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Abstract

In this paper we presenta mappingof nonlinearray tracing to the GPU which avoidsany datatransferbad to
main memory Therenderingprocessconsistsof the following parts: ray setupaccoding to the camen param-
eters, ray integration, ray—objectintersection,and local illumination. Bentraysare approximatedby polygonal
linesthat are representedy textures.Rayintegration is basedon an iterative numericalsolutionof ordinary dif-
ferential equationawhoseinitial valuesare determinediuring ray setup.To improve therenderingperformance
we proposeacceleation techniquessud as early ray terminationand adaptiveray integration. Finally, we dis-
cussa variety of applicationsthat range from the visualizationof dynamicalsystemgo the geneal relativistic
visualizationin astophysicsandtherenderingof the continuougefractionin mediawith varyingdensity

CatagyoriesandSubjectDescriptorgaccordingo ACM CCS) 1.3.3[ComputerGraphics]Picture/Imagéseneration
1.3.7 [ComputerGraphics]:Three-DimensionabraphicsandRealism

1. Intr oduction

Ray tracingis a versatiletechniquefor the computationof
global illumination and, therefore,is widely usedin com-
putergraphicslt is basedon geometricopticsandis deter
minedby two major components—theropagtion of light
betweersceneobjectsandtheinteractionbetweeright and
matter The underlyingmathematicaframevork canbefor-
mulatedin the form of the renderingequation[Kaj86]. In
traditionalray tracing,the interactionis restrictedto re ec-
tion andtransmissiompointson the objects'surfacesandthe
light propagtionis assumedo be linear betweenthesein-
tersectiompoints.Nonlinearraytracinggeneralizeshelight-
propagtionstepby includingcurvedlight rays,while keep-

ing thetraditionalre ection andtransmissiorcomputations.

This modelis an appropriatedescriptionfor a numberof
physical scenariossuchas gravitational lensingby strong
gravitational sourceqlike galaxy clustersor neutronstars)
or light propagtion within a mediumwith a space-ariant
index of refraction(like miragesor in thevicinity of explo-
sions).

Nonlinearray tracing builds uponlinear ray tracingand
essentiallyextendsthe representatiorof light rays—bent
rays are approximatedby polygonallines. Unfortunately
this polygonalrepresentatiofeadsto a signi cant increase
in the numberof ray—objectintersectionghat have to be
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computedTypically, nonlinearaytracingis slower by more
thanoneor two ordersof magnitudecomparedo linearray

tracingfor the samescene The goal of this paperis to pro-

vide afastGPUimplementatiorof nonlinearay tracingthat
exploits the strengthsof currentGPUsby realizingall ray-

tracing stepswithout ary datatransferbackto main mem-
ory. In additionto this direct GPU mapping,we introduce
a numberof acceleratiortechniquego furtherimprove the

renderingperformancee.g.,earlyray terminationandadap-
tive ray integration. Finally, we discussexamplesfrom the

visualizationof dynamicalsystemsgeneratelatiistic visu-

alizationin astroplysics,andtherenderingof thecontinuous
refractionin mediawith varyingdensity

2. Previous Work

Relatedprevious work can be separatednto two different
catgoriesthathave notyetbeeninvesticatedtogetherGPU-
basedmethodsand nonlinearray tracing. With respectto

GPU techniquesthe implementation®f linear ray tracing
[PBMHO02] and the computationof intersectionshetween
raysandtriangles]CHHO2] aremostrelevantfor this paper

Recently this line of researchhasbeenextendedto photon
mapping[PDC 03], andradiosityandsubsurcescattering
[CHHO3] on GPUs.In generalthereis a prevailing trend
towardsusing GPUsfor a variety of generalpurposecom-
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putationgGPGO04],e.g.,for matrix andoptimizationopera-
tions[BFGS03 HMGO03, KWO03], or thesimulationof cloud
dynamicgHBSLO03].

