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Figure 1: Various kinds of isocontours: (a) isolines at equidistant isovalues on a slice; (b) standard volume rendering of isosurfaces(with
gradient-dependent opacity); (c) scale-invariant volume rendering of isosurfaceswith uniform opacity and (d) with silhouette enhancement

ABSTRACT

As standardvolumerenderingis basedon an integral in physical
space(or “coordinatespace”),it is inherentlydependentonthescal-
ing of this space.Althoughthis dependency is appropriatefor the
realisticrenderingof semitransparentvolumetricobjects,it hassev-
eralunpleasantconsequencesfor volumevisualization.In orderto
overcomethesedisadvantages,a new variantof thevolumerender-
ing integral is proposed,which is de�ned in dataspaceinsteadof
physicalspace.

Apart from achieving scaleinvariance,thisnew methodsupports
therenderingof isosurfacesof uniformopacityandcolor, indepen-
dently of the local gradientof the visualizedscalar�eld. More-
over, it revealscertainstructuresin scalar�elds evenwith constant
transferfunctions. Furthermore,it canbe de�ned as the limit of
in�nitely many semitransparentisosurfaces,andis thereforebased
on an intuitive andat thesametime precisede�nition. In addition
to thediscussionof thesefeaturesof scale-invariantvolumerender-
ing, ef�cient adaptationsof existing volumerenderingalgorithms
andextensionsfor silhouetteenhancementand local illumination
by transmittedlight arepresented.
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1 I NTRODUCTI ON

The goalsof photorealisticvolume renderingof semitransparent
volumetricobjectsareconsiderablydifferentfrom thegoalsof vol-
ume visualization. Thus, volume renderingalgorithmsfor vol-
umevisualizationoftenincludecomputationsthatarenot basedon
physicsbut aredesignedto visually enhanceparticularstructures
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of thedata.This is not only truefor recentapproachesthatexplic-
itly refer to non-photorealisticrendering,e.g.,volumeillustration
by EbertandRheingans[1], but also for older volume rendering
algorithms,e.g.,therenderingof surfacesby Levoy [7].

In fact,without theseenhancements,standardvolumerendering
is ratherun�t for many visualizationtasks. Apart from the prob-
lem of visualizingsurfacesin volumetricdatasets,anothermain
challengeis thespeci�cationof particularopacitiesfor partsof the
dataset. Theability to specifyanappropriateopacityis crucial in
volumevisualizationasstructuresbecomeinvisible if their opac-
ity is too small,andhideoccludedstructuresif their opacityis too
large. However, theopacityin standardvolumerenderingdepends
on several factorsthatareoften unknown to theuser, e.g.,the ge-
ometricsizeof thedataset,theunits in which colorsandopacities
arede�ned,or themagnitudeof thelocalgradient.Thus,appropri-
atecolorsandopacitiesfor directvolumevisualizationusuallyhave
to bedeterminedby trial anderror. Moreover, any localvariationof
theopacity, for exampledueto a dependency on thelocalgradient,
makesit dif�cult to specifyvisualizationparametersthatgenerate
appropriateopacitiesfor all visible partsof a volumetricdataset.
An exampleis depictedin Figure1b: thetwo isosurfacesin a syn-
thetic dataset (featuringthreeCoulombpotentials)aregenerated
by two sharppeaksin the transferfunctions. The blue isosurface
is particularly opaquein betweenthe red isosurfacecomponents
becauseof the smallermagnitudeof the local gradientthere. The
bottommostcomponentof the threered isosurfacecomponentsin
Figure1bis moreopaquethantheothertwo for thesamereason.A
smallerlocal gradientalsocorrespondsto less“dense” isolinesin
Figure1a;therefore,thedependency of theopacityonthelocalgra-
dientin standardvolumerenderingis quitecounterintuitive sincea
largemagnitudeof the local gradientresultsin denserisolinesbut
lessopaqueisosurfaces.(More examplesof this unpleasantdepen-
dency arepresentedin Section6; themathematicalbackgroundis
discussedin Section3.2.2.)

While previous approachestried to solve theseproblemsby
addingadditionaltermsto thestandardvolumerenderingintegral,
thispaperdescribesavariantof theintegralitself; morespeci�cally,
an integral in dataspaceinsteadof physicalspace.Oneimportant
motivation for this approachis to achieve scaleinvariance,which
offers several immediateadvantages.For example,the geometric
sizeof the datasetbecomesirrelevant as it no longeraffects the



rendering.Note that scaleinvarianceis alsoa basicfeatureof the
renderingof semitransparentpolygonsas their opacity is usually
speci�ed independentlyof their size. Themathematicalde�nition
of this scale-invariantintegral is presentedin Section3 andallows
usto understandits relationto previously publishedapproaches;in
particular, to therenderingof surfacesfrom volumedatasuggested
by Levoy [7] andthepre-integratedisosurfacerenderingpublished
by Röttgeret al. [10].

In Section4, themostimportantfeaturesof scale-invariantvol-
umerenderingarediscussed.Theseincludescaleinvariance,ren-
deringof isosurfacesof uniformopacity(seealsoFigure1c),view-
dependency, renderingwith constanttransferfunctions,andthein-
terpretationasthelimit of in�nitely many isosurfaces.

Analogouslyto therenderingof semitransparentpolygons,auni-
form opacityfor anentiresemitransparentsurfaceis notalwaysde-
sirable;thus,extensionsfor silhouetteenhancement(seealsoFig-
ure1d)andvolumeshadingarepresentedin Section5.

