �eld producedby the interactionof a planar
shockwith a longitudinalvortex (200 time stepswith a resolution
of 256� 151). In regionsof largeunsteadiness,suchastheshock
regionsat centerandbottomof the image,the correlationlength
alongstreamlinesis reducedby UFAC. In addition,velocity mask-
ing is appliedto emphasizehighvelocitymagnitude.In Figure4c,a



(a) (b) (c)
Figure 4: Examplesfor unsteady 
o w visualization: (a) LEA-style framework-based visualization of water 
o w in the Gulf of Mexico. (b) UFAC
visualization of the interaction of a planar shock with a longitudinal vortex. (c) LEA-style visualization of a hurricane Dennis prediction.

LEA-style framework-basedvisualizationwith velocitymaskingis
appliedto representthewind velocity in ahurricaneDennispredic-
tion for a96-hourforecast(17timestepswith aspatialresolutionof
151� 181). Correspondinganimationsandadditionalimagescan
befoundonourprojectwebpage[26].

Othertypesof resultsconcerntheperformanceof ourimplemen-
tation. All measurementswereconductedon a PC with NVIDIA
GeForce6800UltraGPU(256MB) andIntelPentiumIV (3.2GHz)
CPU,runningunderWindowsXP andDirectX9.0.Viewportsizeis
640� 480unlessotherwisenoted.Performancenumbersarealways
given in framesper second(fps). Table1 shows the performance
of the particlesystem,includingpoint spriterenderingandblend-
ing, for avaryingnumberof particles,differentsizesof pointsprites
(sizesontheimageplane),andasteady�o w. Thecolumn“w/o VP”
shows performancenumbersfor particletracingonly, i.e.,no point
spritesaredrawn andthereis notextureaccessfrom thevertex pro-
gramto theparticlestatetexture. Whenpoint spritesarerendered,
theoverall performancedropssigni�cantly with increasingsizeof
point sprites,which shows that an overdraw from rasterizationis
the bottleneckof the typical particlesystem,not particle integra-
tion. The columnwith point spritesize “02” documentsthe cost
for a texture lookup in the vertex programwithout any rasteriza-
tion of pointsprites.For comparison,thegatheringimplementation
for particletransport[27] achieves11.4 fps for a maximumparti-
cle lifetime of 200 on the sameGPU, i.e., our new discretization
achievesa speedupby a factorof 40 for a reasonablycomparable
visualization(1282 particles,102 point spritesize).In general,for-
wardparticle-basedintegrationis extremelyadvantageousfor long
particle lifetimes, while it losessomeof its ef�ciency for a very
densesetof particleswith signi�cant overdraw.

A time-dependentvisualizationneedsan additionaltransferof
�o w datafrom main memoryto the GPU for eachtime step. The
performanceoverheadonly dependson datasize. For example,
for 1282 particleswith 102 point spritesize,16-bit �oating-point

Table 4: Performance for convolution (in fps).

Filter Length
Viewport

20 40 80

640� 480 61.1 33.2 17.2
1600� 1200 10.8 5.7 2.8

�o w datasets,anda �x ed viewport sizeof 640� 480, the overall
performancedecreasesfrom 444.1fps for steady�o w to 44.5 fps
or 161.4fps for unsteady�o w with a �o w resolutionof 640� 480
or 320� 240,respectively.

Table2 documentstheperformancefor varyingsizeof thesprite
texture, whenthe sizeof the point sprite is �x ed in imagespace.
The numbersindicatethat texturesof size322 or less�t into tex-
turecachebecausenoperformanceincreaseis achievedby reducing
thetexturesizebelow 322. Therefore,we usepoint spritetextures
of size322 for all applicationsasanoptimalcompromisebetween
textureresolutionandspeed.

Table3 showsperformancemeasurementsfor particle-in-cellad-
vection.Thesizeof thepropertytextureis identicalto thenumber
of particles. The numbersdemonstratethat the computationtime
is approximatelylinearwith thenumberof particlesandthatalpha
blendingbetweensuccessive time stepshasa small effect whena
reasonablylargenumberof particlesis employed.

