
EUROGRAPHICS2004/ M.-P. CaniandM. Slater
(GuestEditors)

Volume23 (2004), Number3

GPU-BasedNonlinear Ray Tracing

D. Weiskopf, T. Schafhitzel,andT. Ertl

Instituteof VisualizationandInteractiveSystems
Universityof Stuttgart

Abstract
In this paper, wepresenta mappingof nonlinearray tracingto theGPU which avoidsanydatatransferback to
mainmemory. Therenderingprocessconsistsof the following parts: ray setupaccording to thecamera param-
eters, ray integration, ray–objectintersection,and local illumination. Bentraysare approximatedby polygonal
linesthat are representedby textures.Rayintegration is basedon an iterativenumericalsolutionof ordinary dif-
ferential equationswhoseinitial valuesare determinedduring ray setup.To improvetherenderingperformance,
weproposeacceleration techniquessuch asearly ray terminationandadaptiveray integration. Finally, wedis-
cussa variety of applicationsthat range from the visualizationof dynamicalsystemsto the general relativistic
visualizationin astrophysicsandtherenderingof thecontinuousrefractionin mediawith varyingdensity.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.3[ComputerGraphics]:Picture/ImageGeneration
I.3.7 [ComputerGraphics]:Three-DimensionalGraphicsandRealism

1. Intr oduction

Ray tracingis a versatiletechniquefor the computationof
global illumination and, therefore,is widely usedin com-
putergraphics.It is basedon geometricopticsandis deter-
minedby two major components—thepropagation of light
betweensceneobjectsandtheinteractionbetweenlight and
matter. Theunderlyingmathematicalframework canbefor-
mulatedin the form of the renderingequation[Kaj86]. In
traditionalray tracing,the interactionis restrictedto re�ec-
tion andtransmissionpointson theobjects'surfacesandthe
light propagation is assumedto be linear betweenthesein-
tersectionpoints.Nonlinearraytracinggeneralizesthelight-
propagationstepby includingcurvedlight rays,while keep-
ing thetraditionalre�ection andtransmissioncomputations.
This model is an appropriatedescriptionfor a numberof
physical scenarios,suchas gravitational lensingby strong
gravitational sources(like galaxy clustersor neutronstars)
or light propagation within a mediumwith a space-variant
index of refraction(like miragesor in thevicinity of explo-
sions).

Nonlinearray tracingbuilds uponlinear ray tracingand
essentiallyextends the representationof light rays—bent
rays are approximatedby polygonal lines. Unfortunately,
this polygonalrepresentationleadsto a signi�cant increase
in the numberof ray–objectintersectionsthat have to be

computed.Typically, nonlinearraytracingis slowerby more
thanoneor two ordersof magnitude,comparedto linearray
tracingfor thesamescene.Thegoalof this paperis to pro-
videafastGPUimplementationof nonlinearraytracingthat
exploits the strengthsof currentGPUsby realizingall ray-
tracingstepswithout any datatransferbackto main mem-
ory. In addition to this direct GPU mapping,we introduce
a numberof accelerationtechniquesto further improve the
renderingperformance,e.g.,earlyray terminationandadap-
tive ray integration.Finally, we discussexamplesfrom the
visualizationof dynamicalsystems,generalrelativistic visu-
alizationin astrophysics,andtherenderingof thecontinuous
refractionin mediawith varyingdensity.

2. PreviousWork

Relatedprevious work canbe separatedinto two different
categoriesthathavenotyetbeeninvestigatedtogether:GPU-
basedmethodsand nonlinearray tracing. With respectto
GPU techniques,the implementationsof linear ray tracing
[PBMH02] and the computationof intersectionsbetween
raysandtriangles[CHH02] aremostrelevantfor this paper.
Recently, this line of researchhasbeenextendedto photon
mapping[PDC� 03], andradiosityandsubsurfacescattering
[CHH03] on GPUs.In general,thereis a prevailing trend
towardsusingGPUsfor a variety of generalpurposecom-
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putations[GPG04],e.g.,for matrix andoptimizationopera-
tions[BFGS03, HMG03, KW03], or thesimulationof cloud
dynamics[HBSL03].