Volumeshadingis particularlyusefulfor renderingilluminated
isosurfaces. However, previously publishedmethodsusually lack
supportfor illumination by transmittedlight. Therefore,an em-
pirically based,local illumination model for translucentsurfaces
is proposedin Section5.2. This modelsupportsplausiblediffuse
andspeculartransmissionof light andguaranteesconsistentillu-
minationby transmittedlight for surfacesof any opacitywithout
requiringadditionalparameters.Thus,it canreplacePhong's illu-
minationmodelin many volumeshadingmethods.

In Section6, additionalresultsarepresented.Finally, conclu-
sionsandfuturework arediscussedin Section7.

2 REL ATED WORK

Scaleinvariancehasnever beena topic in volume visualization;
probablybecausethere is no physically basedreasonto require
it for volumerendering.However, the opacityof semitransparent
surfacesis usually expectedto be scale-invariant; thus, any ap-
proachthatusesvolumerenderingto displayisosurfacesor material
boundariesof auniformopacitywill inevitably facetheproblemof
scaleinvarianceitself or a relatedproblem.

Oneof the �rst approachesto volumerenderingof isosurfaces
waspublishedby Levoy [7], who alreadyobserved that the tran-
sition region associatedwith the renderedsurfaceshouldhave a
uniformthickness.In particular, it shouldbeindependentof thelo-
calgradientof thescalar�eld. Sincethethicknessof this transition
region increasesin inverseproportionto the magnitudeof the lo-
cal gradient,Levoy suggeststo eitherscaletheopacityof samples
or thewidth of a tent-shapedopacitytransferfunctionby thelocal
gradient's magnitude.As will be discussedin Sections3 and5.1,
theformerscalingresultsin a goodapproximationto therendering
of surfacesof uniformopacitywith silhouetteenhancement.

More recently, KindlmannandDurkin [5] proposedthe useof
multidimensionaltransferfunctionsto rendermaterialboundaries
by meansof volumerendering.They alsosuggestedtransferfunc-
tionsthatdependon thelocalgradient.

Volume renderingof isosurfaceshasreceived new attentionin
the context of pre-integratedvolumerendering[2, 8, 10]. In fact,
the pre-integratedtechniquefor renderingisosurfacesin tetrahe-
dral meshessuggestedby Röttger et al. [10] (and later by Engel
et al. [2] for texture-basedvolumerendering)resultsin isosurfaces
of uniform opacityindependentlyof the local gradient.Thus,this
techniquealreadyobtainsscale-invariantopacities;however, this is
only true for the specialcaseof isosurfaces.Moreover, it lacksa
mathematicaljusti�cation sincetheuniform opacitiesareachieved
by ignoringthedifferencebetweenanintegrationin physicalspace
anddataspace.

Oneof the �rst techniquesfor silhouetteenhancementof semi-
transparentsurfaceshasbeenpublishedby Kay andGreenberg [4].

Sincestandardvolume renderingof surfacesalreadyresultsin a
similar effect, silhouetteenhancementhasnot received much in-
terestin volume visualization. However, the adaptationof non-
photorealistictechniquesfor volumevisualizationhasalsoincluded
techniquesfor silhouetteenhancement;see,for example,the ap-
proachby EbertandRheingans[1].

VolumeshadingwasalsopioneeredbyLevoy [7], whosuggested
to apply Phong's illumination modelto volumerenderingby sub-
stituting the normalizedlocal gradientof the scalar�eld for the
surfacenormal. While volume shadingis very popularand has
beenextendedto global volume illumination models,diffuseand
speculartransmissionof light directly emittedby light sourcesis
usually ignoredin local volumeillumination modelsalthoughthe
transmissionof light is often consideredin physicallybasedsur-
faceillumination models(see,for example,the work by Hall and
Greenberg [3] or RushmeierandTorrance[11]).

3 SCAL E-I NVARI ANT I NTEGRATI ON I N DATA SPACE

In this section,a variantof the volumerenderingintegral in data
spaceis proposedandits numericalevaluationin dataspaceaswell
asin physicalspaceis discussed.This integral providesthemathe-
maticalfoundationof scale-invariantvolumerendering.

3.1 Scale-Invariant VolumeRendering Integral

In this work, the standardvolume renderingintegral for the line
segmentfrom point x1 to point x2 in physicalspacevisualizinga
scalar�eld s(x) usingtransferfunctionsfor (non-associated)colors
cp(s) andattenuationcoef�cients t p(s) is writtenas

Ip =
Z jx2� x1j
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cp(s(x(x))) t p(s(x(x))) (1)

� exp
�

�
Z x

0
t p(s(x(x0))) dx0

�
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x(x) = x1 + x (x2 � x1) =jx2 � x1j :

Note that the transferfunction t p(s) speci�esattenuationper unit
length.Thetransferfunctioncp(s) speci�esanon-associatedcolor,
i.e., it is not pre-multiplied by an opacity. If cp(s) is constant
(andt p(s) > 0), this color is the(opaque)limit of Equation(1) for
jx2 � x1j ! ¥ .