Table4 documentstheperformanceof theconvolution stageof
theframework. Different�lter lengthsandviewport sizesarecom-
pared,showing anapproximatelylinearbehavior with respectto the
numberof texelsandthenumberof integrationsteps.For example,
this convolution hasto be explicitly performedfor the DLIC and
UFAC realizationswithin the framework. Here, the overall com-
putationtime is determinedby addingthecomputationalcostsfor
convolutionandparticleadvection(seeTable1).

Table 1: Performance of the particle system for integration, ren-
dering, and blending (in fps).

PointSpriteSize
# Particles w/o VP

02 52 102 202

642 1968.3 1380.4 1285.9 1012.8 565.1
1282 1450.3 831.0 712.9 444.1 186.1
2562 681.4 323.0 253.1 137.9 51.2
5122 191.1 84.7 68.0 35.5 12.8
10242 47.3 22.3 16.7 8.9 3.2

Table 2: Performance for a point
sprite size of 102 pixels (in fps).

# Particles
TextureSize

642 2562

82 1015.1 137.9
162 1014.2 137.9
322 1012.8 137.9
642 663.6 66.0
1282 424.4 34.5

Table 3: Performance for particle-in-
cell advection (in fps).

AlphaBlending
# Particles

Disabled Enabled

642 1095.9 796.6
1282 753.2 600.0
2562 323.0 291.5
5122 90.6 87.6
10242 22.9 22.7



11 CONCL USI ON AND FUTURE WORK

Wehavepresentedanew hybridparticleandtexturebasedapproach
for the visualizationof time-dependentvector �elds. A particle-
basedrepresentationovercomesef�ciency andmemoryproblems
of ourpreviousimplementationof aspacetimeframework for time-
dependentvector �eld visualizationbecausetrajectoriescan now
be constructedincrementallyand a simultaneousaccessto many
differenttime stepsis avoided. We have describeda probabilistic
particleinjectionandremoval mechanismto maintaina givenpar-
ticle density. As analternative,particle-in-celladvectionprovidesa
deterministicdensitycontrol,with exactlyoneparticlepercell. We
have presentedan ef�cient GPU implementationof our approach
that facilitatesthe interactive visualizationof unsteady2D �o w on
ShaderModel 3 compliantgraphicshardware. Anotheradvantage
of thehybrid particle/textureframework is high visualizationqual-
ity, achievedby accurateLagrangianintegration.

Our framework achieves spacetime-coherentdenserepresenta-
tionsby a two-stepprocess:constructionof continuoustrajectories
in spacetimefor temporalcoherence,andconvolutionalonganother
setof pathsthroughtheabove spacetimevolumefor spatiallycor-
relatedpatterns.Wehavedemonstratedthe�e xibility of theframe-
work by mimickingLEA, DLIC, andUFAC andwehaveexplicitly
statedwhatvisualstructuresareconstructedby thesedifferentap-
proaches.In thiscontext, genericstrategiesfor denseunsteady�o w
visualizationhavebeenanalyzed.

For future work, an extensionto 3D vector �elds will be most
challenging. Particle representation,Lagrangianintegration, and
densitycontrolarealreadyformulatedin a dimension-independent
mannerandcouldbeeasilyusedfor 3D �o w. More dif�cult, how-
ever, will be the developmentof methodsfor fast3D convolution
andfor anef�cient scanconversionof RBFsona3D uniformgrid.
In addition, perceptualissues(occlusion,clutter, spatial percep-
tion) have to beaddressedfor dense3D representations.Neverthe-
less,weareconvincedthatourapproachis immediatelyinteresting
for 3D �o w visualizationon curved surfaces:Recentmethodsfor
curvedmanifolds[11, 24, 28] arebasedon 2D imagespace,where
our2D framework implementationcouldbeadopted.
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