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UniversiẗatStuttgart�

Abstract

Dye advectionis an intuitive andversatiletechniqueto visualizebothsteadyandun-
steady�o w. Dye canbeeasilycombinedwith noise-basedvector�eld representations
and is an importantelementin user-centric visual exploration processes.However,
texture-baseddyeadvectionusuallydoesnot considertheconvergenceanddivergence
of �o w to adapttheintensityof thedyecolor. In this paper, anextendedtexturetrans-
port mechanismis proposedto representandmodify the densityof dye accordingto
theconvergenceanddivergenceof theunderlying�o w. We show how this mechanism
canbeincorporatedinto semi-Lagrangianadvectionof property�elds andlevel-setad-
vectionof dye interfacesalike. It is demonstratedhow our approachfor texture-based
dyeadvectionlendsitself to anef�cient GPUimplementationandthereforefacilitates
interactivevisualization.

1 Intr oduction

Vector�eld visualizationplaysanimportantrole in variousscienti�c andengineeringdis-
ciplines.Typical applicationsarethevisualizationof computational�uid dynamicssimu-
lations,electromagnetic�elds, or measurementsof actualwind �o w. Dye advectionis an
intuitive andversatiletechniqueto visualizebothsteadyandunsteadyvector�elds andit
canreadilybecombinedwith noise-baseddenserepresentations.Dye is releasedat user-
speci�edpositionsandthereforesupportsaninteractiveanduser-centricvisualexploration
process.At the sametime, a denserepresentationcanprovide additionalinformationon
theoverall �o w behavior andserveasabackgroundcontext in which theusercanfocuson
detailsof thedye-basedvisualization.
Interactive dye advection is typically implementedby virtually painting into the vector
�eld and transportingthe dye accordingto semi-Lagrangianadvection [JEH02, vW02,
WEHE02]. In thisway, streakline-likestructuresarerepresentedby acolor thatis identical
to thecolor of thereleaseddye—upto changescausedby numericaldiffusion.Conceptu-
ally, auniformcolorof particlestructuresresultsfrom thisapproach.
Thegoalof this paperis to provide a dyeadvectionschemethatnot only representsposi-
tionsalongparticletracesbut alsodepictsconvergenceanddivergenceof a vector�eld. A
mostnaturalmetaphoris chosento visualizetheseimportantfeaturesof adataset:Thein-
tensityof dyecolor is modi�ed alongits advectioncurvesaccordingto changesof relative
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density. For example,adivergent�o w regionspreadsout initial dyeto a largervolumeand,
thus,thedensityof dyehasto decrease.Thismetaphoris describedby Max etal. [MBC93]
andBeckeretal. [BLM95] in thecontext of geometry-baseddyetransport.They useatrian-
gulationof dye-coveredregionsby tetrahedraandhaveto ensurethattransportedtetrahedra
donotbecometoo large,small,or distorted.Dueto acomplex handlingof meshgeometry,
thisapproachis lesssuitedfor �nely structureddyeor for real-timecomputation.
Themaincontributionof thispaperis to includethedye-densitymetaphorin aninteractive
texture-basedadvectionmethodthat is readily suitablefor an ef�cient GPU implementa-
tion. Real-timevisualizationis particularlyimportantin thiscontext becausedyeadvection
makessenseonly in aninteractive environmentin whichseedpointscanbefreelychosen.
Theunderlyingadvectionmechanismmakesusesof level-setadvectionto avoid arti�cial
blurring causedby numericaldiffusion and to achieve long and clearly de�ned streak-
lines [Wei04], which is brie�y reviewed in Section3. Section4 explainshow a varying
dyedensitycanbeincorporatedby takinginto accountconvergenceanddivergenceof the
vector�eld. Themodi�cation of densityinsidedye regions(away from an interface)can
bemodeledby semi-Lagrangiantransportwith tensor-productlinear resampling.A novel
interpolationmethodis proposedto speci�cally dealwith issuesin thevicinity of aninter-
face.An ef�cient GPUimplementationof this techniqueis describedin Section5, which
alsoincludesadiscussionof results.Thepaperendswith abrief conclusionandanoutlook
onpossiblefuturework.