In thesecondtateyory, Groller [Gro95] presents generic
approachor CPU-basedonlinearray tracinganddiscusses
a numberof applicationsfor visualizing mathematicabnd
physical systems.A speci ¢ applicationof nonlinearray
tracing is the visualizationof gravitational light bending
within generalrelatvity [HW01, KWR02, Wei0(d. In the
physics literature,the light de ection by neutronstarsand
black holesis of specialinterestNRHK89, Nem93. Fi-
nally, nonlinearray tracing can be usedto simulatethe
continuousrefractionin a medium that exhibits a space-
variant index of refraction, e.g.,in the vicinity of explo-
sions[Y OHOQ or for therefractionaspectfoundin mirages
[BTL9O].

3. BasicArchitecturefor Nonlinear Ray Tracing

Our architecture for nonlinear ray tracing is built

upon the structure of GPU-basedlinear ray tracing
[CHHO02,PBMHO02]. Two categoriesof entitieshave to be
representedsceneobjectsandlight rays.Neglecting possi-
ble acceleratioratastructureqlike octrees)a key element
of linear ray tracingis the intersectionbetweennrays rays
andngpjs objects.With [CHHO2], this nrays  Nopjs Problem
couldberegardedto have a“crossbar’structure OnaGPU,

the sceneobjectscanberepresentetly vertex-basedgeom-
etry, andtherayscanbe representedy textures.Fragment
operationsn programmablgixel shadersllow usto com-

binetexturesandgeometryin sucha“crossbar’fashion.

Nonlinearray tracingintroducesanadditionaldimension:
eachray consistof a numberof ray segments nsgs. Stated
differently; a three-dimensiondlcrossbar”structurewould
berequiredfor thisnrays  Nobjs  Nsegs Problem We separate
the three-dimensionadtructureinto two levels. In aninner
loop, nrays  Nopjs intersectioncomputationsare performed,
onefor asingleseggmentof eachray. This partis analogous
to the implementatiorof linear ray tracing. The outerloop
iteratesover all segmentsnses.

We restrictourselesto a ray castingmodel, traversing
only primaryeye rays.Shadev raysareproblematidn non-
linear ray tracing becausea linear projection from light
sourcesto sceneobjectsis generallynot possible(seethe
discussiorin [Grd95]). Therefore secondareffectsarene-
glected Figurelillustratesthecompletearchitecturdor this
basicnonlinearray tracing. Ray sggmentsare storedin 2D
texturesthat have a one-to-onemappingto the correspond-
ing pixelsontheimageplane.Sceneobjectsarerepresented
by vertex-basedyeometryin the rst step,theinitial values
for the rst segmentof eachray aresetaccordingo thecam-
eraparametersThe subsequerthreestepsareiteratedover
all sggmentsnsgs. This loop begins with the computation
of the currentray segment,guidedby the ordinarydifferen-
tial equation(ODE) of an underlyingmodelfor the curved

Camera ——| Ray Setup
ODE — | R
Integration

'

Scene —— Intersection
Objects Nsegs
Normals
. Local
Material ———f e
lllumination
Texture

Figure 1: Architecture for nonlinearray tracing

rays. Then, the nrays  Ngpjs intersectioncomputationsare
performedfor the currentsegmentindex. Finally, pixelsare
shadedvia alocal illumination modelwhenanintersection
is found. Sincethe numberof ray segmentsis x edandthe
samefor all rays,the loop over sgmentscanbe conceptu-
ally unrolled. Therefore the ray-tracingarchitecturds still
compatiblewith the streamingnodelon GPUs[PBMHO02].
In thefollowing subsectionghe previously mentionedsteps
arediscussedn moredetail.