In thesecondcategory, Gröller [Grö95]presentsageneric
approachfor CPU-basednonlinearray tracinganddiscusses
a numberof applicationsfor visualizingmathematicaland
physical systems.A speci�c applicationof nonlinearray
tracing is the visualizationof gravitational light bending
within generalrelativity [HW01, KWR02, Wei00]. In the
physics literature,the light de�ection by neutronstarsand
black holes is of special interest [NRHK89, Nem93]. Fi-
nally, nonlinear ray tracing can be used to simulate the
continuousrefraction in a medium that exhibits a space-
variant index of refraction,e.g., in the vicinity of explo-
sions[YOH00] or for therefractionaspectsfoundin mirages
[BTL90].

3. BasicAr chitecture for Nonlinear Ray Tracing

Our architecture for nonlinear ray tracing is built
upon the structure of GPU-based linear ray tracing
[CHH02,PBMH02]. Two categoriesof entitieshave to be
represented:sceneobjectsandlight rays.Neglectingpossi-
ble accelerationdatastructures(like octrees),a key element
of linear ray tracing is the intersectionbetweennrays rays
andnobjs objects.With [CHH02], this nrays� nobjs problem
couldberegardedto havea“crossbar”structure.OnaGPU,
thesceneobjectscanberepresentedby vertex-basedgeom-
etry, andthe rayscanbe representedby textures.Fragment
operationsin programmablepixel shadersallow us to com-
binetexturesandgeometryin sucha “crossbar”fashion.

Nonlinearraytracingintroducesanadditionaldimension:
eachray consistsof a numberof ray segments,nsegs. Stated
differently, a three-dimensional“crossbar”structurewould
berequiredfor thisnrays� nobjs� nsegs problem.Weseparate
the three-dimensionalstructureinto two levels. In an inner
loop, nrays� nobjs intersectioncomputationsareperformed,
onefor a singlesegmentof eachray. This part is analogous
to the implementationof linear ray tracing.The outer loop
iteratesoverall segmentsnsegs.

We restrict ourselves to a ray castingmodel, traversing
only primaryeye rays.Shadow raysareproblematicin non-
linear ray tracing becausea linear projection from light
sourcesto sceneobjectsis generallynot possible(seethe
discussionin [Grö95]).Therefore,secondaryeffectsarene-
glected.Figure1 illustratesthecompletearchitecturefor this
basicnonlinearray tracing.Ray segmentsarestoredin 2D
texturesthathave a one-to-onemappingto thecorrespond-
ing pixelson theimageplane.Sceneobjectsarerepresented
by vertex-basedgeometry. In the�rst step,theinitial values
for the�rst segmentof eachrayaresetaccordingto thecam-
eraparameters.Thesubsequentthreestepsareiteratedover
all segmentsnsegs. This loop begins with the computation
of thecurrentray segment,guidedby theordinarydifferen-
tial equation(ODE) of an underlyingmodelfor the curved
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Figure1: Architecture for nonlinearray tracing.

rays. Then, the nrays � nobjs intersectioncomputationsare
performedfor thecurrentsegmentindex. Finally, pixelsare
shadedvia a local illumination modelwhenan intersection
is found.Sincethenumberof ray segmentsis �x edandthe
samefor all rays,the loop over segmentscanbe conceptu-
ally unrolled.Therefore,the ray-tracingarchitectureis still
compatiblewith thestreamingmodelon GPUs[PBMH02].
In thefollowing subsections,thepreviouslymentionedsteps
arediscussedin moredetail.

