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Abstract

Dye adwectionis anintuitive andversatiletechniqueto visualizeboth steadyand un-
steady o w. Dye canbe easilycombinedwith noise-basedector eld representations
andis an importantelementin usercentric visual exploration processesHowever,
texture-basedlye adwectionusuallydoesnot considerthe convergenceanddivergence
of ow to adapttheintensityof the dye color. In this paper an extendedtexture trans-
port mechanisnis proposedo representind modify the densityof dye accordingto
the corvergenceanddivergenceof the underlying o w. We shov how this mechanism
canbeincorporatednto semi-Lagrangiamadwectionof property elds andlevel-setad-
vectionof dyeinterfacesalike. It is demonstratethow our approactfor texture-based
dyead\ectionlendsitself to anef cient GPUimplementatiorandthereforefacilitates
interactize visualization.

1 Intr oduction

Vector eld visualizationplaysanimportantrole in variousscienti ¢ andengineeringlis-
ciplines. Typical applicationsarethe visualizationof computationaluid dynamicssimu-
lations,electromagneticelds, or measurementsf actualwind o w. Dye adwectionis an
intuitive andversatiletechniqueto visualizeboth steadyandunsteadyvector elds andit
canreadily be combinedwith noise-basedenserepresentationye is releasecht user
speci ed positionsandthereforesupportsaninteractve andusercentricvisualexploration
processAt the sametime, a denserepresentatioran provide additionalinformationon
theoverall o w behaior andsene asabackgroundcontet in whichtheusercanfocuson
detailsof the dye-basedisualization.

Interactive dye adwectionis typically implementedby virtually paintinginto the vector
eld and transportingthe dye accordingto semi-Lagrangiaradwection [JEH02 vWO02,
WEHEOQZ. In thisway, streakline-lile structuresarerepresentetly acolorthatis identical
to the color of the releasedlye—upto changesausedy numericaldiffusion. Conceptu-
ally, auniform color of particlestructuresesultsfrom this approach.

The goal of this paperis to provide a dye adwectionschemehatnot only representposi-
tionsalongparticletracesbut alsodepictscorvergenceanddivergenceof avector eld. A
mostnaturalmetaphoiis choserto visualizetheseimportantfeaturesf a dataset: Thein-
tensityof dyecoloris modi ed alongits adwectioncurvesaccordingio change®f relative

Institutfur Visualisierungund Interaktive Systemelniversittsstr 38, D-70569Stuttgart



density For example,adivergent o w region spreadsutinitial dyeto alargervolumeand,
thus,thedensityof dyehasto decreaser his metaphois describedy Max etal. [MBC93]
andBecleretal.[BLM95] in thecontet of geometry-basedyetransportThey useatrian-
gulationof dye-caveredregionsby tetrahedrandhave to ensurdhattransportedetrahedra
donotbecomeoolarge,small,or distorted Dueto a complex handlingof meshgeometry
thisapproachs lesssuitedfor nely structureddye or for real-timecomputation.
Themaincontrikution of this paperis to includethe dye-densitymetaphoin aninteractve
texture-baseddvectionmethodthatis readily suitablefor an ef cient GPU implementa-
tion. Real-timevisualizationis particularlyimportantin this context becauselyeadwection
malkessensenly in aninteractie ervironmentin which seedpointscanbefreely chosen.
The underlyingadwectionmechanisnmakesusesof level-setadwectionto avoid arti cial
blurring causedby numericaldiffusion and to achieve long and clearly de ned streak-
lines [Wei04], which is brie y reviewed in Section3. Section4 explainshow a varying
dyedensitycanbeincorporatedy takinginto accountcornvergenceanddivergenceof the
vector eld. The modi cation of densityinsidedye regions (away from aninterface)can
be modeledby semi-Lagrangiatransportwith tensorproductlinearresamplingA novel
interpolationmethodis proposedo speci cally dealwith issuesn thevicinity of aninter-
face.An ef cient GPUimplementatiorof this techniqueis describedn Section5, which
alsoincludesadiscussiorof results.The paperendswith abrief conclusiorandanoutlook
on possiblefuturework.

