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Abstract

Efficient isosurface extraction from large volume
data sets requires special algorithms and data struc-
tures. Such algorithms typically either use a hier-
archical spatial subdivision of the volume or they
organize the scalar values attached to the cells of
the volume, i.e., intervals, in some suitable data
structures. Octrees, kd-trees, and interval trees are
commonly applied. However, these data structures
demand storage space that can be many times as
large as the original volume data. In practice stor-
age space is constrained and, therefore, new algo-
rithms may be necessary that adapt the size of the
data structures to the given limits. We present a hy-
brid algorithm which combines binary space parti-
tion (BSP) trees with fast search methods at some
leaf nodes of the BSP-tree and memory-free linear
search at the remaining leaf nodes. The method op-
timally trades off space for extraction speed.

1 Introduction

Isosurfaces provide a basic intuitive approach for
the visualization of scalar volumetric data. The pro-
cess of generating an isosurface proceeds in several
steps. In the first step the volume data is scanned
and all those volume cells that contain a part of
the isosurface are reported. Secondly, a polygo-
nal surface representation for each of these cells is
generated. Finally, the polygons are rendered and
displayed. In interactive applications the isovalue
defining the surface may be changed by the user
and new isosurfaces need to be computed on the fly.
Due to the large amount of searching and comput-
ing an interactive investigation of volume data with
isosurfaces is difficult even for volume data of mod-
erate size. Therefore, complexity reduction of iso-
surface computation has been an important issue of
research in recent years.

Formally, an isosurface for a scalar valued func-
tion f : D → R with D ⊂ R

3 is given by the
preimage f−1(t) for some isovalue t ∈ R. In prac-
tice, f is given in terms of samples on a regular
(rectilinear) or irregular grid. Medical 3d imaging
modalities typically produce regular volume data.
Irregular volume data often arise from finite ele-
ment simulations. In this paper we restrict to the
case of regular rectilinear volume data.

For simplicity let us label the grid points using
integer coordinates (i, j, k). The samples vi,j,k :=
f(i, j, k) ∈ R at the grid points are called voxel
values and a cell in the 3d grid has eight grid points
as its corner grid points. For a cell Ci,j,k with grid
point (i, j, k) at its lower, left, front corner the cor-
responding eight voxel values are collected in a set
Vi,j,k. A continuous interpolation f̂ of these voxel
values to the points in the cell can be taken as a
model for the underlying volume function f within
the cell. We may assume that the range of f̂ in a
cell Ci,j,k is given by the interval [vmin, vmax] with
vmin = minVi,j,k, vmax = maxVi,j,k. Now let
an isovalue t ∈ R be given. Then the first step of
the isosurface computation, namely the cell extrac-
tion, amounts to reporting all cells with t contained
in the corresponding interval [vmin, vmax]. These
are the cells that cells intersect the isosurface.

Actually, it suffices to consider the half-open in-
tervals [vmin, vmax), which forces an extraction al-
gorithm to report only one intersecting cell in place
of two in cases where the isosurface only touches
a face of a cell. Moreover, this way a cell is listed
only once in auxiliary data structures such as kd-
trees or interval trees, see below.

To efficiently organize the extraction is the cen-
tral problem addressed in some previous papers.
For a survey see [1]. In this section we review the
major methods and explain the cell extraction prob-
lem with a memory constraint that is considered and
solved for the first time in this paper.
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Method
Search
trees
(MB)

Total
space
(MB)

Time
(ms)

Speed-
up
factor

Enumeration 0 80.86 9596 1
Octree 35.37 116.24 2641 3.63
kd tree 320.62 401.48 478 20.1
Interval tree 480.62 561.48 98 98.2

Table 1: Results for cell extraction for an MRI vol-
ume data set of size 384× 400× 276 (Fig. 2). The
timings are averaged and do not include time for
cell output and for polygon computation.

The canonical method for cell extraction pro-
ceeds by enumeration, i.e., it sequentially checks
all cells Ci,j,k in the volume for the condition t ∈
[vmin, vmax]. This method was used in the “march-
ing cubes” paper of Lorenson and Cline [7]. Be-
sides storage for the volume data it does not re-
quire any additional memory while the cell extrac-
tion time is linear in the size of the volume data.