In contrast to this integration in physical space, the scale-
invariant volume renderingintegral is de�ned in dataspace. For
this de�nition, the line segmentfrom x1 to x2 is decomposedinto
smaller line segmentssuch that the function s(x(x)) is strictly
monotoneon eachpart, i.e., the derivative ds(x(x))=dx is either

positive or negative on the i-th line segmentbetweenx(i)
1 andx(i)

2 .
This decompositionhasto cover all pointsof theoriginal line seg-
mentwheres(x(x)) is strictly monotonewhile intervals with con-
stants(x(x)) arenotpartof this decompositionand,therefore,will
notcontributeto thescale-invariantintegral. Notealsothattheparts
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Analogously to cp(s), cd(s) is a transfer function for a non-
associatedcolor. Similarly to t p(s), thetransferfunctiont d(s) spec-
i�es attenuationperunit of thescalardatainsteadof length.Since
the datavalue is alsothe argumentof this transferfunction, inte-
gratingit over its own argumentresultsin meaningfulattenuation
coef�cients.

For the completescale-invariantvolumerenderingintegral, the

contributionsof theNI integralsI (i)
d have to beattenuated,i.e., I (i)

d

hasto bemultipliedby all transparenciesT ( j)
d with j < i:
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d
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T( j)
d

!

: (4)

Thisde�nition mightappearverydifferentfrom thede�nition of
the standardvolumerenderingintegral in Equation(1). However,
thenumericalevaluationof bothintegralsis verysimilarin practice.

3.2 Numerical Integration

Thepreviously describeddecompositioninto strictly monotonein-
tervals is usuallyunnecessarysincemostnumericalevaluationsof
thescale-invariantvolumerenderingintegralcansafelyassumethat
thefunctions(x(x)) is locally strictly monotoneaslongasintervals
with aconstantdatavaluedonotcontributeto theintegral.

Here, a samplingof the line segmentbetweenx1 and x2 at a
uniformsamplingdistanced is assumed.TheresultingNC sampled
datavaluesaredenotedby si with 1 � i � NC. Thegeneralizationto
arbitrarysamplingdistancesis straightforward. Note that samples
areorderedwith the�rst samples1 obtainedat x1. Eachsamplesi
correspondsto anassociatedcolor C̃i andanopacitya i , which are
determinedby applyingtransferfunctionsasdiscussedbelow. The
scale-invariantvolumerenderingintegral is thenapproximatedby
a sumof NC terms:

Id �
NC

å
i= 1

C̃i

i� 1

Õ
j= 1

(1� a j ): (5)

This sumcanbe evaluatedby the sameblendingoperationsasin
thecaseof thestandardvolumerenderingintegral; see,for exam-
ple, thesurvey by KrausandErtl [6], which alsocoverstheuseof
transferfunctionsfor anassociatedcolordensityc̃(s) insteadof the
productcp(s)t p(s).

Thereareseveralwaysto determinethecolorC̃i andtheopacity
a i of thei-th sample,i.e., to classifyit; in particular, pre-integrated
classi�cation,post-classi�cation,andpre-classi�cation.Theadap-
tationsof thesethreemethodsfor scale-invariantvolumerendering
arediscussednext.

3.2.1 Pre-IntegratedClassi�cation

For pre-integratedvolumerendering,colorsC̃i andopacitiesa i are
pre-computedfor ray segmentsbetweentwo adjacentsamplessf
andsb at distanced; i.e., in generala three-dimensionallookupta-
ble hasto be pre-computed.However, a two-dimensionaltable is
suf�cient for a uniform samplingdistanced. For scale-invariant
volumerendering,thesamplingdistanceis not relevant at all (see
Equations(2) and(3)); thus,a two-dimensionallookup tableis in
fact suf�cient. Pre-integrationassumesa linear interpolationbe-
tween two adjacentsamples;therefore,the assumptionof strict

monotony is alwaysful�lled unlessthe two samplessf andsb are
identical.In thiscase,thepre-integrationhasto resultin transparent
black.

Thelookuptablefor colorsC̃d(sf ;sb) is computedby thescale-
invariantintegral
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Analogously, the lookup table for opacities ad(sf ;sb) is pre-
computedby

ad(sf ;sb) = 1� exp
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�
�
�
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�
: (7)

Notethattheseintegralsarezeroif sf is equalto sb. With thesepre-
integratedlookup tables,C̃i is determinedby C̃d(si ;si+ 1) and a i
by ad(si ;si+ 1). Sincethesetablesaretwo-dimensional,thescale-
invariantvariantis eitherasef�cient asstandardpre-integratedvol-
umerenderingor moreef�cient if a three-dimensionaltableis re-
quiredfor thelatter.

3.2.2 Post-Classi�cation

Themappingof interpolateddatasamplesto colorsandopacitiesis
often referredto aspost-classi�cationsincethe transferfunctions
areappliedaftertheinterpolationstep.In contrastto pre-integrated
volumerendering,post-classi�cationprocesseseachsamplesepa-
rately. Therefore,it is lessstraightforwardto applythisapproachto
scale-invariantvolumerendering.

In orderto evaluatethescale-invariantintegralsof Equations(2)
and (3) by meansof post-classi�cation,the integration variables
have to bereplacedby spacialvariables:
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wherejÑx s(x)j is themagnitudeof theprojectionof the local gra-
dientof s(x) ontotheline from x1 to x2:

jÑx s(x)j = jÑs(x) � (x2 � x1)j =jx2 � x1j :

Basedon theseintegrals and the assumptionof local monotony,
Equation(5) maybeemployed for a discreteapproximationof the
scale-invariantintegralwith colorsC̃i andopacitiesa i beingevalu-
atedaccordingto theseequations:

C̃i = cd(si )a i ; (10)

a i = 1� exp
�

� t d(si)jÑx si jd
�

� t d(si )jÑx si jd; (11)

whered is theuniform samplingdistanceandjÑx si j is themagni-
tudeof theprojectedlocalgradientat thei-th sample.