3.1. Ray Setup

Ray setupcomputesthe initial valuesfor the primary rays.
In general,the stateof a point on a ray is describedby its
position x 2 R3 and its direction v 2 R3. We denotethe
combinationp � (x;v) as an elementin ray phasespace
P = R6. Theray phasespaceelementsarestoredin 2D tex-
tureswhosetexelscorrespondto theassociatedpixelsonthe
imageplane.The six componentsof p aredistributedover
two textures:onetexture for positions,theothertexture for
directions.In our implementation,the componentsof these
texturesare storedwith �oating-point precisionfor maxi-
mum accuracy and �e xibility . During ray setup,the initial
valuesfor x aresetto thecameraposition,andthevaluesfor
v aredeterminedby thedirectiontowardsthecorresponding
pixel. Thetexturefor v is �lled by renderinga quadrilateral
thatcoverstheimageplane,usingapixel shaderprogramfor
thecomputationof theinitial directions.Thetexturefor x is
initializedby writing the(constant)cameraposition.

3.2. Ray Integration

In a genericapproachto nonlinearray tracing,the bending
of raysis determinedby anequationof motion in the form
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of asystemof ODEs,

dx(t )
dt

= v(t ) ;

dv(t )
dt

= f(x(t );v(t ); : : : ) ; (1)

wheret describesthe parameterizationalongthe rays.The
propertiesof the equationof motion aredeterminedby the
function f. The dots indicatethat therecould be additional
parametersthat affect the propagation of light. The ini-
tial valueproblemfor thesedifferentialequationscould be
solved by any explicit numerical integration scheme.For
simplicity weconsider�rst-order Eulerintegration,

xi+ 1 = hvi + xi ;

vi+ 1 = hf(xi ;vi ; : : : ) + vi ; (2)

with the stepsizeh andthe index i for the pointsalongthe
polygonalapproximationof the light rays.At eachintegra-
tion step,a readaccessto the textureswith index i and a
write accessto the textureswith index i + 1 is required.To
save memory, only thesetwo copiesof texturesareheldon
theGPU.After eachintegrationstep,the two copiesareal-
ternatinglyexchangedin aping-pongrenderingscheme.The
numericaloperationsfor Eq. (2) areimplementedin a pixel
shaderprogramthatoutputsits resultsto multiplerendertar-
gets,namelythex andv textures.Onceagain,thefragments
aregeneratedby renderinga singleviewport-�lling quadri-
lateral.

We allow theuserto choosetheintegrationstepsizeh in-
dependentlyfrom theray segmentlength.Typically, a large
numberof integrationstepsis requiredto achieve anappro-
priatenumericalaccuracy. In contrast,thenumberof rayseg-
mentscouldbesmallerwithout introducinginaccuracy arti-
factsin theray–objectintersection.A user-speci�edparam-
eternintegration describesthe numberof internal integration
stepsbeforea singleray segmentis output to the intersec-
tion process.A typical valuefor nintegration is 10.

3.3. Ray–Object Intersection

A ray segmentis de�ned by the line betweenxi and xi+ 1
from the two latestpoints in ray phasespace.Ray–object
intersectionsarecomputeddirectly after the ray integration
step. In this way, previous, older segmentsare no longer
neededandcanbediscarded;i.e., this is a reasonwhy only
two copiesof theray phasespacetextureshave to bestored
simultaneously.

Our implementationsupportstriangles and spheresas
primitive objects. For triangle–ray intersection,we have
adoptedthe approachby Carr et al. [CHH02] andaddeda
checkfor the�nite extentof a segment.Thecomputationof
sphere–rayintersectionis basedon [Gla93] andalso takes
into accounta �nite segment length.Following [CHH02],
asinglesceneobjectis representedby avertex-basedprimi-
tive.Theobjectparametersaretransferredto thepixel shader

programin the form of attachedtexture coordinates.The
intersectionbetweenan objectandall rays is triggeredby
renderingaviewport-�lling quad.Thepixel shaderprogram
checkswhetheranintersectiontakesplaceand,if that is the
case,computestheintersectionpoint.