2 PreviousWork

Dye advection is typically appliedin combinationwith texture-based�o w visualization
techniques.An importantexampleis texture advection [MB95], which can be usedfor
a dense,noise-basedanda sparse,dye-basedrepresentationat the sametime. A similar
idea is the basisfor the aforementionedadvectionwith control of dye density[MBC93,
BLM95]. More recent2D techniquesrely on semi-Lagrangianadvection: ImageBased
Flow Visualization(IBFV) [vW02] andLagrangian-EulerianAdvection(LEA) [JEH02].
The aforementionedlevel-settechnique[Wei04] modi�es semi-Lagrangianadvection to
avoid numericaldiffusion.Within thecontext of Line Integral Convolution (LIC) [CL93],
dyevisualizationcanbeusedto highlight features[SJM96].
Onereasonfor recentadvancesin texture-based�o w visualizationis theincreasingperfor-
manceandfunctionalityof GPUs.Sincedensetexturerepresentationsneeda largenumber
of computations,graphicshardwarecanimprovetheperformanceof 2D texture-based�o w
visualization[HWSE99, JEH00, WHE01, WEE03, Wei04, vW02]. Textureadvectioncan
beextendedto vector�elds oncurvedsurfaces[LJH03, vW03] andin 3D [TvW03, WE04].
An overview on the stateof the art in denseandtexture-basedvector �eld visualization
techniquescanbefoundin two survey articles[LHD + 04, SMM00].



3 Level-SetDyeAdvection

Level-setdye advection[Wei04] is brie�y reviewed,startingwith the traditionalmethod
for texture-baseddye advection.Dye properties,suchascolor, arestoredon a regularly
sampledgrid or texture.This property�eld is denotedby p(x). Thepointsx arefrom the
domainof thenD vector�eld, Rn. In this Eulerianapproach,thepositionof a dyeelement
is implicitly givenby thelocationof thecorrespondingtexel. Dye is transportedalongthe
time-dependentvector�eld v(x;t). TheLagrangianformulationof theunderlyingequation
of motion,

dx(t)
dt

= v(x(t);t) ;

canbeintegratedto computethepathlineof anadvectedmasslessparticle,

x(t1) = x(t0) +
Z t1

t0
v(x(t);t) dt : (1)

In theaboveequations,t denotestime.Equation(1) canbeusedto computethetransportof
dye in a semi-Lagrangianmanner(see,e.g.,[Sta99, JEH00]). A backward texture-lookup
is oftenemployed:

p(x(t0);t0) = p(x(t0 � Dt);t0 � Dt) : (2)

Startingfrom thecurrenttime stept0, an integrationbackwardsin time providestheposi-
tion at the previous time step,x(t0 � Dt). The property�eld is evaluatedat this previous
positionto accessthevaluethatis transportedto thecurrentposition.Tensor-productlinear
interpolation(bilinear in 2D or trilinear in 3D) is appliedto reconstructtheproperty�eld
at locationsdifferentfrom grid points.
This semi-Lagrangiantexture-baseddyeadvectionis widely usedbecauseit hasa number
of importantadvantages.It is easyto implementandvery ef�cient, andit canbedirectly
mappedto GPUsandcombinedwith other interactive texture-basedGPU techniques.In
particular, textureadvectioncanbesimultaneouslyappliedto dyeandnoisetextures,saving
computationalcostsfor separatetransportmechanisms.Anotheradvantageis the�e xibility
of a texturerepresentation.For example,dyecanbevirtually paintedinto the �o w by the
user—withoutany restrictionwith respectto orientation,size,or topology.
A level-setapproachallowsusto overcometheproblemof numericaldiffusionthatis intro-
ducedby tensor-productlinearreconstruction.This level-settechniqueis ableto accurately
track the boundarybetweendye andbackground,while it still retainsthe advantagesof
semi-Lagrangianpropertyadvection.Theinterfacebetweendyeandbackgroundis repre-
sentedasan implicit surfacewithin a signeddistancefunction f (x), which describesthe
distanceof the point x to the surface.The interfaceis the implicit surfacefor f (x) = 0.
It is assumedthat f (x) is negative insidethedye region andpositive on theoutside.The
evolutionof thelevel-setis governedby

¶f (x;t)
¶t

+ v(x;t) � Ñf (x;t) = 0 :



This partialdifferentialequationis solvedby semi-Lagrangiantransport,which leadsto a
stableevolutionevenfor largestepsizes[Sta99]. Equation(2) is now appliedto f (x;t):

f (x(t0);t0) = f (x(t0 � Dt);t0 � Dt) : (3)