Notethatthis factorjÑx si j is missingin thecorrespondingequa-
tions for standardvolume rendering. Thus, opacitiesand colors
computedin standardvolumerenderingarescaledby 1=jÑx si j. In
otherwords,a smallmagnitudeof theprojectionof thelocalgradi-
ent in view directiontendsto increaseopacitiesandcolorsin stan-
dardvolumerendering;for examplesseeFigures1b,8a,and8c.



3.2.3 Pre-Classi�cation

For pre-classi�cation, transfer functions are applied to the data
before the interpolationis performed. The transferfunctions in
Equations(10) and (11) can also be evaluatedin this way; how-
ever, the projectionof the gradientis view-dependentand, there-
fore, cannotbepre-computed.Moreover, pre-classi�cationis less
appropriatefor thin isosurfaces. In order to visualizethesewith
pre-classi�cation,morepowerful techniquesthanone-dimensional
transferfunctionsshouldbeemployedto extractvoxels,vertices,or
polygonsthatform a surface.

3.2.4 RequiredSamplingRate

Thesamplingratesrequiredfor anaccurateevaluationof thescale-
invariant volume renderingintegral are the sameas for the stan-
dardvolumerenderingintegral; seethe discussionby Schulzeet
al. [12]. I.e., pre-integratedvolumerenderingrequiresa sampling
rate high enoughto accuratelysamplethe scalardatas(x) while
post-classi�cationrequiresa productof this samplingrate and a
samplingrate that is high enoughto accuratelysamplethe trans-
fer functions. Pre-classi�cationonly requiresa samplingratethat
is high enoughto accuratelysamplethe pre-computedcolorsand
opacitiessincethesamplingof thetransferfunctionsis determined
by thedataset'smesh.

3.3 Comparisonwith PreviousWork

As discussedin Section3.2,pre-integratedvolumerenderingis par-
ticularly well suitedfor scale-invariantvolumerendering.In fact,
thetwo-dimensionallookuptableemployedfor pre-integratedvol-
umerenderingin Section3.2.1wasusedby Röttgeret al. [10] and
laterby Engeletal. [2] to rendersemitransparentisosurfaceswith a
uniform, user-speci�ed color andopacity, independentlyof thelo-
cal gradientor thegeometricsizeof thedataset. Sincea uniform
color andopacityprovideslessinformationabouttheshapeof sur-
faces(seeFigure2a), it was importantto combinethis technique
with volumeshading(seeFigure2b).

For the special caseof in�nitesimally thin isosurfaces, this
methodis equivalentto scale-invariantvolumerendering.However,
themainmotivationin thosepublicationswastheef�cient compu-
tationof two-dimensionallookuptableswhile theauthorswereun-
awareof the integration in dataspace,andthe uniform color and
opacitywasnot recognizedasanadvantage.In fact, the“�at” ap-
pearanceof isosurfacesof uniformopacityandcolor(seeFigure2a)
was considereddisadvantageous;thus, more recentpublications,
e.g.,Lum et al. [8], againemployedstandardvolumerenderingfor
isosurfacessinceef�cient techniquesfor thecomputationof lookup
tableshadbeendeveloped.

Thereare also predecessorsof scale-invariant volume render-
ing using post-classi�cationand pre-classi�cation. In particular,
Levoy [7] suggestedto scaleopacitiesof samplesby the magni-
tudeof the local gradient(seeEquation(4) in his work [7]). (The
scalingof thewidth of a tent-shapedopacitytransferfunctionalso
proposedby Levoy [7] hasa similar effect on thetotal opacityof a
surface.)Thescalingby thelocal gradientinsteadof theprojected
local gradient(asin Equation(11)) resultsin an approximationto
thesilhouetteenhancementdiscussedin Section5.1.

More generally spoken, the use of gradient-dependent,two-
dimensionaltransferfunctionscanapproximatescale-invariantvol-
umerendering;however, thespeci�cationandef�cient implemen-
tationof appropriatetransferfunctionsis farmorecomplicatedthan
theapproachesproposedin Section3.2.

Thus,scale-invariantvolumerenderingprovidesthemathemat-
ical backgroundfor a thoroughunderstandingof several volume
renderingtechniques,whicharealreadyknown to generatereason-
ableresults.

(a) (b)

Figure 2: Scale-invariant volume rendering of isosurfaceswith uni-
form opacity: (a) without and (b) with volume shading

4 FEATURES OF SCAL E-I NVARI ANT VOL UM E RENDERI NG

Thereareseveral characteristicsof scale-invariantvolumerender-
ing that distinguishit from standardvolumerendering.The most
importantfeaturesarediscussedin thissection.

4.1 ScaleInvariance

In this work, scale invariancedenotesthe invarianceof colors
andopacitiesunderscalingtransformationsof the physicalspace.
While this is a basicfeatureof standardpolygonalgraphics,colors
andopacitiesin standardvolumerenderingarenot scale-invariant.
This is appropriatefor many applicationsof volumegraphics;how-
ever, for volumevisualizationandespeciallyfor the renderingof
isosurfaces,scaleinvarianceis necessaryto allow usersto specify
colorsandopacitiesindependentlyof particularpropertiesof adata
set,e.g.,its geometricsizeor localgradients.

