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Schwarzschild metric
The Schwarzschild metric in Schwarzschild coordinates (t,r,Θ,Φ) is given by the line element

ds² = - 1 -

rs

r

2

c² dt² +

dr²

1 - rs � r
+ r²HdΘ² + sin²Θ dΦ²L

where rs is the Schwarzschild radius and c is the speed of light.
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Coordinates and metric:

� Clearing the values, setting the dimension and defining a list of coordinates

Clear@coord, metric, inversemetric, affine, t, r, Θ, ΦD

n := 4

coord := 8t, r, Θ, Φ<

� Metric and inverse Metric

The metric gΜΝis given by the list

metric := 88-H1 - rs � rL c^2, 0, 0, 0<,
80, 1 � H1 - rs � rL, 0, 0<, 80, 0, r^2, 0<, 80, 0, 0, r ^2 Sin@ΘD^2<<

and the inverse metric gΜΝ follows from

inversemetric := Simplify@Inverse@metricDD

� Christoffel symbols of the second kind

The Christoffel symbols of the second kind are defined as G
ΝΛ

Μ
= 1

2
gΜΡIgΡΝ,Λ + gΡΛ,Ν - gΝΛ,ΡM

affine := affine = Simplify@Table@H1 � 2L
Sum@inversemetric@@Μ, ΡDD HD@metric@@Ρ, ΝDD, coord@@ΛDDD + D@metric@@Ρ, ΛDD, coord@@ΝDDD -

D@metric@@Ν, ΛDD, coord@@ΜDDDL, 8Ρ, 1, n<D, 8Ν, 1, n<, 8Λ, 1, n<, 8Μ, 1, n<DD

listaffine := Table@If@UnsameQ@affine@@Ν, Λ, ΜDD, 0D,
8Style@Subsuperscript@G, Row@8coord@@ΝDD, coord@@ΛDD<D, coord@@ΜDDD, 18D,
"=", Style@affine@@Ν, Λ, ΜDD, 14D<D, 8Λ, 1, n<, 8Ν, 1, Λ<, 8Μ, 1, n<D



TableForm@Partition@DeleteCases@Flatten@listaffineD, NullD, 3D, TableSpacing ® 81, 2<D
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� Riemann tensor

The  Riemann  tensor  is  given  by  means  of  the  Christoffel  symbols  

RΜ
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riemann := riemann = Table@D@affine@@Ν, Σ, ΜDD, coord@@ΡDDD - D@affine@@Ν, Ρ, ΜDD, coord@@ΣDDD +

Sum@affine@@Ρ, Λ, ΜDD affine@@Ν, Σ, ΛDD - affine@@Σ, Λ, ΜDD affine@@Ν, Ρ, ΛDD, 8Λ, 1, n<D,
8Μ, 1, n<, 8Ν, 1, n<, 8Ρ, 1, n<, 8Σ, 1, n<D

The Riemann tensor with lower indices reads RΜΝΡΣ = gΜΚ RΚ
ΝΡΣ

riemannDn := riemannDn = Table@Simplify@Sum@metric@@Μ, ΚDD riemann@@Κ, Ν, Ρ, ΣDD, 8Κ, 1, n<DD,
8Μ, 1, n<, 8Ν, 1, n<, 8Ρ, 1, n<, 8Σ, 1, n<D

listRiemann := Table@If@UnsameQ@riemannDn@@Μ, Ν, Ρ, ΣDD, 0D,
8Style@Subscript@R, Row@8coord@@ΜDD, coord@@ΝDD, coord@@ΡDD, coord@@ΣDD<DD, 16D,
"=", riemannDn@@Μ, Ν, Ρ, ΣDD<D, 8Ν, 1, n<, 8Μ, 1, Ν<, 8Σ, 1, n<, 8Ρ, 1, Σ<D

TableForm@Partition@DeleteCases@Flatten@listRiemannD, NullD, 3D, TableSpacing ® 82, 2<D
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� Ricci tensor

The Ricci tensor follows from the contraction of the Riemann tensor: RΜΝ = R ΜΡΝ

Ρ

ricci := ricci = Table@Simplify@Sum@riemann@@Ρ, Μ, Ρ, ΝDD, 8Ρ, 1, n<DD, 8Μ, 1, n<, 8Ν, 1, n<D
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listRicci :=

Table@If@UnsameQ@ricci@@Μ, ΝDD, 0D, 8Style@Subscript@R, Row@8coord@@ΜDD, coord@@ΝDD<DD, 16D,
"=", Style@ricci@@Μ, ΝDD, 16D<D, 8Ν, 1, 4<, 8Μ, 1, Ν<D

TableForm@Partition@DeleteCases@Flatten@listRicciD, NullD, 3D, TableSpacing ® 81, 2<D

8<

� Ricci scalar

The Ricci scalar is the given by the contraction of the Ricci tensor R = RΑ
Α

ricciscalar :=

ricciscalar = Simplify@Sum@Sum@inversemetric@@Μ, ΝDD ricci@@Ν, ΜDD, 8Μ, 1, n<D, 8Ν, 1, n<DD

ricciscalar

0

� Kretschman scalar

The Kretschman scalar is defined as K = RΑΒΓ∆ RΑΒΓ∆= RΑΒ
Γ∆RΓ∆

ΑΒ

riemannUp :=

riemannUp = Table@Simplify@Sum@inversemetric@@Ν, ΚDD riemann@@Μ, Κ, Ρ, ΣDD, 8Κ, 1, n<DD,
8Μ, 1, n<, 8Ν, 1, n<, 8Ρ, 1, n<, 8Σ, 1, n<D

kretschman := Simplify@
Sum@Sum@Sum@Sum@riemannUp@@Μ, Ν, Ρ, ΣDD riemannUp@@Ρ, Σ, Μ, ΝDD, 8Μ, 1, n<D, 8Ν, 1, n<D,

8Ρ, 1, n<D, 8Σ, 1, n<DD

kretschman
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