The injection of additionaldye is modeledby an additionalsigneddistance�eld, f inject.
After eachintegration step(3), the new dye and the “old”, transporteddye, f transp, are
combinedaccordingto

f (x) =

(
f inject(x) if f inject(x) < f transp(x)
f transp(x) otherwise

:

Unfortunately, f drifts away from its initialized valueassigneddistancewhile the level-
setis evolving. This issuecanbeaddressedby periodicallyreinitializing the level-setto a
signeddistance.A completereinitializationof thewholedistance�eld is notnecessary, but
canbe replacedby a local reinitializationin the vicinity of the interface.Sincea higher-
order representationof the level-setfunction is not needed,we can restrict ourselves to
reinitializeonly grid pointsthatareadjacentto theinterface.
Thereinitializationprocedureis asfollows.First, theedgesbetweengrid pointsareclassi-
�ed aseitherintersectionor non-intersectionedges.Dueto thelinearinterpolationbetween
grid points,an intersectionwith the interfaceis uniquelyidenti�ed by a signchangeof f
betweentwo adjacentgrid points.Grid pointsthatarenotadjacentto theinterfacearereset
to + 1 or � 1, dependingon thesignof f . Intersectionedgestriggera reinitializationto a
signeddistance:Thevaluesatthetwo adjacentgrid pointsaremodi�ed undertheconstraint
that thepositionof the interfaceis not changed.Using indicesi = 1;2 for thesetwo grid
points,thereinitializedvaluesare

f r
i =

f i

jj f 1jj + jj f 2jj
;

wheref i arethevaluesbeforereinitialization.To allow for thin dyeregionsandreinitial-
izationin nD vector�elds, the�nal distancevalueis computedby takingtheaverageof all
contributionsfrom adjacentedges.In any dimensionn, reinitializationonly needsaccessto
grid elementsin thedirectneighborhood,which leadsto a fastcomputationof theupdated
level-setfunction.Therefore,level-setdye advectioncanbe appliedin any dimensionn;
themostinteresting2D and3D casesareillustratedin detail in [Wei04].

4 Control of DyeDensity

Thebasicideabehindtheimplementationof thedye-densitymetaphoris basedona semi-
Lagrangiantransportof dyedensityr alonga vector�eld. Densityr playstherole of an
attributeof theproperty�eld and,therefore,is advectedaccordingto Eq.(2).An additional
modi�cation of dyedensityhasto beincludedin eachadvectionstepto accountfor changes
of densitydueto divergenceor convergenceof the �o w. The combinationof Eq. (2) and
thisdensitymodi�cation resultsin thefollowing updateequation:

r (x(t0);t0) = xr (x(t0 � Dt);t0 � Dt) with x = 1=(1+ Dtdiv u(x(t0);t0)) : (4)
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Figure1: Dye densityinsidea dye-coveredregion (black-dottedgrid points)is dilutedby
dummydensityvalue(white-dottedgrid point)throughbilinearinterpolationduringtexture
advection(semi-Lagrangiantransportfrom gray-dottedpoint at previous time stept � Dt
to gray-dottedgrid pointat currenttimestept).

A derivation of this equationcanbe found in AppendixA. Equation(4) canbe directly
usedto implementsemi-Lagrangianadvectionof dye with physically baseddensitycon-
trol. Onceagain,thebackwardaccessto thedensity�eld r at theprevioustimestept0 � Dt
is basedon a tensor-productlinear interpolation.The only extensioncomparedto tradi-
tional texture advection is the additionalcomputationof �o w divergence.This spatially
andtemporallylocal modi�cation of theadvectionschemecanbeincludedin anef�cient
GPUprogram,which is describedin moredetail in Section5.
Althoughthis purelysemi-Lagrangiantransportof dyedensityis appropriateinsidea dye-
coveredregion, it breaksdown at an interfacelayer: The actualdye densityis diluted by
dummyvaluesfrom outsideregions,as illustratedin Figure1. If, for example,non-dye
areasareinitialized to adefault valueof zero,thisdefault valuewill graduallyaffect larger
andlargerregionsinsidethedye,causedby tensor-productlinearinterpolation.Figure2 (a)
illustratesthisbehavior for a low-resolutionexample.
This arti�cial dilution can be overcomeby taking into accountthe level-setdescription
of the dye interface.Essentially, only thosegrid points that are part of the dye-covered
regionshouldin�uencetheinterpolationof dyedensityvalueduringadvection.In Figure1,
for example,only the black-dottedgrid points at time stept � Dt shouldplay a role in
reconstructingthe densityvalue at the advectedgray-dottedpoint, whereasthe dummy
densityvalue at the white-dottedgrid point, which is outsidethe dye region, shouldbe
discarded.
We proposethe following two-stepschemeto achieve a direct couplingbetweendensity
advectionandlevel-setrepresentation.In the�rst step,thegrid pointsatnon-dyepositions
in the vicinity of the interfacearemodi�ed. In the secondstep,tensor-productlinear in-
terpolationis computedwith thesemodi�ed densityvalues.The interestingpoint is how
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Figure2: Advecteddyeafter120iterationswith densitycontrol:(a) without modi�cation,
which leadsto dilution by black backgroundat the dye interface,and(b) with modi�ed
densityvalues.In bothimages,dyeis injectedat thelower-left corner.