3.1. Ray Setup

Ray setupcomputeghe initial valuesfor the primary rays.
In general the stateof a point on a ray is describecby its
positionx 2 R® andits directionv 2 R3. We denotethe
combinationp  (x;v) asan elementin ray phasespace
P=RS. Theray phasespaceelementsarestoredin 2D tex-
tureswhosetexelscorrespondo theassociatepixelsonthe
imageplane.The six component®f p aredistributed over
two textures:onetexture for positions,the othertexture for
directions.In our implementationthe component®f these
textures are storedwith oating-point precisionfor maxi-
mum accurag and e xibility. During ray setup,the initial
valuesfor x aresetto thecamergosition,andthevaluesfor
v aredeterminedy thedirectiontowardsthe corresponding
pixel. Thetexturefor v is lled by renderinga quadrilateral
thatcoverstheimageplane,usingapixel shadeprogramfor
thecomputatiorof theinitial directions.Thetexturefor x is
initialized by writing the (constantcamergposition.

3.2. Ray Integration

In a genericapproactto nonlinearray tracing, the bending
of raysis determinedby an equationof motionin the form
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of asystemof ODEs,

ax(t) _ .

o o v

dv(t) _ . ceey .

5 = @) @)

wheret describeghe parameterizatiomlongthe rays.The
propertiesof the equationof motion are determinedoy the
function f. The dotsindicatethat therecould be additional
parameterghat affect the propagtion of light. The ini-
tial value problemfor thesedifferentialequationscould be
solved by ary explicit numericalintegration scheme.For
simplicity we considerrst-order Eulerintegration,

Xier = Vit X

Vier = hf(xivisii) + v 2
with the stepsizeh andthe index i for the pointsalongthe
polygonalapproximationof the light rays.At eachintegra-
tion step,a readaccesgo the textureswith index i anda
write accesgo the textureswith index i + 1 is required.To
sare memory only thesetwo copiesof texturesareheld on
the GPU. After eachintegrationstep,the two copiesareal-
ternatinglyexchangedn aping-pongrenderingschemeThe
numericaloperationdor Eq. (2) areimplementedn a pixel
shadeprogramthatoutputsits resultsto multiple rendertar
gets,namelythex andv textures.Onceagain, thefragments
aregeneratedy renderinga singleviewport- lling quadri-
lateral.

We allow the userto choosethe integrationstepsizeh in-
dependentlfrom the ray sggmentlength. Typically, alarge
numberof integrationstepsis requiredto achieze anappro-
priatenumericalccurag. In contrastthenumberof ray sey-
mentscould be smallerwithout introducinginaccurag arti-
factsin theray—objectintersectionA userspeci ed param-
eter Nintegration describeghe numberof internalintegration
stepsbeforea singleray segmentis outputto the intersec-
tion processA typical valuefor Nintegration is 10.

3.3. Ray-ObjectIntersection

A ray sgmentis de ned by the line betweenx; and x;+ 1

from the two latestpointsin ray phasespace.Ray—object
intersectionsarecomputeddirectly afterthe ray integration
step.In this way, previous, older sggmentsare no longer
needechndcanbe discardedi.e., this is areasonwhy only

two copiesof theray phasespaceextureshave to be stored
simultaneously

Our implementationsupportstriangles and spheresas
primitive objects. For triangle—rayintersection,we have
adoptedthe approachby Carr et al. [CHH02] and addeda
checkfor the nite extentof asggment.The computatiorof
sphere—rayntersectionis basedon [Gla93] and also takes
into accounta nite segmentlength. Following [CHHOZ],
asinglesceneobjectis representedy a vertex-basedprimi-
tive. Theobjectparameteraretransferredo thepixel shader
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programin the form of attachedtexture coordinatesThe
intersectionbetweenan objectand all raysis triggeredby
renderingaviewport- lling quad.Thepixel shadeprogram
checkswhetheranintersectiortakesplaceand,if thatis the
casecomputegheintersectiorpoint.