The scaleinvarianceof the presentedapproachdependson the
invarianceof the volumerenderingintegral in Equation(4) under
scalingtransformationsof the physicalspace. Sincethe decom-
positionof the line segmentfrom x1 to x2 is scale-invariant(apart
from the scaledcoordinates),all of the variablesin Equations(2)
and(3) arescale-invariant;thus,Equations(2), (3), and(4) arealso
scale-invariant.

In additionto Equation(4), thenumericalintegrationpresented
in Section3 shouldalsobescale-invariant.Sincetherequiredsam-
pling ratedependson thescalingof thephysicalspace,it is appro-
priateto scalethesamplingdistanceaccordinglyin orderto guaran-
teetheaccuracy of thenumericalintegration. In this case,all sam-
pled valuessi will be invariant. Sinceno othervariablesareused
to computecolors and opacitiesin the pre-integratedcase,these
computationsareexplicitly scale-invariant.

The computationsfor post-classi�cationand pre-classi�cation
includethesamplingdistanceandthelocalgradient,which arenot
scale-invariant. However, thesamplingdistanceis scaledlike any
distancewhile themagnitudeof theprojectedgradientis scaledby
the reciprocalfactor. Thus, the productof the samplingdistance
andthemagnitudeof theprojectedgradientis alsoscale-invariant.
Sincethe samplingdistanceand the local gradientoccur only in
suchproducts,thesecomputationsareimplicitly scale-invariant.

Figure2aprovidesanexamplefor scaleinvariancebecausethe
two small red isosurfacecomponentscorrespondto two Coulomb
potentials,which are smallercopiesof the bottommostCoulomb
potential. While all threecomponentsarerenderedwith thesame
opacityby scale-invariant volume rendering(seeFigure2), stan-
dardvolumerenderingresultsin visibledifferences(seeFigure1b).



4.2 Isosurfacesof Uniform Opacity

One of the most important consequencesof scale invarianceis
the possibility to renderisosurfacesof uniform color andopacity
whereasthe opacity of isosurfacesin standardvolume rendering
dependson thelocal gradient.Moreover, this dependency is coun-
terintuitivebecauseit resultsin brighterandmoreopaquecolorsfor
partsof theisosurfacewith asmalllocalgradient,whichusuallyin-
dicatesa soft, lesspronouncedtransition;seealsothediscussionof
Figure1b in Section1 andFigures8aand8c in Section6.

An in�nitesimally thin isosurfacecanbe speci�ed by a d-peak
in thetransferfunctiont d(s) thatis placedatthecorrespondingiso-
value.Sincetheintegrationfor scale-invariantvolumerenderingis
performedin dataspace,any integral thatincludesthisisovaluewill
resultin thesamecolor andopacity. This specialcasewasalready
implementedby Röttger et al. [10] and Engel et al. [2] although
they werenot fully awareof themathematicalbackground.

Thescale-invariantintegrationalsoresultsin well-de�nedcolors
andopacitiesfor extendedpeaksprovidedthattheintegrationcov-
ersthewholepeakandthatthesamplingis �ne enough.In contrast
to this integration in dataspace,the integration in physicalspace
for standardvolumerenderingscalesa peakin physicalspaceby
thereciprocalmagnitudeof theprojectedlocalgradientand,there-
fore, resultsin scaledcolorsandopacities.This correspondsto an
isosurfaceof varying thicknesswhile scale-invariant volumeren-
deringguaranteesa uniformthickness.

Justasin thecaseof semitransparentpolygonalsurfaces,there-
alistic appearanceof semitransparentisosurfacescanbe improved
by shadingand/orsilhouetteenhancement;seeSection5. How-
ever, theuniform colorandopacitycanalsobemodulatedby other
quantitiesin orderto visualizeadditionaldataon isosurfaces.

4.3 View-Dependency

Thecolorsandopacitiesof pointsamplesin scale-invariantvolume
renderingdependon the orientationof the local gradientin rela-
tion to thepositionof theviewer; morespeci�cally, it dependson
themagnitudeof the local gradientprojectedonto the view direc-
tion; seeSection3.2. This additionalview-dependency might ap-
pearcounterintuitive; however, thereis a similar view-dependency
in polygonalgraphics: the projectedareaand thereforethe total
color contribution of a �at, semitransparentpolygon to an image
alsodependson the projectionof its normalvectoronto the view
direction. In both cases,this view-dependency resultsin a “�at”
appearance,which canbe curedby shadingand/orsilhouetteen-
hancement,asdiscussedin Section5.

4.4 Renderingwith ConstantTransfer Functions

Another interestingfeatureof scale-invariantvolumerenderingis
thepossibilityto revealstructureswith thehelpof constanttransfer
functions,i.e., a mappingof all datavaluesto thesamecolor and
attenuationcoef�cient. While standardvolumerenderingonly ren-
dersthedomainof thewholedatasetwith a uniform color andat-
tenuationcoef�cient underthesecircumstances,scale-invariantvol-
umerenderingrevealsregionswith largevariationsof thedata;see
Figure3a,which visualizesthe samescalar�eld asFigures1 and
2. Thus,materialboundariesandlocal extremain thedatacanbe
visualizedeven without speci�cally designedtransferfunctionsor
techniquessuchasvolumeshading.

4.5 Limit of In�nitely Many Isosurfaces

Standardvolumerenderingcanbede�ned asthelimit of in�nitely
many samplingslices(or shells)througha volumetricdataset.For
this limit, theslicing distanceandtheopacitiesof samplesarede-
creasedat thesamerate. A �nite numberof slicescorrespondsto

(a) (b)

Figure 3: (a) Scale-invariant volume rendering with constant transfer
functions and (b) a set of isosurfacesapproximating the limit in (a)

theevaluationof thestandardvolumerenderingintegral in physical
spaceby a discretesum.