Visibility is determinedby including a test against the
depthvalue that is storedin a depthtexture. If the current
intersectionpoint is closer, thedepthtexturewill beupdated
andthe correspondingpixel will be drawn (asdescribedin
thefollowing subsectiononlocalillumination).Notethatthe
z value(in eye or clip coordinates)is not appropriateto de-
scribeadepthorderingfor nonlinearraytracing.Instead,the
monotonicallyincreasingindex i servesasameasurefor the
distancebetweencameraanda point on a ray. For theloca-
tion of a point within a segment,we usea local coordinate
that hasvalue0 at the beginning of the segmentandvalue
1 at the end.The summationof the integer index i andthe
fractionalpart from the local coordinateresultsin an accu-
ratedepthordering.The depthbuffer is implementedby a
�oating-point texture.The simultaneousreadandwrite ac-
cessfor thisdepthbuffer is realizedby ping-pongrendering.

3.4. Local Illumination

Thelaststepis thelocal illuminationat theray–objectinter-
sectionpoints.The currentimplementationsupportsambi-
entlighting andlight-emittingobjects.Texturescanbeused
to modulatethe materialpropertiesof objects.In addition,
“f ake” Blinn-Phongillumination is implemented,basedon
straightconnectionsbetweena hit point on the surfaceand
thelight sources.This modelis mainly usedfor testingpur-
poses.

Basedon the position of the intersection,texture coor-
dinates,normal vectors,and materialcolors are computed
by interpolationandusedto evaluatethe local illumination
model. Finally, the value is updatedin the image buffer,
which is a texture that holds the intermediatepixel colors.
Sincelocalilluminationrequiresinformationabouttheinter-
sectionpoint,its implementationis combinedwith theabove
intersectioncomputationin asinglepixel shaderprogram.

4. AccelerationTechniquesand Extensions

4.1. Early Ray Termination

Nonlinearray tracingbuildsuponalargenumberof rayseg-
mentsof �nite length.Therefore,thetotal lengthof raysdi-
rectly determinesthe renderingtime. The goal of early ray
terminationis to reducethecomputationalstepsby pruning
rays. We considertwo different conditionsunderwhich a
ray canbestoppedwithout introducingany errors.The�rst
pruningcriterionexploits thefactthatonly the�rst hit is re-
quiredfor opaquesceneobjects:Once(at least)oneintersec-
tion is foundwithin araysegment,nofurthersegmentsneed
to begeneratedandtraversed.Thesecondcriterionrelieson
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Figure2: Data �ow with early ray termination.

cuttingraysthathave left thesceneandpropagateto in�nity
without any chanceof intersectingobjects.Here,a bound-
ing geometryis laid aroundthe scene,andrays that inter-
sectthisgeometryarediscarded.Our implementationusesa
boundingspherethatcontainsall sceneobjectsandis placed
in almost�at spacein which rayscannot“turn around”and
propagatebackinto thescene.

Early ray terminationessentiallyleadsto a conditional
breakin the loop over ray segments.Sincebreaksare not
compatiblewith thestreamingmodelof GPUs,we propose
the following approach.As shown in Figure2, a complete
loop over all segmentsnsegs is performedfor all rays.How-
ever, the expensive computationsfor ray integration,inter-
sections,andlocal illuminationareconceptuallyskippedfor
terminatedrays.Theearlyz testis effective in abortingpixel
operationsearlyandthereforecutsdown computationtimes
signi�cantly. Theearlyztestallowsusto essentiallyskipthe
pixel shaderoperationsfor theintegration,computation,and
illuminationof terminatedrays,eventhoughthecorrespond-
ing fragmentsarestill generatedduringrasterization.

The early z test is implicitly enabledon modernGPUs,
but works only undersomeconditions.Most importantly,
the depthvalue of a fragmentmust not be modi�ed by a
pixel shaderprogram.In thearchitecturefrom Figure2, the
pixel shaderfor the “Testfor Ray Termination”checksthe
aforementionedterminationcriteria.It outputsadepthvalue
of 1 (i.e., thedistanceof thefar clipping plane)if theray is
not terminated,anda valueof 0 (i.e., nearclipping plane)
if theray is terminated.This stepdoesnot yet usetheearly
z test.The subsequentsteps,however, are realizedby ren-
deringquadrilateralswith a constantz valueof 0:5 andcan

thereforeexploit the early z testto discardpixel operations
for terminatedrays.