Visibility is determinedby including a test against the
depthvaluethatis storedin a depthtexture. If the current
intersectiorpointis closer thedepthtexturewill beupdated
andthe correspondingixel will be dravn (asdescribedn
thefollowing subsectiomnlocalillumination). Notethatthe
zvalue(in eye or clip coordinates)s not appropriateo de-
scribea depthorderingfor nonlinearaytracing.Insteadthe
monotonicallyincreasingndex i senesasameasurdor the
distancebetweerncameraanda point on aray. For theloca-
tion of a point within a segment,we usea local coordinate
that hasvalue 0 at the beginning of the segmentandvalue
1 at the end. The summationof the integerindex i andthe
fractionalpartfrom the local coordinateresultsin anaccu-
rate depthordering. The depthbuffer is implementedby a
oating-point texture. The simultaneouseadandwrite ac-
cesdor this depthbuffer is realizedby ping-pongrendering.

3.4. Local lllumination

Thelaststepis thelocalillumination attheray—objecinter-

sectionpoints. The currentimplementationrsupportsambi-
entlighting andlight-emitting objects.Texturescanbe used
to modulatethe materialpropertiesof objects.In addition,
“fake” Blinn-Phongillumination is implementedpasedon
straightconnectiondetweenra hit point on the surfaceand
thelight sourcesThis modelis mainly usedfor testingpur

poses.

Basedon the position of the intersection,texture coor
dinates,normal vectors,and material colors are computed
by interpolationand usedto evaluatethe local illumination
model. Finally, the value is updatedin the image buffer,
which is a texture that holds the intermediatepixel colors.
Sincelocalilluminationrequiresnformationabouttheinter
sectionpoint,its implementatioris combinedwith theabove
intersectiorcomputatiorin asinglepixel shadeprogram.

4. Acceleration Techniquesand Extensions
4.1. Early Ray Termination

Nonlinearray tracingbuilds uponalarge numberof ray seg-

mentsof nite length.Thereforethetotal lengthof raysdi-

rectly determineghe renderingtime. The goal of early ray
terminationis to reducethe computationaktepsby pruning
rays. We considertwo different conditionsunderwhich a
ray canbe stoppedwithout introducingary errors.The rst

pruningcriterionexploits thefactthatonly the rst hitis re-
quiredfor opaguescenebjects:Once(atleast)oneintersec-
tion is foundwithin aray segment,no furthersggmentsneed
to begenerate@ndtraversed.Theseconctriterionrelieson
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Figure 2: Data ow with early ray termination.

cuttingraysthathave left the sceneandpropagteto in nity
without arny chanceof intersectingobjects.Here,a bound-
ing geometryis laid aroundthe sceneandraysthatinter
sectthis geometryarediscardedOurimplementatiorusesa
boundingspherghatcontainsall sceneobjectsandis placed
in almost at spacen which rayscannot‘turn around”and
propagtebackinto thescene.

Early ray terminationessentiallyleadsto a conditional
breakin the loop over ray segments.Since breaksare not
compatiblewith the streamingmodelof GPUs,we propose
the following approachAs shown in Figure 2, a complete
loop over all symentsnsgys is performedfor all rays.How-
ever, the expensve computationdor ray integration,inter-
sectionsandlocalillumination areconceptuallyskippedfor
terminatedays.Theearlyztestis effective in abortingpixel
operationsarly andthereforecutsdown computatiortimes
signi cantly. Theearlyztestallows usto essentiallyskipthe
pixel shadeoperationdor theintegration,computationand
illumination of terminatedays,eventhoughthecorrespond-
ing fragmentsarestill generatediuringrasterization.

The early z testis implicitly enabledon modernGPUs,
but works only undersomeconditions.Most importantly
the depthvalue of a fragmentmust not be modi ed by a
pixel shademprogram.In the architecturérom Figure2, the
pixel shaderfor the “Testfor Ray Termination”checksthe
aforementionederminationcriteria. It outputsadepthvalue
of 1 (i.e., thedistanceof thefar clipping plane)if theray is
not terminated and a value of O (i.e., nearclipping plane)
if theray is terminatedThis stepdoesnot yet usethe early
z test. The subsequensteps,however, arerealizedby ren-
deringquadrilateralsvith a constantz valueof 0:5 andcan

thereforeexploit the early z testto discardpixel operations
for terminatedrays.