2 PreviousWork

Dye adwectionis typically appliedin combinationwith texture-basedo w visualization
techniquesAn importantexampleis texture advection [MB95], which can be usedfor

a dense noise-base@nd a sparsedye-basedepresentatiomt the sametime. A similar
ideais the basisfor the aforementioneddwectionwith control of dye density[MBC93,

BLM95]. More recent2D techniquegely on semi-Lagrangiaradwection: Image Based
Flow Visualization(IBFV) [vW02] and Lagrangian-Euleria\dvection (LEA) [JEHOZ.

The aforementionedevel-settechnique[Wei04 modi es semi-Lagrangiaradwectionto

avoid numericaldiffusion. Within the context of Line Integral Convolution (LIC) [CL93],

dyevisualizationcanbe usedto highlight feature{SJM96].

Onereasorfor recentadvancesn texture-basedo w visualizationis theincreasingperfor

manceandfunctionality of GPUs.Sincedenseexturerepresentationseeda large number
of computationsgraphicshardwarecanimprove theperformancef 2D texture-basedo w
visualizationHWSE99 JEH0Q WHEO01, WEEO3 Wei04, vWO02]. Texture adwectioncan
beextendedo vector elds oncunedsurfacedLJHO3, vWO03] andin 3D [TvWO03, WE04].

An overview on the stateof the art in denseandtexture-based/ector eld visualization
techniqguesanbefoundin two suney articles[LHD * 04, SMMO0Q].



3 Level-SetDye Advection

Level-setdye adwection[Wei04] is brie y reviewed, startingwith the traditionalmethod
for texture-basedlye adwection. Dye properties suchas color, are storedon a regularly
sampledgrid or texture. This property eld is denotedby p(x). The pointsx arefrom the
domainof thenD vector eld, R". In this Eulerianapproachthe positionof adyeelement
is implicitly givenby thelocationof the correspondingexel. Dye is transportedglongthe
time-dependentector eld v(x;t). TheLagrangiarformulationof theunderlyingequation

of motion, (1)
X(t) _ . .
e v(x(t);t)

canbeintegratedto computethe pathlineof anadwectedmasslesgarticle,
Zy
X(t1) = X(to) + t v(x(t);t)dt 1)
0
In theabove equationst denotegime. Equation(1) canbeusedio computethetransporof
dyein a semi-Lagrangiamanner(see.e.g.,[Sta99 JEHO0Q). A backward texture-lookup
is oftenemployed:
p(X(to);to) = p(X(to Dt);to DX) : (2

Startingfrom the currenttime steptg, anintegrationbackwardsin time providesthe posi-
tion at the previous time step,x(ty  Dt). The property eld is evaluatedat this previous
positionto accesshevaluethatis transportedo the currentposition. Tensofproductlinear
interpolation(bilinearin 2D or trilinear in 3D) is appliedto reconstructhe property eld
atlocationsdifferentfrom grid points.
This semi-Lagrangiatexture-basedlye adwectionis widely usedbecausét hasa number
of importantadwantagesilt is easyto implementandvery ef cient, andit canbe directly
mappedio GPUsand combinedwith otherinteractive texture-basedsPU techniquesin
particular textureadwectioncanbesimultaneoushappliedto dyeandnoisetextures,saving
computationatostsfor separatéransporimechanismsAnotheradwantages the e xibility
of atexture representatiorf-or example,dye canbe virtually paintedinto the o w by the
user—withoutary restrictionwith respecto orientation size,or topology
A level-setapproactallows usto overcomethe problemof numericaldiffusionthatis intro-
ducedby tensorproductlinearreconstructionT his level-settechniqués ableto accurately
track the boundarybetweendye and backgroundwhile it still retainsthe advantagesof
semi-Lagrangiapropertyadwection.The interfacebetweendye andbackgrounds repre-
sentedasanimplicit surfacewithin a signeddistancefunction f (x), which describeghe
distanceof the point x to the surface.The interfaceis the implicit surfacefor f (x) = 0.
It is assumedhat f (x) is negative insidethe dye region and positive on the outside.The
evolution of thelevel-setis governedby

f (x;t)