to determinethemodi�ed densityvalues.Analogouslyto level-setreinitializationin Sec-
tion 3, the schemeis �rst explainedfor the 1D case.We considera single1D grid cell,
which is de�ned by two grid pointsconnectedby a line. Threedifferentclasseshave to be
distinguished:Bothgrid pointsareinsideadyeregion,bothpointsareoutside,andthetwo
pointslie on differentsidesof a dye interface.In the �rst case,thedensityvaluesremain
unaltered.In the secondcase,the densityis setto the default backgroundvalue0. In the
third case,themodi�ed densityat thenon-dyepoint is setto thesamevalueasat thepoint
insidethedyeregion.In thisway, linearinterpolationwithin thecell yieldsaconstantden-
sity value.More interestingis theextensionto higherdimensions:Analogouslyto level-set
reinitializationin Section3, intermediatedensityvaluesare�rst computedfor all mainaxes
of thecoordinatesystemandthentheir averageis actuallyusedasmodi�ed densityvalue.
Therefore,thisapproachcanbeappliedin any �nite-dimensionalnD space.
Figure3 illustratesthe computationof modi�ed densityvaluesfor a 1D (left image)and
a 2D example(right image).For the1D case,thedensityvalueis copiedfrom theblack-
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Figure 3: Modi�cation of densityvaluesfor interpolationat a dye interface.Image(a)
shows a 1D case,(b) a 2D case.Thecurvedarrows denotea transferof valuesfrom black-
dottedgrid pointsinsidethedyeregion to white-dottedgrid pointsoutsidethedyeregion.



dottedgrid point insidethedyeregionto thewhite-dottedgrid pointoutsidethedyeregion.
Two axesof the cell are intersectedby the dye interfacein the 2D caseof Figure3 (b).
The correspondingtwo densityvalues(black-dotted)are transferredfrom insidethe dye
to the white-dottedpoint outsidethe dye andcombinedinto a singlevalueby averaging.
Figure2 (b) shows theresultof this2D interpolationschemefor asimplescenario.
Althoughtheproposedinterpolationschemeleadsto slightly differentresultsthangener-
alizedbarycentricinterpolation[MLBD02] or a relatedinterpolationmethodfor silhouette
maps[SCH03, Sen04], our methodretainsthesamebene�cial interpolationpropertiesas
the alternative methods.First, the convex hull propertyis achieved, i.e., an interpolated
valuecannotlie outsidetherangeof theminimumandmaximumvaluesof grid pointsof
the respective cell. Second,the interpolantis smooth(C¥ ) within a cell. Third, interpola-
tion is C0 continuousacrosscell boundaries.Sinceall aforementionedmethodsmeetthese
essentialrequirementsfor a usefulpiecewise-smoothinterpolation,it is ratherdif�cult to
judgefrom a mathematicalpoint of view whetheroneis superiorcomparedto others.Our
approach,however, hastheadvantagethatfastbuilt-in bilinearor trilinear texturesampling
on GPUsis appliedfor thesecondstageof theinterpolationprocess—notime-consuming
per-pixel processingis requiredhere.
Extensionsto the pure dye-densitymetaphorcan be readily includedby modifying the
factorx in the transportequation(4). A usefulextensionis the incorporationof thedye's
ageto allow for a gradualfade-out.An exponentialdecayof dyedensitywith time canbe
achievedby iteratively multiplying x with aconstantdecayfactor.