Similarly, scale-invariantvolumerenderingcanbede�ned asthe
limit of in�nitely many isosurfaces. In this case,eachisosurface
hasauniformcolorandopacity, whichis decreasedatthesamerate
asthedistancebetweenisovalues.Therefore,theevaluationof the
scale-invariantvolumerenderingintegral in dataspaceby adiscrete
sumcorrespondsto a�nite numberof isosurfaces.For example,the
setof isosurfacesin Figure3b approximatesthe constanttransfer
functionemployedin Figure3a.

5 EXTENSI ONS FOR I SOSURFACE RENDERI NG

Scale-invariantvolumerenderingis verywell suitedfor therender-
ingof isosurfacessinceit allowsusersto specifyuniformcolorsand
opacitiesfor isosurfacesindependentlyof thedataset. Therefore,
this sectionpresentstwo extensions,which areparticularlybene-
�cial for the renderingof isosurfaces,namelysilhouetteenhance-
mentand local illumination by transmittedlight. Note, however,
thatbothextensionsarenot limited to isosurfacesbut areusefulfor
scale-invariantvolumerenderingin general.

5.1 SilhouetteEnhancement

Onepositive aspectof the dependency of colorsandopacitieson
thelocalgradientin standardvolumerenderingis a tendency to en-
hancesilhouettesof isosurfacesand,thereby, to provide additional
cuesabouttheir shape;see,for example,Figure1b. Sincethereis
nosuchdependency in basicscale-invariantvolumerendering,it is
lackingthis enhancementof silhouettes;seeFigure1c.

In computergraphics,silhouetteenhancementis acommontech-
nique to improve the realisticappearanceof semitransparentsur-
faces. Oneapproachfor thin surfaceshasbeenproposedby Kay
and Greenberg [4], who implementedan exponentialattenuation
of the transparency by the total lengthD of the path throughthe
medium.In our notation:

a = 1� exp(� t 0D) ; (12)

seeEquation(6) in their work [4]. Here,t 0 is theuniform attenua-
tion coef�cient of themedium.

In orderto integratesilhouetteenhancementinto scale-invariant
volumerendering,nonew parameterssuchastheindicesof refrac-
tion or the uniform thicknessof the surfaceshouldbe introduced
sincetheprimarygoalis aplausiblesilhouetteenhancementfor iso-
surfacesof any opacitywithout thenecessityto specifyadditional
parameters.Thus,refractionis not takeninto accountin this work,
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Figure 4: Path of a ray of length D through a surfaceof thickness D0

and the thicknessD0 and the attenuationcoef�cient t 0 of isosur-
facesarecomputedfrom theuser-speci�edopacitya0:

t 0D0 = � ln (1� a0) : (13)

Thiscomputationassumesthattheopacitya0 is speci�edfor aview
directionperpendicularto thesurface. Only theproductof t 0 and
D0 canbedeterminedthiswayand,fortunately, noadditionalinfor-
mationis required.

Without refractionandassuminga(locally) �at surfaceof thick-
nessD0, thelengthD of thepaththroughthemediumis givenby

D= D0
jvjjnj
jv � nj

; (14)

wheren is thesurfacenormalandv is thedirectionto theviewer;
seeFigure4. Thus, the silhouetteenhancementproposedhereis
achieved by increasingthe opacitya0 accordingto the following
equation:

a = 1� exp
�

ln(1� a0)
jvjjnj
jv � nj

�
: (15)

Associatedcolorsshouldbescaledby thefactora =a0; seethedis-
cussionby Schulzeet al. [12]. An exampleof this silhouetteen-
hancementis depictedin Figure5a;seealsoFigure2afor thesame
scenewithout silhouetteenhancement.

A goodapproximationof Equation(15) for smallopacitiesis:

a � min
�

1;a0
jvjjnj
jv � nj

�
: (16)

Unfortunately, thisapproximationbreaksdown nearthesilhouettes,
resultingin too largeopacities.Nonetheless,thevisualresultswith
clampedopacitiesareoftenacceptable;seeFigure5b.

This procedurecanalsobe employed to modify the opacityof
any volume sampleby replacinga0 by the sample's opacityand
the surfacenormaln by the gradientÑs(x). Sincethe directionv
correspondsto � (x2 � x1), themagnitudeof theprojectedgradient
jÑx s(x)j is jv � nj=jvj. This resultsin theequation

jvjjnj
jv � nj

=
jÑs(x)j
jÑx s(x)j

: (17)

This relationis particularlyusefulbecausethegradientÑs(x) is of-
tenalreadycomputedfor volumeshadingandtheprojectedgradi-
entjÑx s(x)j maybeapproximatedby jsb � sf j =d in apre-integrated
volumerenderingalgorithm.

It wasmentionedin Section3.3 that substitutingthe local gra-
dient for theprojectedlocal gradientcorrespondsto addinganap-
proximationto thesilhouetteenhancementproposedin thissection.

(a) (b)

Figure 5: Scale-invariant volume rendering of isosurfaceswith sil-
houette enhancement: (a) without and (b) with the approximation
in Equation (16)

In fact,themagnitudeof thelocalgradientcorrespondsto theprod-
uct of themagnitudeof theprojectedlocal gradientandthe factor
thatis responsiblefor thesilhouetteenhancement:

jÑs(x)j = jÑx s(x)j
jÑs(x)j
jÑx s(x)j

= jÑx s(x)j
jvjjnj
jv � nj

: (18)

Thus,within the limits of theapproximationin Equation(16), the
useof the local gradientinsteadof the projectedlocal gradientin
Equation(11)canbejusti�ed by silhouetteenhancement.