4.2. AdaptiveRay Integration

Adaptiveray integrationis anapproachto increasebothren-
deringperformanceandquality. We adoptthe ideaof step-
size control from adaptive numericalintegration schemes.
In a step-doublingapproach,eachintegrationstepis taken
twice, onceas a full step,then, independentlyas two half
steps.The differencebetweenboth resultsis a measurefor
theaccuracy associatedwith thecurrentstepsize.If thedif-
ferenceis below agiventhreshold,thestepsizeis increased;
if the differenceis larger than anotherthreshold,the step-
size is decreased.Sincepixel shaderprogramsdo not sup-
portconditionalbranching,thisdecisionis realizedby using
compareinstructions(cmp commandin DirectX).

The GPU implementationis illustratedin Figure3. The
stepswith sizesh andh=2 arecomputedby theEulerintegra-
tion processfrom Section3.2. The currentstepsize,which
maydiffer from rayto ray, is storedin thepreviouslyunused
fourthcomponentof thev texture.The“ComputeNew Step-
size” pixel shadercomparesbothresultsanddeterminesthe
stepsizefor thesubsequentintegrationstep.

Previous Point in
Ray Phase Space

ODE Integration
With Step h

ODE Integration
With Step h/2

ODE Integration
With Step h/2

Compute New
Stepsize

Figure3: Adaptiveray integration.

Stepsizecontrolnot only improvesthespeedandquality
of numericalintegration,but, at the sametime, canreduce
thenumberof raysegments.For example,regionswith only
weakly curved rays are coveredwith large segmentsand,
therefore,only few intersectioncomputationsarerequired.
Of course,this speed-upis only effective in combination
with early ray terminationat sceneboundariesandobjects
becauseotherwiseintegrationandintersectioncomputations
would be performedfor a constant,maximumnumberof
segments.

c
 TheEurographicsAssociationandBlackwellPublishing2004.



D. Weiskopf, T. Schafhitzel& T. Ertl / GPU-BasedNonlinearRayTracing

4.3. Envir onmentMapping for Asymptotically Flat Sky

Light rays that leave the sceneboundaryusually result in
thebackgroundcolor. As analternative, we useanenviron-
menttexturethatrepresentslight-emittingobjectsat in�nity .
A cubetexture implementssucha “sky box”, wherethedi-
rectionv of a ray at the boundaryservesastexture coordi-
nates.This modelis valid for scenariosin which thebound-
ary geometryalreadyis in (almost)�at regions(whererays
arenotor only slightly bent).

5. Applications

5.1. Visualization of Nonlinear Dynamics

One�eld of applicationfor nonlinearray tracingis the vi-
sualizationof dynamicalsystems.Nonlineardynamicsand
chaoticbehavior canbe investigatedby examiningpathsin
phasespacethatdescribethetemporalevolutionof adynam-
ical system[ASY96]. We follow [Grö95] in discussingtwo
examplesfor chaoticsystems—theLorenzandthe Rössler
systems.TheLorenzsystem[Lor63] is governedby

f(x) =

0

@
s(y� x)

r x� y� xz
xy� bz

1

A ;

with x = (x;y;z). Figure 4 (b) shows an example for ray
tracingwith the parametersb = 8=3, s = 10, r = 28. The
Rösslersystem[Rös76]is describedby

f(x) =

0

@
� (x+ z)
x+ ay

b+ z(x� g)

1

A :

A possiblechoiceof parametersis a = 3=8,b = 2,andg= 4.