With a hierarchical space subdivision of the vol-
ume a considerable acceleration can be achieved at
the cost of moderate additional CPU space. Wil-
helms and Van Gelder proposed in [10] an octree
subdivision for this purpose.

More substantial acceleration of the cell extrac-
tion can be provided by partitioning the volume
into subsets consisting of cells Ci,j,k with similar
“spans” [vmin, vmax]. For example, these spans,
represented as points (vmin, vmax) ∈ R

2 in “span
space”, can be organized in a kd-tree structure al-
lowing rapid extraction of the non-empty cells, see
Livnat et al [6], an approach called the NOISE-
algorithm. The per cell space requirements for this
data structure are given by space for the vmin and
vmax values and a pointer to the cell in addition to
storage for the tree structure. The same authors to-
gether with Hansen suggest in [9] another way to
efficiently store the points in span space by sorting
the points into buckets generated by a 2d lattice and
a kind of run length coding.

As an alternative Cignoni et al [4] propose the
use of interval trees. The computational complexity
of the search is O(k+ log h), where k is the output
size and h is the number of nodes in the interval tree
[4]. With this result, the method is output sensitive
optimal. In order to reduce the space requirements
for the interval trees one may restrict to a subset
of cells such that all edges in the volume grid are
covered [4]. After cell extraction one propagates
the isosurface on to the neighboring cells. Thus, a
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Figure 1: Comparison of methods for cell extrac-
tion for the MRI data set of Table 1. The solid line
results from our adaptive optimal hybrid method.

tradeoff between space and time complexity is real-
ized. However, the method is neither adaptive with
respect to a given memory constraint nor optimally
designed as the hybrid method in this paper.

Chiang and Silva present in [3] an interval tree
method that works “out-of-core”, i.e., the data
structure is stored externally on disk such that those
parts that are needed for an extraction process can
be efficiently read into main memory. Another
method, proposed by Bajaj, Pascucci, and Schikore
in [2], first searches a suitable subset of all cells for
active cells from where the isosurface is generated
by means of a fast propagation algorithm.

Let us consider the class of memory resident iso-
surface extraction methods. Table 1 shows an ex-
ample for a data set of 16-bit values of resolu-
tion 384 × 400 × 276 which amounts to about 81
megabytes (MB) of volume data. The three basic
methods using an octree spatial subdivision, kd-tree
and interval tree structures for the span space ap-
proach are explored next to the sequential search by
enumeration without acceleration. With the search
by enumeration the cell extraction time is 9.6 sec-
onds averaged over random query values t (on a
MIPS R12000 processor at 270 MHz). This rather
long extraction time is sped up by an impressive fac-
tor of almost 100 using the interval tree method.
However, the interval tree data structure requires
481 MB of memory for this achievement.1 Now

1The list structures in the interval tree require two pointers in
the min- and max-lists (2 × 4 bytes) and the interval (2 × 2 bytes)
for each cell. Overall, this amounts to 12 bytes for each cell in the
interval tree. These are 383× 399× 275− 27, 845 cells (voxel
values on the corners coincide in cells that are ignored).
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Figure 2: Ray traced isosurface from Table 1.

let us assume that only 200 MB memory for the
auxiliary data structures is given. In this case the
machine would be able to accommodate the octree
method requiring 35 MB and providing an average
extraction time of 2.6 seconds, while it would not be
able to handle the kd-tree without swapping mem-
ory. In this paper we fill the gap between the state-
of-the-art methods by designing a memory adaptive
hybrid algorithm that optimally adapts to any given
amount of available memory. Its performance for
the example is given by the solid line in the graph
of figure 1. For the case of 200 MB of available
memory the hybrid approach will result in an aver-
age extraction time of only 0.67 seconds.

In our hybrid approach we use a binary spatial
partition (BSP). The leaves of the BSP tree corre-
spond to regions that are searched using one method
out of a pool of methods. Construction of the BSP
tree and the selection of the search method is op-
timal in the sense that no other feasible configura-
tion with the same or lower memory requirement
can provide for a better acceleration.