5.2 Illumination by Transmitted Light

Local volume shading(or volume lighting) is often usedto illu-
minatesurfacestructuresin volume rendering. For this purpose,
Phong's empiricallybasedillumination modelis usuallyemployed
(seefor exampleFigure 6a) becauseit can be implementedvery
ef�ciently and is often supportedby graphicshardware. For vol-
umeshading,the surfacenormal is replacedby the local gradient
of thescalar�eld becausethelocalgradientis orthogonalto thelo-
cal isosurface.SincePhong's illumination modeldoesnot include
diffuseor speculartransmissions,thesearealsonot implemented
in standardvolumeshading.Thus,backlightusuallyhasvery lit-
tle effect in local volumeshading;for an exampleseeFigure6b.
Thisresultsin animplausibleillumination,whichcanbeavoidedin
somecasesby placingadditionallights oppositethe original light
sources.However, theseadditionallightsdonotcurethereasonfor
theimplausibleillumination but ratherdistracttheviewer from the
missingtransmittedlight by addingadditionalre�ectedlight.

Therefore,a consistentextensionof Phong's illuminationmodel
is suggestedhere,which includesplausiblediffuse and specular
transmission(seeFigures6c, 6d, and7) for surfacesandvolume
samplesof any opacity without requiring additional parameters.
Sinceprogrammablegraphicshardwareprovidesa convenientway
to customizelocal shading,this extensioncanbe integratedeasily
in many hardware-acceleratedvolumeshadingalgorithms.

As in Section5.1, no refractionis taken into account.Further-
more,idealdiffusetransmissionis assumedandspeculartransmis-
sionismodeledanalogouslyto specularre�ection in Phong'smodel
with the re�ected light directionr i beingreplacedby the light di-
rection� l i ; seeFigure7. In particular, thespecular-re�ection ex-
ponentn is alsoemployedfor speculartransmission.

Thediffusetransmissionis affectedby thecolor of thematerial
andby its opacity. As thematerial's color for diffusere�ection is
usedfor surfacesof any opacity, i.e., also for almostcompletely
transparentsurfaces,it is plausibleto usethe samecolor for dif-
fuseandspeculartransmission.While adifferentcolor for specular
transmissioncanresultin morerealisticimages,it is very unlikely
that speculartransmissioncouldbe modeledby thesamecolor as
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Figure 6: Scale-invariant volume rendering with silhouette enhancement and volume shading: (a) light from behind the viewer; (b) backlight
without transmission, (c) backlight with di�use transmission, and (d) backlight with di�use and specular transmission
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Figure 7: Illumination of a semitransparent surfaceof opacity a with
normal � n by light from direction l i , re
ected to r i

specularre�ection sincethe correspondingphysicalprocessesare
ratherdifferent.

The effect of the material's opacity a is slightly more com-
plicatedbecausethereshouldbe no transmissionfor completely
opaquesurfaces(a = 1) nor for completelytransparentsurfaces
(a = 0) becauselight passesthrougha completelytransparentsur-
facewithout any interactionin our model. The moststraightfor-
wardwayto achievethisbehavior is afactorof a (1� a ) for diffuse
andspeculartransmission.This factoris plausiblebecauseonly a
fraction(1� a ) of theincidentlight is transmittedthrougha semi-
transparentsurfaceandof the transmittedlight only a fraction(a )
interactswith it.

In summary, theproposedlocal illuminationmodeltakesthefol-
lowing � ve contributionsinto account(seealsoFigure7): ambient
light, diffuse re�ection, specularre�ection, diffuse transmission,
andspeculartransmission.Thetotal (associated)intensityItotal (of
onecolorcomponent)is thesumof thesecontributions:

Itotal = IambaCdiff

+ å
i

fatt;i Ii
�

Q((l i � n)(v � n)) aCdiff
�
� l̄ i � n̄

�
�

+ Q(( l i � n)(v � n)) aCspec(max(0; r̄ i � v̄))n (19)

+ Q(� (l i � n)(v � n)) a (1� a )Cdiff
�
� l̄ i � n̄

�
�

+ Q(� (l i � n)(v � n)) a (1� a )Cdiff
�
max

�
0; � l̄ i � v̄

�� n
�

;

whereIamb is the intensityof the ambientlight; Ii is the intensity
of the i-th light source; fatt;i is an attenuationfactor for the i-th
light source;Cdiff is thematerial's(non-associated)colorfor diffuse
re�ection aswell asdiffuseandspeculartransmission;Cspec is the
material's(non-associated)colorfor specularre�ection (oftenequal
to 1); n is theexponentfor specularre�ection andtransmission;the
HeavisidefunctionQ(x) (alsoknown asstepfunction)is 0 for x < 0
and1 for x > 0; l i andv arethevectorsfrom theilluminatedpoint
to thei-th light sourceandtheviewer, respectively; n is thesurface
normalat thispoint; andr i is there�ection of l i at n:

r i = 2n̄(n̄ � l i) � l i :

l̄ i , v̄, n̄, andr̄ i arethecorrespondingnormalizedvectors.
Notethattheorientationof n is irrelevantfor Itotal, i.e.,substitut-

ing � n for n leadsto thesameresult.For numericalreasonsit is of-
tenadvantageousto replacethetermv�n in thecomputationof Itotal
by a morerobustcomputation.For example,in pre-integratedvol-
umerendering(seeSection3.2.1)v�n couldbereplacedby (sf � sb)
sinceonly thesignof v � n is relevanthere.