— +v(x;t) Nf(x;t)=0



This partial differentialequationis solved by semi-Lagrangiatransportwhich leadsto a
stableevolution evenfor large stepsizes[Sta99. Equation(2) is now appliedto f (x;t):

f(x(to);to) = f(x(to D)ito DY) : ®)

The injection of additionaldye is modeledby an additionalsigneddistanceeld, finject.
After eachintegration step (3), the new dye andthe “old”, transportedlye, fyansp are
combinedaccordingio

finject(X)  if Finject(X) < firansfX)

f(x) = :
firans{X) otherwise

Unfortunately f drifts away from its initialized value as signeddistancewhile the level-
setis evolving. This issuecanbe addressetby periodicallyreinitializing the level-setto a
signeddistanceA completereinitializationof thewholedistanceeld is notnecessarbut
canbereplacedby a local reinitializationin the vicinity of theinterface.Sincea higher
orderrepresentatiomf the level-setfunction is not neededwe canrestrictoursehesto
reinitialize only grid pointsthatareadjacento theinterface.
Thereinitializationprocedures asfollows. First, the edgeshetweergrid pointsareclassi-
ed aseitherintersectioror non-intersectiomdgesDueto thelinearinterpolationbetween
grid points,anintersectionwith theinterfaceis uniquelyidenti ed by a sign changeof f
betweertwo adjacengrid points.Grid pointsthatarenotadjacento theinterfacearereset
to+1or 1,dependingnthesignof f. Intersectionedgedriggera reinitializationto a
signeddistanceThevaluesatthetwo adjacengrid pointsaremodi ed undertheconstraint
thatthe positionof the interfaceis not changedUsingindicesi = 1;2 for thesetwo grid
points,thereinitializedvaluesare

r_ fi

Jifajj+ifali
wheref; arethe valuesbeforereinitialization.To allow for thin dye regionsandreinitial-
izationin nD vector elds, the nal distancevalueis computedy takingthe averageof all
contritutionsfrom adjacenedgesin ary dimensiom, reinitializationonly needsaccesso
grid elementsn the directneighborhoodwhichleadsto a fastcomputatiorof the updated

level-setfunction. Therefore level-setdye adwection canbe appliedin ary dimensionn;
themostinteresting2D and3D casesreillustratedin detailin [Wei04].

4 Control of Dye Density

Thebasicideabehindtheimplementatiorof the dye-densitymetaphoiis basedn a semi-

Lagrangiartransportof dye densityr alongavector eld. Densityr playstherole of an

attribute of theproperty eld and,thereforejs adwectedaccordingo Eqg.(2). An additional

modi cation of dyedensityhasto beincludedin eachadwectionstepto accounfor changes
of densitydueto divergenceor corvergenceof the o w. The combinationof Eq. (2) and

this densitymodi cation resultsin thefollowing updateequation:

r(X(tg);to) = xr (x(tg Dt);tp D) with  x = 1=(1+ Dtdivu(x(tg);to)) : (4)
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Figurel: Dye densityinsidea dye-coseredregion (black-dottedgrid points)is diluted by
dummydensityvalue(white-dottedyrid point) throughbilinearinterpolationduringtexture
adwection(semi-Lagrangiatransportfrom gray-dottedpoint at previoustime stept Dt
to gray-dottedyrid pointat currenttime stept).

A derivation of this equationcanbe found in AppendixA. Equation(4) can be directly
usedto implementsemi-Lagrangiaradwection of dye with physically baseddensitycon-
trol. Onceagain, thebackwardaccesso thedensity eld r attheprevioustimestepty Dt

is basedon a tensorproductlinear interpolation. The only extensioncomparedo tradi-
tional texture adwectionis the additionalcomputationof o w divergence.This spatially
andtemporallylocal modi cation of the adwectionschemecanbeincludedin anef cient

GPUprogramwhichis describedn moredetailin Section5.

Althoughthis purely semi-Lagrangiatransporif dye densityis appropriaténsidea dye-
coveredregion, it breaksdown at an interfacelayer: The actualdye densityis diluted by
dummy valuesfrom outsideregions, asillustratedin Figure 1. If, for example,non-dye
areasareinitialized to adefault valueof zero,this default valuewill graduallyaffectlarger
andlargerregionsinsidethedye,causedy tensorproductlinearinterpolation Figure2 (a)
illustratesthis behaior for alow-resolutionexample.