5 Implementation and Results

To achievehighperformancefor real-timevisualization,2D dyeadvectionhasbeenimple-
mentedon GPUs.This GPU versionis basedon DirectX 9.0 with HLSL andwastested
on a Windows XP PCwith ATI X800 XT (256MB) GPUandPentium4 (2.8GHz) CPU.
2D advectionhasbeenimplemented�rst becauseanef�cient render-to-texturefunctional-
ity is only supportedby 2D texturessofar. However, thereshouldnot beany problemsin
realizinga corresponding3D version,asdiscussedfor theunderlyinglevel-setmethodin
[Wei04]. For example,theARB Superbuffer extension[Per03] couldprovideamechanism
to directly renderinto 3D textures,which would leadto a comparableimplementationin
3D.
Figure4 shows the�o wchartfor thecompletevisualizationprocess.All relevant informa-
tion is storedin 2D textures.Thedensity�eld r (x) andthelevel-set�eld f (x) areheldin
differentcolorchannelsof acombinedproperty�eld textureTf . Additionalnoiseadvection
basedon IBFV [vW02] canbe optionally employed.Noisepropertiescanalsobe stored
in the above property�eld—in an otherwiseunusedcolor channel.The property�eld is
updatedwithin pixel shaderprogramsaccordingto Eqs.(3) and(4) by directly rendering
into thepropertytexturewith aping-pongscheme[Wei04].
Thedivergenceneededfor Eq.(4) is pre-computedon theCPUandtransferredto theGPU
within thebluechannelof thevector�eld texture.Theredandgreenchannelsareusedfor
thevx andvy componentsof thevector�eld. For anunsteady�o w, thevector�eld texture
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Figure4: Flowchartof thealgorithm.

needsto beupdatedfor eachtime step.Thecomputationof modi�ed densityvaluesat the
dye interfaceis appliedto thepropertytextureduringeachadvectionstep.Here,ef�cient
vectoroperationson GPUs(i.e., simultaneouscomputationson RGBA components)are
exploitedto simultaneouslytake into accountthefour neighboringpointsof a texel cell for
themodi�ed interpolationscheme.As pointedout in [Wei04], thelevel-setreinitialization
is executedonly eachnreinit-th step.For the�nal display, acolor table(adependenttexture)
mapsthe densityvaluesr (x) to colors—but only within the dye regionsde�ned by the
level-set.Theproperty�eld is representedby 16-bit �x ed-pointnumbers.Thevector�eld
usuallyneedsahigherresolutionand,therefore,is heldin a32-bit �oating-point texture.
Figure5 shows examplesgeneratedby the above implementation.All imagescontaina
combinationof noiseadvectionanddyeadvectionwith divergence-baseddensitycontrol.
A sparseinput noisetexture is employedto reveal thedownstreamdirectionof thevector
�elds. Figure5 compareslevel-setadvectionwithout specialinterpolationat thedyeinter-
face(in (a))againstthesamevisualizationwith theinterface-awareinterpolationscheme(in
(b)).All otherimagesarebasedontheinterface-awareinterpolant.Figure5 (c) showselec-
tric �eld linesof anelectricdipoleandFigure5 (d) depictsa datasetwith sinks,sources,
andavortex. Figure5 (e)visualizestheunsteadywindow �o w of thenumericalsimulation
of HurricaneIsabel[Vis04], Figure5 (f) shows a tornado(dataset is courtesyof Roger
Craw�s). In all exampleimages,dye placementwasbasedon userinteraction—theuser
virtually paintednewly releaseddyeinto the�o w by usingmouseinteraction.
Performancenumbersaredocumentedin Table1. Renderingspeeddependslinearlyonthe
numberof texels,asshown in thecomparisonof differentviewport sizes.For nreinit = 40,
semi-Lagrangianadvectionandlevel-setadvectionhave similar performance.The frame
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Figure5: Examplesof combineddye andnoiseadvection:Vortex dataset in images(a)
(withoutmodi�cation) andimage(b) (with extendedinterpolationscheme).Thefollowing
examplesareall basedon theextendedinterpolationscheme:electricdipole in image(c),
andsinks,sources,andavortex in (d), simulationof HurricaneIsabelin (e),anda tornado
in (f).