5.2. Motion in a Potential Field

Another closely relatedexample for nonlinearray tracing
usesthe motion in a potential�eld to modelcurved paths.
The equationof motion for a particlewithin a radial force
�eld thatis centeredaroundthepoint xc yields:

f(x) = �
(x � xc)

r
x(r) ;

wherer = jj x � xcjj is the distanceto the centerpoint, and
the function x(r) describesthe radial behavior. This force
�eld subsumestheYukawapotential,

V(x) = z
e� µr

r
;

which representsthe effective potentialfor a large classof
fundamentalphysicalparticle–particleinteractions[Gro93].
The correspondingforce is computedby determiningthe
gradientof the potential,i.e., f(x) = �r V. The parameter
µ re�ects therestmassof theparticlesthatmediatetheinter-
action;z is a constantscalingfactor. For example,electro-
magneticinteractionis mediatedby masslessphotons(the

gaugebosonsof theMaxwell �eld) andthereforehasµ = 0.
Similarly, Newton's law of gravitation alsohasvanishingµ.
On theotherhand,thestronginteractionbetweennucleons
(suchasprotonsor neutrons)is mediatedby heavy particles,
which reducestherangeof interactionandis describedby a
non-vanishingpositive valuefor µ. Adopting a generalized
radial�eld, x(r) canrepresentany continuousfunction.The
examplein Figure4 (c) uses

x(r) = 2
r3

R3 � 3
r2

R2 + 1 ;

for 0 � x � R [Grö95].

5.3. Air with Continuously Varying Index of Refraction

Within a mediumwith a space-variant index of refraction,
light is subjectto continuousrefraction.Typically, a vary-
ing index of refractionis causedby a non-constantdensity
of air, for examplefor mirages[BTL90] or in thevicinity of
explosions[YOH00]. The modelof [YOH00] allows for a
discretizationof continuousrefraction:Theindex of refrac-
tion is updatedalong the light ray; andwhen the index of
refractionchangesby morethana threshold,thenew direc-
tion of the ray is computedaccordingto Snell's law using
thegradientof therefractionindex asthesurfacenormal.

Figure 4 (d) shows an exampleof light propagation in
a mediumwith varying index of refraction.The index of
refraction resemblesthe explosion model from [YOH00].
However, we do not usea numericalsimulationto compute
thespatialdistributionof theindex of refraction,but anoise-
basedproceduralmodelthatis notbasedonaphysicssimu-
lation.

5.4. GeneralRelativistic Visualization

Light is bent by gravitational sourcesand thereforenon-
linear ray tracing is ideally suitedfor the visualizationof
the effectsof generalrelativity on light propagation. Light
raysareidenticalto null geodesicswithin thecurvedspace-
timesof generalrelativity (seeAppendixA). Theunderlying
geodesicequationis a second-orderODE thatcanbetrans-
formedinto the structureof Eq. (1). Figure4 (e) illustrates
light bendingaroundanon-rotatingblackholewhosespace-
time is describedby theSchwarzschildmetric.For compari-
son,thetestscenefrom Figure4 (a) is used.Theastrophysi-
cal scenarioin Figure4 (f) showsaneutronstar(blue)anda
muchlessheavier, accompanying star(yellow) in front of a
backgroundstar�eld. Checkerboardtexturesareattachedto
thetwo starsto visualizethedistortionson thesurfaces.The
backgroundis representedby anenvironmenttexturethat is
mappedontoa “sky box” asdescribedin Section4.3.

Relativistic visualization supportsscientists in under-
standingnumericalor analyticalresultsfrom gravitational
researchbecauseit providesacompactrepresentationthatis
independentof the coordinatesystem[Wei00]. In addition,

c
 TheEurographicsAssociationandBlackwellPublishing2004.



D. Weiskopf, T. Schafhitzel& T. Ertl / GPU-BasedNonlinearRayTracing

(a) (b)

(c) (d)

(e) (f)

Figure 4: Imagesgeneratedby GPU-basednonlinearray tracing: (a) undistortedimage of the testscene;(b) raysgoverned
by theLorenzsystem,with thesametestsceneasin (a); (c) raysin a radial potential�eld; (d) raysin a mediumwith varying
index of refraction; (e) general relativistic ray tracing with a black hole (Schwarzschild spacetime).Image (f) visualizesan
astrophysicalscenariowith a neutronstar (blue)anda much lessheavier, accompanyingstar (yellow)in frontof a background
star �eld. Checkerboard texturesareattachedto thetwostars to revealthedistortionson thesurfaces.
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visualizationalsoservesasatool in teachingphysicscourses
andexplaining importantaspectsof relativity to thepublic,
e.g.,in popular-science�lms or exhibitions.