4.2. Adaptive Ray Integration

Adaptive ray integrationis anapproacho increasebothren-
deringperformanceand quality. We adoptthe ideaof step-
size control from adaptve numericalintegration schemes.
In a step-doublingapproachgachintegration stepis taken
twice, onceasa full step,then,independentlyastwo half
steps.The differencebetweenboth resultsis a measurdor
theaccurayg associatedvith the currentstepsizelf the dif-
ferenceis below a giventhresholdthe stepsizéds increased;
if the differenceis larger than anotherthreshold,the step-
sizeis decreasedSincepixel shademrogramsdo not sup-
portconditionalbranchingthis decisionis realizedby using
comparenstructionglcmp commandn DirectX).

The GPU implementatioris illustratedin Figure 3. The
stepawith sizesh andh=2 arecomputedy theEulerintegra-
tion processrom Section3.2. The currentstepsizewhich
maydiffer from rayto ray, is storedin thepreviously unused
fourthcomponenbf thev texture.The“ComputeNew Step-
size” pixel shadercomparedothresultsanddetermineshe
stepsizdor the subsequerintegrationstep.

Previous Pointin ———s{ ODE Integration
Ray Phase Space With Step h

ODE Integration
With Step h/2

'

ODE Integration
With Step h/2

l.i

Compute New
Stepsize

l

Figure 3: Adaptiveray integration.

Stepsizecontrol not only improvesthe speedandquality
of numericalintegration, but, at the sametime, canreduce
thenumberof ray segments For example regionswith only
weakly curved rays are coveredwith large segmentsand,
therefore,only few intersectioncomputationsare required.
Of course,this speed-upis only effective in combination
with early ray terminationat sceneboundariesand objects
becausetherwisentegrationandintersectiorcomputations
would be performedfor a constant,maximum numberof
sggments.
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4.3. Environment Mapping for Asymptotically Flat Sky

Light raysthat leave the sceneboundaryusually resultin
thebackgrounctolor. As analternatve, we usean erviron-
menttexturethatrepresenttight-emittingobjectsatin nity .
A cubetexture implementssucha “sky box”, wherethe di-
rectionv of aray at the boundarysenesastexture coordi-
natesThis modelis valid for scenariosn which the bound-
ary geometryalreadyis in (almost) at regions(whererays
arenotor only slightly bent).

5. Applications
5.1. Visualization of Nonlinear Dynamics

One eld of applicationfor nonlinearray tracingis the vi-
sualizationof dynamicalsystemsNonlineardynamicsand
chaoticbehaior canbeinvestigatedby examiningpathsin
phasespacehatdescribehetemporalevolution of adynam-
ical system[ASY96]. We follow [Grd95] in discussingwo
examplesfor chaoticsystems—thé.orenzandthe Rossler
systemsTheLorenzsystenm[Lor63] is governedby

s(y X
f)= @x y xA
xy bz

with x = (x;y;2). Figure 4 (b) shavs an examplefor ray
tracingwith the parameterd = 8=3,s = 10,r = 28.The
RosslersystemR6s76]is describedy

(x+2)
f(x)= @ x+ay A
b+2z(x 9

A possiblechoiceof parameterss a = 3=8,b= 2,andg= 4.