Table1: Performanceof GPU-based2D dyeadvectionin framespersecondon ATI X800
XT.

Viewport size 5122 7682 10242

Semi-Lagrangianadvection 928.0 416.9 244.3
Level-setadvection 806.7 369.4 209.4
Semi-Lagrangian/w convergence 845.5 387.8 223.0
Level-set/w convergence 384.9 174.5 97.9



ratesfor traditional semi-Lagrangianadvection with a control of dye densityare in the
sameperformancerange.In contrast,the combinationof level-setadvectionanddensity
control leadsto a decreaseof renderingspeedby a factor of 2, which is causedby the
additionalcomputationof modi�ed densityvalues.

6 Conclusionand Futur eWork

We have presentedanextendedtexture transportmechanismthat representsandmodi�es
the densityof dye accordingto the convergenceanddivergenceof the underlying�o w.
We have shown how this mechanismcanbeincorporatedinto semi-Lagrangianadvection
of property�elds and level-setadvectionof dye interfaces.Moreover, our approachcan
be directly mappedto GPUsin order to achieve real-timevisualization.In this way, the
divergencepropertiescanbe interactively explored.In future work, semi-Lagrangian3D
textureadvection[WE04] couldbeextendedto incorporatedlevel-setadvectionandcontrol
of dyedensity.

A Derivation of DensityModi�cation

The changeof dye densityis causedby a changeof relative volume/areacoveredby the
dye.Therefore,we derive a relationshipbetweendivergenceandrateof volumechange.
Thefollowing discussionis basedon2D,but canbeextendedto nD. Startingfrom asquare
with aread1, wecomputethearead2 of theadvectedquadbyapproximatingthetransportof
its four cornerpointswith �rst-order approximation.Wecandeterminethevelocityvectors
at thepointsA;B;C;D aroundagivenpoint x0(t0) by Taylorexpansionup to linearterms:

T(x) = u(x0(t0);t0) +
¶
¶x

u(x0(t0);t0)Dx+
¶
¶y

u(x0(t0);t0)Dx+ � � � :

Without lossof generality, we setA = x0(t0). Theabove equationcanbeextendedto 3D
by addinga third component,which leadsto onemoredirectionalderivative.Theadvected
pointsA0;B0;C0;D0 areestimatedby using the velocity vectorsfor oneEuler integration
step:

A0
x = x0;x(t0) + ux(x0(t0);t0)Dt

A0
y = x0;y(t0) + uy(x0(t0);t0)Dt

B0
x = x0;x(t0) + Dx+ [ux(x0(t0);t0) + ¶

¶xux(x0(t0);t0)Dx]Dt
B0

y = x0;y(t0) + [uy(x0(t0);t0) + ¶
¶xuy(x0(t0);t0)Dx]Dt

C0
x = x0;x(t0) + Dx+ [ux(x0(t0);t0) + ¶

¶xux(x0(t0);t0)Dx+ ¶
¶yux(x0(t0);t0)Dx]Dt

C0
y = x0;y(t0) + Dx+ [uy(x0(t0);t0) + ¶

¶xuy(x0(t0);t0)Dx+ ¶
¶yuy(x0(t0);t0)Dx]Dt

D0
x = x0;x(t0) + [ux(x0(t0);t0) + ¶

¶yux(x0(t0);t0)Dx]Dt

D0
y = x0;y(t0) + Dt + [uy(x0(t0);t0) + ¶

¶yuy(x0(t0);t0)Dx]Dt
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Thearead2 of theadvectedquad,asshown in Figure6, canbecomputedvia thedetermi-
nant.Theapproximatedareais determinedby neglectinghigher-orderterms:

d2 = 1
2

� �
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�

� Dx2 + [ ¶
¶xux(x0(t0);t0) + ¶

¶yuy(x0(t0);t0)]Dx2Dt

) d2
d1

= 1+ Dtdiv u(x0(t0);t0) :

Sincearearatioandthereciprocalof densityratioareproportional,wecan�nally solvefor
thenew density:

d2

d1
=

r (x(t0 � Dt);t0 � Dt)
r (x(t0);t0)

r (x(t0);t0) =
r (x(t0 � Dt);t0 � Dt)
1+ Dtdiv u(x(t0);t0)

:
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