6. Implementation and Results

Our implementationis basedon DirectX 9.0, andall frag-
mentoperationsareformulatedin theassembler-level Pixel
Shader2.0language.Weuse32bit �oating-point texturesto
representthedepthvaluesandthepositionsx anddirections
v along rays. Testswith 16 bit �oating-point textures led
to a signi�cantly degradedimagequality and thusshowed
that the accuracy of integration and intersectioncomputa-
tions was heavily affected. All imagesin Figure 4 were
generatedby our ray-tracingsystemon a Windows XP PC
with an ATI Radeon9700 (128 MB) GPU and a Pentium
4 (2.8 GHz) CPU. The following measurementswerealso
performedwith thishardwarecon�guration.

Figure5 showstheperformancecharacteristicsfor avary-
ing numberof sphericalsceneobjects.The other parame-
tersare�x ed:Theviewport hasa sizeof 800� 600pixels;
500 integrationstepsarecomputedwithin a Schwarzschild
spacetime(Section5.4),leadingto 50raysegments.Theup-
per (slower) curve in Figure5 representsthe original, non-
optimizedimplementationfrom Section3, while the lower
(faster)line displaystherenderingperformancefor ray trac-
ing with early ray terminationandadaptive ray integration
from Section4. The vertical offset of the two curves for
nobjs = 1 indicateshow muchtimeis spentto solvetheODE
andconstructthe curved rays.Under the presenttest con-
ditions, theaccelerationtechniquesreducethecomputation
timesby someforty percent.More importantly, theslopeof
the lower curve is muchsmallerthantheslopeof theupper
curve,i.e.,theaccelerationmethodsimprovetheintersection
computationsby pruning the rays.Both curves are almost
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Figure 5: Comparisonof renderingtimesfor accelerated
and non-acceleratednonlinearray tracing. Thenumberof
spheresin thescenechangesalongthehorizontalaxis.

Table 1: Renderingtimesin secondson a 800� 600 view-
port, with 10 sceneobjects,30 ray segments,and300 inte-
grationsteps.

No Acceleration Acceleration
Methods Methods

LorenzSystem 3.87 3.13
PotentialField 4.22 1.16
VaryingIndex 3.35 2.42
of Refraction
Schwarzschild 4.91 3.79

straightlines,whichshows thattheintersectionandshading
stepsdependlinearlyon thenumberof sceneobjects.

Table1 documentsrenderingtimes for differentmodels
of curved rays.We compareresultsfor the Lorenzsystem,
a potential�eld, a mediumwith varyingindex of refraction,
and the Schwarzschildmetric. The viewport hasa size of
800� 600pixels,thesceneconsistsof 10 sphericalobjects,
and 300 integration stepswere performedto build 30 ray
segmentseach.The �rst columnshows the renderingtimes
for the non-optimizedimplementation.The Schwarzschild
solver is slower than the solvers for the other modelsbe-
causeits evaluationof thefunctionf involvesa largernum-
ber of numericalinstructions.The secondcolumn re�ects
the renderingtimes for the accelerationmethods.Render-
ing is faster, althoughthe speed-upheavily dependson the
underlyingODE system.In our examplefor the potential
�eld, only aweakattractiveforceis applied,leadingto rather
straightlight rays.Therefore,a signi�cant increasein speed
canbeachievedby adaptive integration.

7. Conclusionand Futur eWork

We have presenteda fastGPUimplementationof nonlinear
ray tracingthatavoidsany datatransferbackto mainmem-
ory. Curvedlight raysarerepresentedby polygonallinesthat
areconstructedvia an iterative numericalODE solver. The
renderingprocesscanbemappedto thestreamingmodelof
currentGPUsby subsequentlyexecutingraysetup,ray inte-
gration,ray–objectintersection,andlocal illumination. We
have proposedtwo accelerationtechniquesto improve the
renderingperformance:early ray terminationandadaptive
ray integration.In particular, we have investigatedwaysto
introducesuchaccelerationtechniquesinto thestreamingar-
chitectureonGPUs.