5.2. Motion in a Potential Field

Another closely relatedexamplefor nonlinearray tracing
usesthe motionin a potential eld to modelcurved paths.
The equationof motion for a particle within a radial force
eld thatis centeredaroundthe pointxc yields:

= X0
wherer = jjx Xcjj is the distanceto the centerpoint, and
the function x(r) describeghe radial behaior. This force
eld subsumeshe Yukava potential,
Hr
V(x) = zer ;

which representshe effective potentialfor a large classof
fundamentaphysical particle—particlénteractiongGro93.
The correspondingorce is computedby determiningthe
gradientof the potential,i.e., f(x) = r V. The parameter
pre ectstherestmassof theparticlesthatmediatetheinter
action;z is a constantscalingfactor For example,electro-
magneticinteractionis mediatedby masslesghotons(the

¢ TheEurographic#ssociationandBlackwell Publishing2004.

gaugebosonsf theMaxwell eld) andthereforehaspy= 0.
Similarly, Newton's law of gravitation alsohasvanishingp.
On the otherhand,the stronginteractionbetweemucleons
(suchasprotonsor neutrons)s mediatecby heavy particles,
which reducegherangeof interactionandis describedy a
non-\anishingpositive valuefor . Adopting a generalized
radial eld, x(r) canrepresenary continuousunction.The
examplein Figure4 (c) uses

r3 r2
X(I’) = @ 3@ +1 ,

for0 x R[Gro95].

5.3. Air with Continuously Varying Index of Refraction

Within a mediumwith a space-ariantindex of refraction,
light is subjectto continuousrefraction. Typically, a vary-
ing index of refractionis causediy a non-constantensity
of air, for examplefor mirageqgBTL90] or in thevicinity of
explosions[Y OHO(Q. The modelof [YOHOQ allows for a
discretizatiorof continuousrefraction: The index of refrac-
tion is updatedalongthe light ray; andwhenthe index of
refractionchange$y morethanathresholdthe new direc-
tion of the ray is computedaccordingto Snell's law using
thegradientof therefractionindex asthe surfacenormal.

Figure 4 (d) shavs an exampleof light propagtion in
a mediumwith varying index of refraction. The index of
refractionresembleghe explosion model from [Y OHOQ.
However, we do not usea numericalsimulationto compute
thespatialdistribution of theindex of refraction but anoise-
basedroceduramodelthatis notbasedn a physicssimu-
lation.

5.4. General Relativistic Visualization

Light is bent by gravitational sourcesand thereforenon-
linear ray tracing is ideally suitedfor the visualizationof

the effects of generalrelatiity on light propagtion. Light

raysareidenticalto null geodesicsvithin the curved space-
timesof generatelativity (seeAppendixA). Theunderlying
geodesiequationis a second-orde©DE thatcanbetrans-
formedinto the structureof Eq. (1). Figure4 (e) illustrates
light bendingarounda non-rotatingblackholewhosespace-
timeis describedy the Schwarzschildmetric. For compari-
son,thetestscendrom Figure4 (a) is used.Theastroplysi-

cal scenaridn Figure4 (f) shavs aneutronstar(blue)anda

muchlessheavier, accompaning star(yellow) in front of a

backgroundstar eld. Checlerboardexturesareattachedo

thetwo starsto visualizethedistortionsonthesurfacesThe

backgrounds representetdy anervironmenttexturethatis

mappedntoa “sky box” asdescribedn Sectior4.3.

Relatvistic visualization supports scientistsin under
standingnumericalor analyticalresultsfrom gravitational
researchecausé providesacompactepresentatiothatis
independenbf the coordinatesystem[Wei0Q. In addition,
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(@) (b)

(©) (d)
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Figure 4: Imagesgeneratedby GPU-basechonlinearray tracing: (a) undistortedimage of the testscene;(b) raysgoverned
by the Lorenzsystemwith the sametestsceneasin (a); (c) raysin a radial potential eld; (d) raysin a mediumwith varying
index of refraction; (e) generl relativistic ray tracing with a bladk hole (Sthwarzstild spacetime)lmage (f) visualizesan
astophysicalscenariowith a neution star (blue)anda mud lessheavier accompanyingtar (yellow)in front of a badkground
star eld. Chederboad texturesare attachedto thetwo stars to revealthe distortionson the surfaces.
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visualizationalsosenesasatoolin teachingphysicscourses

andexplaining importantaspectf relatiity to the public,
e.g.,in popularsciencelms or exhibitions.