If differentsetsof materialparameters(Cdiff , Cspec, andn) are
usedfor the two sidesof the surface, it shouldbe consideredto
introducea third set of parameters(or the averagevaluesof the
two sets)for diffuseandspeculartransmissionin eitherdirection
becausethe transmissionof light is usually independentof its di-
rection.

Althoughtheproposedmodelresultsin slightly moreexpensive
computationsthanimplementationsof Phong's illuminationmodel,
it offers the advantagesof a plausiblelocal illumination of semi-
transparentsurfacesand volume samplesof any opacity by light
from any direction;for anexampleseeFigure6.

6 RESULTS

The volumerenderingsin this work areall of dimensions512 �
512. All but Figures8e and8f weregeneratedby a prototypical
implementationof theproposedtechniqueswithin anexperimental
softwareraycaster. In orderto avoid any problemscausedby �lter -
ing or interpolationof sampleddata,all scalar�elds andgradient
�elds werecomputedprocedurallyin this raycaster.

Sincethevisualdifferencesbetweenstandardvolumerendering
andscale-invariantvolumerenderingwith silhouetteenhancement
(see,for example,Figures1b and1c) arenot alwaysclearlyrecog-
nizable,two additionalexamplesarepresentedin this section.No
illumination is includedin theseexamplesin orderto avoid unnec-
essarycomplications.

Figures8aand8b depicta semitransparentisosurface(isovalue
0.5) in thetestsignalpublishedby MarschnerandLobb [9]. While
thescale-invariantvolumerenderingin Figure8b shows plausible
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Figure 8: (a) & (b) Isosurfacein the Marschner-Lobb test signal; (c) & (d) isosurfacevisualizing the 3dz2 hydrogen orbital; (e) & (f ) volume
visualization of a tetrahedralization of the 323 bucky ball data set. (a), (c), and (e) were generatedby standard volume rendering; (b), (d), and
(f ) by scale-invariant volume rendering with silhouette enhancement.

silhouetteenhancement,thestandardvolumerenderingin Figure8a
resultsin a too opaquesurfacenearthe top of ridgesandnearthe
bottomof valleys,wherethelocalgradientis relatively small.This
additionalopacity is not understandablewithout knowledgeabout
the gradient�eld and dif�cult to distinguishfrom the increased
opacitynearsilhouettes.

In Figures8cand8d,the3dz2 orbitalof thehydrogenatomis vi-
sualizedby onesemitransparentisosurface,whichconsistsof three
separatecomponents.Again, thescale-invariantvolumerendering
in Figure8d is plausiblewhile standardvolumerenderingin Fig-
ure 8c shows a moreopaquering in the centerof the image. The
reasonfor this differenceis a small local gradientnearthe local
maximumof the scalar�eld that is within this componentof the
isosurface. Additional visual differencesbetweenFigures8c and
8d canbefoundat thetop andthebottomof theimages,wherethe
gradientis slowly decreasing.

Figures8e and 8f show an example of hardware-accelerated
tetrahedraprojection. The visualizedtetrahedralmeshwas pro-
ducedby the decompositionof a uniform 323 grid into 148955
tetrahedralcells.While thestandardvolumerenderingin Figure8e
employs three-dimensionaltextures as suggestedby Röttger et
al. [10], scale-invariantvolumerenderingwith silhouetteenhance-
mentrequiresonly two-dimensionallookup tablesasdiscussedin
Section3.2.1. The useof two-dimensionaltexturesin Figure 8f
increasedthe renderingperformanceby about23% on the tested
system(800 MHz PowerPCG3 with an ATI Radeon7500 Mo-
bility). Without silhouetteenhancement,which wasimplemented
usingthetexturecombineenvironmentmode,themeasuredperfor-
mancegainwasevenabout27%.

7 CONCL USI ONS AND FUTURE WORK

As shown in this work, scale-invariant volume renderingoffers
various advantagesfor volume visualization. Apart from scale-
invariantcolorsandopacities,themostimportantadvantageis the
possibility to renderisosurfacesof uniform opacityandcolor. In
combinationwith the presentedsilhouetteenhancementand the
proposedilluminationmodel,scale-invariantvolumerenderingcan
considerablyimprove thequality of isosurfacesrenderedby many
volume visualizationalgorithms, including hardware-accelerated
algorithms. The performancecost comparedto standardvolume
renderingdependson the particularvolume renderingalgorithm;
for somepre-integratedalgorithms,however, scale-invariant vol-
ume renderingoffers a signi�cant increasein renderingperfor-
mance. Moreover, it provides a variantof volumerenderingthat
representsthelimit of in�nitely many semitransparentisosurfaces,
andit alsoprovidesthe mathematicalbackgroundfor at leasttwo
adhoctechniquesthathave beenpublishedpreviously.

Apart from implementingscale-invariantvariantsof variousvol-
umerenderingalgorithms,themostimportantfuturework is thede-

signof appropriateuserinterfacessinceuserscangainmuchmore
controlover colorsandopacitiesin scale-invariantvolumerender-
ing thanin standardvolumerenderingif appropriateinterfacesare
provided. Furthermore,the speci�c advantagesof scale-invariant
volumerendering(in respectof andbeyondisosurfaces)have to be
investigatedin actualapplications.
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