This arti cial dilution canbe overcomeby taking into accountthe level-setdescription
of the dye interface.Essentially only thosegrid pointsthat are part of the dye-corered
regionshouldin uence theinterpolationof dyedensityvalueduringadwection.In Figurel,

for example,only the black-dottedgrid points at time stept Dt shouldplay a role in

reconstructinghe densityvalue at the adwectedgray-dottedpoint, whereasthe dummy
densityvalue at the white-dottedgrid point, which is outsidethe dye region, shouldbe
discarded.

We proposethe following two-stepschemeto achieve a direct coupling betweendensity
adwectionandlevel-setrepresentatiorin the rst step,thegrid pointsat non-dyepositions
in the vicinity of theinterfacearemodi ed. In the secondstep,tensofproductlinearin-

terpolationis computedwith thesemodi ed densityvalues.The interestingpoint is how
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Figure2: Advecteddye after 120iterationswith densitycontrol: (a) without modi cation,
which leadsto dilution by black backgroundat the dye interface,and (b) with modi ed
densityvalues.n bothimagesdyeis injectedat the lowerleft corner

to determinethe modi ed densityvalues.Analogouslyto level-setreinitializationin Sec-
tion 3, the schemeis rst explainedfor the 1D case.We considera single 1D grid cell,
whichis de ned by two grid pointsconnectedy aline. Threedifferentclassehave to be
distinguishedBoth grid pointsareinsidea dyeregion, bothpointsareoutside andthetwo
pointslie on differentsidesof a dyeinterface.In the rst casethe densityvaluesremain
unalteredIn the secondcase the densityis setto the default backgroundvalueO. In the
third casethemodi ed densityat the non-dyepointis setto the samevalueasatthe point
insidethedyeregion. In thisway, linearinterpolationwithin thecell yieldsa constanden-
sity value.More interestings the extensionto higherdimensionsAnalogousliyto level-set
reinitializationin Section3, intermediatedensityvaluesare rst computedor all mainaxes
of the coordinatesystemandthentheir averageis actuallyusedasmodi ed densityvalue.
Thereforethis approacttanbeappliedin ary nite-dimensionalnD space.

Figure 3 illustratesthe computationof modi ed densityvaluesfor a 1D (left image)and
a 2D example(right image).For the 1D case the densityvalueis copiedfrom the black-
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Figure 3: Modi cation of densityvaluesfor interpolationat a dye interface.lmage (a)
shavs a 1D case(b) a 2D case.The cunedarravs denotea transferof valuesfrom black-
dottedgrid pointsinsidethedyeregion to white-dottedgrid pointsoutsidethe dyeregion.



dottedgrid pointinsidethedyeregionto thewhite-dottedgrid pointoutsidethedyeregion.
Two axesof the cell areintersectedoy the dye interfacein the 2D caseof Figure 3 (b).
The correspondingwo densityvalues(black-dotted)are transferredrom inside the dye
to the white-dottedpoint outsidethe dye and combinedinto a singlevalue by averaging.
Figure2 (b) shavs theresultof this 2D interpolationschemdor a simplescenario.
Althoughthe proposednterpolationschemdeadsto slightly differentresultsthangener
alizedbarycentridnterpolationflMLBDO02] or arelatedinterpolationmethodfor silhouette
maps[SCHO3 Sen03, our methodretainsthe samebene cial interpolationpropertiesas
the alternatve methods First, the cornvex hull propertyis achieved, i.e., aninterpolated
valuecannotlie outsidethe rangeof the minimum andmaximumvaluesof grid pointsof
the respectie cell. Secondthe interpolantis smooth(C¥) within a cell. Third, interpola-
tion is C° continuousacrosscell boundariesSinceall aforementionednethodsneetthese
essentiatequirementgor a useful piecavise-smoothinterpolation,it is ratherdif cult to
judgefrom a mathematicapoint of view whetheroneis superiorcomparedo others.Our
approachhowever, hastheadwantagehatfastbuilt-in bilinearor trilinear texture sampling
on GPUsis appliedfor the secondstageof the interpolationprocess—ndime-consuming
perpixel processings requiredhere.