6. Implementation and Results

Our implementationis basedon DirectX 9.0, and all frag-

mentoperationsareformulatedin the assembletevel Pixel

ShadeR.0languageWe use32bit oating-point texturesto

representhedepthvaluesandthe positionsx anddirections
v alongrays. Testswith 16 bit oating-point texturesled

to a signi cantly degradedimage quality and thus shaved
that the accurag of integration and intersectioncomputa-
tions was heaily affected. All imagesin Figure 4 were
generatedy our ray-tracingsystemon a Windows XP PC
with an ATl Radeon9700 (128 MB) GPU and a Pentium
4 (2.8 GHz) CPU. The following measurementg/ere also
performedwith this hardwarecon guration.

Figure5 shavstheperformanceharacteristicfor avary-
ing numberof sphericalsceneobjects.The other parame-
tersare x ed: The viewport hasa sizeof 800 600 pixels;
500 integration stepsare computedwithin a Schwarzschild
spacetiméSection5.4),leadingto 50 ray segmentsTheup-
per (slower) curve in Figure5 representshe original, non-
optimizedimplementationfrom Section3, while the lower
(faster)line displaystherenderingperformancdor ray trac-
ing with early ray terminationand adaptve ray integration
from Section4. The vertical offset of the two curves for
Nobjs = 1 indicateshow muchtime s spentto solve the ODE
and constructthe curved rays. Under the presenttest con-
ditions, the acceleratiortechniquegeducethe computation
timesby someforty percentMore importantly the slopeof
the lower curve is muchsmallerthanthe slopeof the upper
curwe,i.e.,theacceleratiomethodsmprove theintersection
computationdby pruningthe rays. Both curves are almost

Rendering Times for the Schwarzschild Model
20

Without Acceleration ——
With Acceleration -

15

10

Time in Seconds

Number of Objects

Figure 5: Comparisonof renderingtimesfor acceleated
and non-acceleated nonlinearray tracing The numberof
spheesin thescenechangesalongthe horizontalaxis.
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Table 1: Renderingiimesin secondona 800 600 view-
port, with 10 sceneobjects,30 ray sgmentsand 300 inte-
gration steps.

No Acceleration Acceleration

Methods Methods
LorenzSystem 3.87 3.13
PotentialField 4,22 1.16
VaryingIndex 3.35 2.42
of Refraction
Schwarzschild 491 3.79

straightlines, which shavs thattheintersectiorandshading
stepsdependinearly on thenumberof sceneobjects.

Table 1 documentgenderingtimesfor differentmodels
of curved rays. We compareresultsfor the Lorenzsystem,
apotential eld, amediumwith varyingindex of refraction,
and the Schwarzschildmetric. The viewport hasa size of
800 600 pixels,the sceneconsistsof 10 sphericalobjects,
and 300 integration stepswere performedto build 30 ray
seggmentseach.The rst columnshavs the renderingtimes
for the non-optimizedimplementation.The Schwarzschild
solver is slower than the solvers for the other modelsbe-
causdts evaluationof the functionf involvesa largernum-
ber of numericalinstructions.The secondcolumnre ects
the renderingtimes for the acceleratiormethods.Render
ing is faster althoughthe speed-upheaiily dependon the
underlying ODE system.In our examplefor the potential
eld, only aweakattractive forceis applied Jeadingto rather
straightlight rays.Therefore a signi cant increasen speed
canbeachieredby adaptve integration.

7. Conclusionand Futur e Work

We have presented fastGPU implementatiorof nonlinear
ray tracingthatavoids ary datatransferbackto mainmem-
ory. Curvedlight raysarerepresentetly polygonallinesthat
areconstructedsia an iterative numericalODE solver. The
renderingprocescanbe mappedo the streamingnodelof

currentGPUsby subsequentlgxecutingray setup ray inte-

gration,ray—objectintersectionandlocal illumination. We

have proposedwo acceleratiortechniquego improve the
renderingperformanceearly ray terminationand adaptve

ray integration.In particular we have investigatedwaysto

introducesuchacceleratiotechniquesnto thestreamingar

chitectureon GPUs.