In futurework, someof thebottlenecksof thecurrentim-
plementationcouldbeaddressed.Especially, the inner loop
for the internal ODE integration stepscould be unrolled
within a longer pixel shaderprogram.In this way, much
communicationvia the �oating-point texturesfor ray posi-
tions and directionscould be avoided.Furthermore,space
partitioningstrategiesthatareknown from linearray tracing
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couldbeincorporatedto achieve a betterscalabilitywith re-
spectto thenumberof sceneobjects.Finally, deferredshad-
ing could be usedto acceleratethe illumination computa-
tion. By deferringtheshadingprocessto theveryendof the
ray-tracingalgorithm,lighting would only be evaluatedfor
actuallyhit points.
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Appendix A: Geodesicsin Spacetime

Here,a brief discussionof themathematicalbackgroundof
generalrelativity and,in particular, thepropagationof light
is given. For a comprehensive presentationwe refer to the
textbooks[MTW73, Wei72]. The conceptof curved space-
time is thegeometricbasisfor generalrelativity. Spacetime
is a pseudo-Riemannianmanifoldandcanbe characterized
by thein�nitesimal distanceds,

ds2 =
3

å
µ;n= 0

gµn(x) dxµ dxn ;

wheregµn(x) areentriesin a 4� 4 matrix, representingthe
metrictensorat thepoint x in spacetime.Thequantitiesdxµ

describean in�nitesimal distancein the µ direction of the
coordinatesystem.Trajectoriesof freely falling objectsare
identical to geodesics.Geodesicsare the generalizationof
theideaof straightestlinesto curvedmanifoldsandaresolu-
tionsto thegeodesicequations,asetof second-orderODEs:

d2xµ(t )
dt 2 +

3

å
n;r = 0

Gµ
nr (x)

dxn(t )
dt

dxr (t )
dt

= 0 ;

where t is an af�ne parameteralong the geodesic.The
Christoffel symbolsGµ

nr aredeterminedby the metric ac-
cordingto

Gµ
nr (x) =

1
2

3

å
a= 0

gµa (x)
�

¶gan(x)
¶xr +

¶gar (x)
¶xn �

¶gnr (x)
¶xa

�
;

wheregµa (x) is the inverseof gµa (x). Light raysarea spe-
cial classof geodesics:lightlikeor null geodesics,whichful-
�ll thenull condition,

3

å
µ;n= 0

gµn(x)
dxµ(t )

dt
dxn(t )

dt
= 0 :

During ray setup,the initial position in spacetimeand the
initial spatialdirectionof the light ray aredeterminedasin
the othermodelsfrom Section5. The temporalcomponent
of theinitial directionis thencomputedaccordingto thenull
condition.

An important class of spacetimesis describedby the
Schwarzschildmetric,

ds2 =
�

1�
2M
r

�
dt2 �

dr2

1� 2M=r
� r2

�
dq2 + sin2 qdf 2

�
:

Thismetricrepresentsavacuumsolutionfor Einstein'sgen-
eral relativistic �eld equationsanddescribesthe spacetime
arounda non-rotating,non-charged,sphericallysymmetric
distribution of matterandenergy. It appliesto many com-
pactastrophysicalobjects,for example,to regularstars,neu-
tron stars,or black holes.We chooseunits in which the
speedof light andthe gravitational constantare1. The pa-
rameterM denotesthemassof thesourceof gravitation. In
asymptotically�at outer regions of spacetime,the spheri-
cal Schwarzschildcoordinates,r, q, andf , are identical to
the standardsphericalcoordinatesof �at space.In our im-
plementation,the sphericalSchwarzschildcoordinatesare
transformedinto pseudo-CartesianSchwarzschild coordi-
nates.In thisway, thex, y, andzcomponentsin theraysetup
canbe directly usedas input to the Schwarzschildmetric.
Finally, t denotestime. Thetemporalcomponentof thepo-
sitionsxµ(t ) canbeneglectedin stationaryscenes.
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