Extensionsto the pure dye-densitymetaphorcan be readily included by modifying the
factorx in the transportequation(4). A usefulextensionis theincorporationof the dye's
ageto allow for a gradualfade-out An exponentialdecayof dye densitywith time canbe
achievedby iteratively multiplying x with a constantlecayfactor

5 Implementation and Results

To achieve high performancdor real-timevisualization 2D dyeadvectionhasbeenimple-
mentedon GPUs.This GPU versionis basedon DirectX 9.0 with HLSL andwastested
onaWindows XP PCwith ATl X800 XT (256 MB) GPUandPentium4 (2.8 GHz) CPU.
2D adwectionhasbeenimplementedrst becauseanefcient renderto-texturefunctional-
ity is only supportedoy 2D texturesso far. However, thereshouldnot be arny problemsin
realizinga correspondin@D version,asdiscussedor the underlyinglevel-setmethodin
[Wei04]. For example the ARB Superluffer extensionPer03 couldprovide amechanism
to directly renderinto 3D textures,which would leadto a comparablémplementatiorin
3D.

Figure4 shavsthe o wchartfor the completevisualizationprocessAll relevantinforma-
tion is storedin 2D textures.Thedensity eld r (x) andthelevel-set eld f (x) areheldin
differentcolorchannel®f acombinedoroperty eld textureT; . Additional noiseadwection
basedon IBFV [vWO02] canbe optionally emplo/ed. Noise propertiescanalso be stored
in the above property eld—in an otherwiseunusedcolor channel.The property eld is
updatedwithin pixel shademprogramsaccordingto Egs.(3) and(4) by directly rendering
into the propertytexture with a ping-pongschemgWei04].

Thedivergenceneededor Eq.(4) is pre-computean the CPUandtransferredo the GPU
within thebluechannelof thevector eld texture. Theredandgreenchannelsareusedfor
the vy andvy component®f thevector eld. For anunsteadyo w, thevector eld texture
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Figure4: Flowchartof thealgorithm.

needgo be updatedor eachtime step.The computatiorof modi ed densityvaluesatthe
dyeinterfaceis appliedto the propertytexture during eachadwectionstep.Here, ef cient
vectoroperationson GPUs(i.e., simultaneousomputationson RGBA componentspare
exploitedto simultaneouslyake into accounthefour neighboringpointsof atexel cell for
themodi ed interpolationschemeAs pointedoutin [Wei04], the level-setreinitialization
is executedonly eachn,einit-th step.For the nal display a colortable(adependentexture)
mapsthe densityvaluesr (x) to colors—hut only within the dye regions de ned by the
level-set.Theproperty eld is representethy 16-bit x ed-pointnumbersThevector eld
usuallyneedsa higherresolutionand,thereforejs heldin a 32-bit oating-point texture.
Figure 5 shavs examplesgeneratedy the abose implementation All imagescontaina
combinationof noiseadwectionanddye adwectionwith divergence-basedensitycontrol.
A sparsdnput noisetextureis employedto reveal the downstreanmdirectionof the vector
elds. Figure5 comparedevel-setadwectionwithout specialinterpolationat the dyeinter
face(in (a)) againstthesamevisualizationwith theinterface-avareinterpolationschemein
(b)). All otherimagesarebasedntheinterface-avareinterpolantFigure5 (c) shavselec-
tric eld linesof anelectricdipole andFigure5 (d) depictsa datasetwith sinks,sources,
andavortex. Figure5 (e) visualizegheunsteadyindow o w of thenumericalsimulation
of Hurricanelsabel[Vis04], Figure5 (f) shavs a tornado(datasetis courtesyof Roger
Craw s). In all exampleimages,dye placementvasbasedon userinteraction—theuser
virtually paintednewly releasedlyeinto the o w by usingmouseinteraction.
Performance@umbersaaredocumentedh Tablel. Renderingspeeddependsdinearly onthe
numberof texels,asshovn in the comparisorof differentviewport sizes.For nyeinit = 40,
semi-Lagrangiaradwection and level-setadwection have similar performanceThe frame
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Figure5: Examplesof combineddye and noiseadwection: Vortex datasetin images(a)
(withoutmodi cation) andimage(b) (with extendednterpolationscheme)Thefollowing
examplesareall basedon the extendedinterpolationschemeelectricdipolein image(c),
andsinks,sourcesandavortex in (d), simulationof Hurricanelsabelin (e),andatornado
in (f).