In futurework, someof the bottleneckof the currentim-
plementatiorcould be addressedEspecially the innerloop
for the internal ODE integration stepscould be unrolled
within a longer pixel shaderprogram.in this way, much
communicatiorvia the oating-point texturesfor ray posi-
tions and directionscould be avoided. Furthermore space
partitioningstrategiesthatareknown from linearray tracing
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couldbeincorporatedo achieve a betterscalabilitywith re-

spectto the numberof sceneobjects Finally, deferredshad-
ing could be usedto acceleratehe illumination computa-
tion. By deferringthe shadingorocesgo thevery endof the
ray-tracingalgorithm, lighting would only be evaluatedfor

actuallyhit points.
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Appendix A: Geodesicén Spacetime

Here,a brief discussiorof the mathematicabackgroundf
generalrelativity and,in particular the propagtion of light
is given. For a comprehenske presentatiorwe refer to the
textbooks[MTW73, Wei72. The conceptof curved space-
time is the geometricbasisfor generalrelativity. Spacetime
is a pseudo-Riemanniamanifold andcanbe characterized
by thein nitesimal distanceds,

3
= & gm()dHd" ;
wn=0

wheregun(x) areentriesin a4 4 matrix, representinghe
metrictensorat the point x in spacetimeThe quantitiesdx"
describean in nitesimal distancein the p direction of the
coordinatesystem.Trajectoriesof freely falling objectsare
identicalto geodesicsGeodesicsare the generalizatiorof
theideaof straightestinesto curvedmanifoldsandaresolu-
tionsto thegeodesiequationsa setof second-orde®DEs:

2,1
(L)

dx(t) dx" (t) _
dt2 -

3
a G ()=5~ g ;

nr=0

wheret is an afne parameteralong the geodesic.The
Christofel symbolsG', are determinedoy the metric ac-
cordingto

Tonr (x)

3
§ g Mm@, Taw 00 Sy

a=0 ™% X

dlnr (X) =

NI =

wheregH? (x) is theinverseof gua(X). Light raysarea spe-
cial classof geodesicdightlik e or null geodesicsyhichful-
Il thenull condition,

3 aH(t) dx"(t)
a 9un(X) =0
0 dt dt

During ray setup,the initial positionin spacetimeandthe
initial spatialdirectionof the light ray aredeterminedasin

the othermodelsfrom Section5. The temporalcomponent
of theinitial directionis thencomputedaccordingo thenull

condition.

An important class of spacetimeds describedby the
Schwarzschildmetric,

_ M dr?
= 1 Tt s
This metricrepresentsa vacuumsolutionfor Einsteins gen-
eralrelativistic eld equationsanddescribeshe spacetime
arounda non-rotating,non-chaged, sphericallysymmetric
distribution of matterand enepy. It appliesto mary com-
pactastroplysicalobjectsfor example to regularstars heu-
tron stars,or black holes. We chooseunits in which the
speedof light andthe gravitational constantare 1. The pa-
rameteM denoteghe massof the sourceof gravitation. In
asymptotically at outerregions of spacetimethe spheri-
cal Schwarzschildcoordinatesr, q, andf, areidenticalto
the standardsphericalcoordinatesof at spaceln ourim-
plementation the sphericalSchwarzschildcoordinatesare
transformedinto pseudo-Cartesiaschwarzschild coordi-
natesln thisway, thex, y, andz componenti theray setup
canbe directly usedas input to the Schwarzschildmetric.
Finally, t denotedime. The temporalcomponenof the po-
sitionsx*(t) canbeneglectedin stationaryscenes.

r2 dq2+ sinzqdf2 :
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