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Schwarzschild metric

The Schwarzschild metric in Schwarzschild coordinates (t,r,8,¢) is given by the line element

rs\2 dr2
a=-{(1- =] o +

r

+ r¥(d6? + sin?0 dg?)
1-rg/r

wherers isthe Schwarzschild radius and c is the speed of light.
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Coordinates and metric:

m Clearing the values, setting the dimension and defining a list of coordinates

Cl ear [coord, nmetric, inversenetric, affine, t, r, 6, ¢]
n:=4

coord:={t, r, &, ¢}

= Metric and inverse Metric
The metric g,,is given by thelist

netric:={{-(1-rs/r)cn2, 0, 0, 0},
{0, 1/ (1-rs/r), 0, 0}, {O, O, r*2, 0}, {0, 0, O, r "2Sin[e]"2}}

and the inverse metric g*” follows from

inversenetric:=Sinplify[lnverse[nmetric]]

m Christoffel symbols of the second kind

The Christoffel symbols of the second kind are defined asF’V‘A:% F*(Gova + Gorw — D)

affine:=affine=Sinplify[Table[(1/2)
Sum[i nversenetric[[u, po]] (D[metric[[p, v]], coord[[A]]] + D[netric[[p, A]], coord[[v]]] -
Dimetric[[v, A]], coord[[u]1]), {o, 1, N}1, {v, 1, n}, {A 1, n}, {um 1, n}]]

listaffine:=Table[lf [UnsaneQ[affine[[v, A, u]l], O],
{Styl e[Subsuperscript [T, Row[{coord[[v]], coord[[A]]1}], coord[[mx]]], 181,
"=", Style[affine[[v, A, ull, 141}1, {A, 1, n}, {v, 1, A}, {u 1, n}]
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Tabl eFor m[Partition[Del eteCases[Flatten[listaffine], Null], 3], Tabl eSpaci ng » {1, 2}]
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= Riemann tensor
The Riemann tensor is given by means of the Christoffel symbols
R'uvp(r = rfflo’,p - Iﬂ{/lp,()"l' rz,lr/\}(r - rg—)rﬁp

riemann : =riemann = Tabl e[D[affine[[v, o, u]l]l, coord[[p]]] -D[affine[[v, o, ul]l, coord[[oc]]] +
Sum[affine[[p, A, u]]l affine[[v, o, A]1] -affine[[o, A, u]]laffine[[v, o, 211, {A, 1, n}],
{w, 1, n}, {v, 1, n}, {p, 1, n}, {0, 1, N}]

The Riemann tensor with lower indicesreads R,y = 04 R0

riemannDn : =riemannDn = Tabl e[Sinplify[Sum[metric[[u, x]]riemann[[x, v, p, o]], {x, 1, n}]11,
{w, 1, n}, {v, 1, n}, {p, 1, n}, {0, 1, N}]

listRi emann : = Tabl e[l f [UnsaneQ[ri emannDn[ [y, v, p, ol1, O],
{Styl e[Subscript [R, Row[{coord[[u]], coord[[v]], coord[[p]], coord[[oc]]1}]], 161,
"=", riemannDn[ [y, v, p, 011}1, {v, 1, n}, {u 1, v}, {o, 1, n}, {p, 1, o}]

Tabl eFor m[Partition[Del eteCases[Flatten[listRi emann], Null ], 3], Tabl eSpacing -» {2, 2}]
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= Ricci tensor

The Ricci tensor follows from the contraction of the Riemann tensor: Ry, = R,

ricci :=ricci =Table[Sinmplify[Sum[riemann[[p, &, o, v1], {0, 1, Nn}11, {u, 1, n}, {v, 1, n}]
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listRicci : =

Tabl e[| f [UnsameQ[ricci [[u, v]], 01, {Style[Subscript [R Row[{coord[[u]], coord[[v]]}]], 16],
"=", Stylef[ricci [[u, v11, 16131, {v, 1, 43}, {u, 1, v}]

Tabl eFor m[Partition[Del eteCases[Flatten[listRicci], Null], 3], Tabl eSpacing -» {1, 2}]

{3

m Ricci scalar

The Ricci scalar isthe given by the contraction of the Ricci tensor R=R?,,

ricciscalar : =
ricciscalar =Sinplify[Sum[Sum[inversenetric[[u, v]lricci [[v, u]1], {& 1, n}], {v, 1, n}1]

ricciscal ar

0

m Kretschman scalar

The Kretschman scalar is defined as K = Ryg,5 R¥7°= R*%,;RY

riemannUp : =
ri emannUp = Tabl e [Si npli fy[Sum[i nversenetric[[v, x]]riemann[[u, x, p, ol], {x, 1, n}11,
{u, 1, n}, {v, 1, n}, {p, 1, n}, {o, 1, n}]

kretschman : = Simplify[
Sum[Sum[Sum[Sum(ri emannUp [ [u, v, p, ollriemannUp[[p, o, u, vI1, {u, 1, n}1, {v, 1, n}],
{o, 1, n}1, {o, 1, n}]1]
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