Tablel: Performancef GPU-base@®D dye adwectionin framespersecondon ATl X800
XT.

Viewportsize 512 768 1024
Semi-Lagrangiaadwection 928.0 416.9 244.3
Level-setadwection 806.7 369.4 209.4

Semi-Lagrangiarw corvergence 845.5 387.8 223.0
Level-set/w corvergence 384.9 1745 979




ratesfor traditional semi-Lagrangiaradvectionwith a control of dye densityarein the
sameperformanceange.Iln contrast,the combinationof level-setadwectionand density
control leadsto a decreasef renderingspeedby a factor of 2, which is causedby the
additionalcomputatiorof modi ed densityvalues.

6 Conclusionand Futur e Work

We have presentedin extendedtexture transportmechanisnthat representandmodi es
the densityof dye accordingto the corvergenceand divergenceof the underlying o w.
We have shavn how this mechanisntanbeincorporatednto semi-Lagrangiamdvection
of property elds andlevel-setadwectionof dye interfaces.Moreover, our approachcan
be directly mappedto GPUsin orderto achieve real-timevisualization.In this way, the
divergencepropertiescanbe interactvely explored. In future work, semi-Lagrangiar3D
textureadwection[WEOQ4] couldbeextendedo incorporatedevel-setadwectionandcontrol
of dyedensity

A Derivation of Density Modi cation

The changeof dye densityis causedby a changeof relative volume/areacoveredby the
dye. Therefore we derive a relationshipbetweendivergenceandrate of volume change.
Thefollowing discussions basen 2D, but canbeextendedo nD. Startingfrom asquare
with aread;, we computehearead, of theadwectedquadby approximatinghetransporof
its four cornerpointswith rst-order approximationWe candeterminghevelocity vectors
atthepointsA,; B;C; D arounda givenpoint xp(tg) by Taylor expansionupto linearterms:

T() = u(xo(to);to) + ,,lxu(xO(to);to)Dx+ %u(xO(tO);to)Dx+

Without lossof generality we setA = Xo(tp). The abore equationcanbe extendedto 3D
by addingathird componentwhich leadsto onemoredirectionalderivative. Theadwected
points A% B2 CC DO are estimatedby using the velocity vectorsfor one Euler integration
step:

A2 = Xox(to) + Ux(Xo(to) ; to) Dt

A) = Xoy(to) + Uy(Xo(to);to) Dt

B = Xox(to) + Dx+ [Ux(Xo(to):to) + g5 Ux(Xo(to); to) DXIDX

BY = Xoy(to) + [Uy(Xo(to);to) + %(Uy(xo(to);to) DxJDt

CR= Xox(to) + Dx+ [ux(Xo(to);to) + 7 Ux(Xo(to);to) DX+ <& Ux(Xo(to);to) DXIDX
Cy= Xoy(to) + Dx-+ [uy(Xo(to);to) + +Uy(Xo(to); to) Dx+ uy(Xo(to); to) DXIDX
DY = Xox(to) + [Ux(%o(to);to) + 4 Ux(Xo(to);to) DXIDX

Dy = Xoy(to) + Dt + [Uy(Xo(to); to) + %,Uy(xo(to):to) DX|Dx
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Figure6: Quadafteroneadvectionstep.

Thearead, of theadwectedquad,asshavn in Figure6, canbe computedvia the determi-
nant.Theapproximatedireais determinedy neglectinghigherorderterms:

Ac By Bx Cx Cx Dx Dx A
b= 1 X + + +
2 A By By G Gy Dy Dy A

Dx2 + [%(Ux(xo(to);to) + 77*773,Uy(xo(to);to)]DX2Dt

) % = 1+ Dtdiv u(xo(to);to)

Sincearearatio andthereciprocalof densityratio areproportionalwe can nally solvefor
thenew density:

&b _ r(x(to Di)to DX)

o I (X(to);to)

)= (X0 Dito DY)
r(x(%)ito) = T S ux(to) o)
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