2 Theory

Let us assume that we are given samples vijk of a
scalar function f : R

3 → R at integer coordinates
from which we can generate an interpolation
f̂ : D ⊂ R

3 → R. Thus, f̂(i, j, k) = vijk for
integers i, j, k in certain ranges. We define the cells
Cijk as explained in the last section and consider
the set of eight corresponding voxel values Vijk =
{vi,j,k, vi+1,j,k, vi,j+1,k, ..., vi+1,j+1,k+1} and
their convex hulls without the maximum point,
Iijk = [minVijk,maxVijk). Now let a threshold
t ∈ R, i.e., an isovalue be given. Then the cell
extraction problem for the computation of the
corresponding isosurface f̂−1(t) is to report the set

of indices L = {(i, j, k) | t ∈ Iijk}. In the final
step an isosurface renderer will compute and render
f̂−1(t) ∩ Cijk for all (i, j, k) ∈ L.

2.1 Memory constrained optimization

Assume that we are given a set of m > 1 search
methods that solve the cell extraction problem. We
consider spatial partitions P of the volume D into
blocks Bk, k = 1, . . . , n each consisting of the
union of a set of cells, P = {B1, . . . , Bn},D =⋃n
k=1 Bk such that each cell belongs to exactly one

block Bk. In our hybrid scheme we assign to each
block Bk one of the m search methods, denoted
by the number ak ∈ {1, . . . ,m}. For a partition
P with n sets, |P | = n, we thus have a method
assignment vector A = (a1, . . . , an). Our hy-
brid cell extraction proceeds by sequentially pro-
cessing the blocks B1, . . . , Bn, applying cell ex-
traction method ak for block Bk.

We assume that we have a mathematical model
describing the cell extraction time required by any
of the m search methods when extracting cells for
all blocks B ⊂ D and thresholds t ∈ R. We use
the notation T (B, a, t) where a ∈ {1, . . . ,m} de-
notes the search method. Likewise we denote by
M(P ),M(B, a), and M(P,A) models for the
space requirements; M(P ) for storing the defini-
tion of the spatial partition and M(B, a) for stor-
ing the auxiliary data structures required by search
method numbered a applied to the block B of cells.
Then the overall space requirements M(P,A) for
our hybrid cell extraction method using a partition
P = {B1, . . . , Bn} and method assignment vector
A = (a1, . . . , an) is

M(P,A) = M(P ) +

n∑
k=1

M(Bk, ak). (1)

A global memory constraint M can be written as
M(P,A) ≤ M. Details for models of space and
time for the methods are given in Section 3 and [8].

We also define a probability distribution for the
thresholds t ∈ R, because these isovalues are gen-
erally not known beforehand. E.g., one can simply
assume a uniform distribution over the range of the
voxel values contained in the entire volume. An-
other suitable distribution can be based on the his-
togram of the voxel values in the volume. Using a
probability distribution allows us to work with the
expectation of the time requirement T (B, a, t) for
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the cell extraction, denoted by E[T (B, a, t)]. The
expectation of the total time required for the cell ex-
traction in the entire volume D using a partition P ,
|P | = n, with method assignment vector A is

E[T (P,A, t)] :=

n∑
k=1

E[T (Bk, ak, t)].

Definition 1 (Memory constrained optimization)
For given volume data, m extraction methods, and
a global memory constraint M define the configu-
ration set

K = {(P,A) | P partition, A ∈ {1, ...,m}|P |}

and compute the configuration (P �, A�) ∈ K that
minimizes the expected cell extraction time,

(P �, A�) = argmin
(P,A)∈K

E[T (P,A, t)],

subject to the constraint M(P,A) ≤ M.

The problem as stated is very hard to solve in
its generality. The configuration space K is huge
and unstructured. Partitioning problems can often
be shown to be NP-hard. In the next two sections
we therefore first discuss the case of a fixed parti-
tion and then solve the problem for a very large set
of hierarchical partitions.

2.2 Optimization for fixed partitions

We assume for this subsection that the configu-
ration space K contains only one partition P =
{B1, . . . , Bn}. Thus, the task is to compute A� =
argminA∈{1,...,m}|P | E[T (P,A, t)] subject to the
memory constraint M(P,A) ≤ M . Using a mul-
tiplier λ ≥ 0 we convert the problem to an uncon-
strained discrete Lagrangian problem.

Definition 2 (Discrete Lagrangian problem)
Let P , |P | = n, be a partition of D. For a given
Lagrangian multiplier λ ≥ 0 compute

A� = argmin
A∈{1,...,m}n

E[T (P,A, t)] + λ · M(P,A).

(2)

A solution to the unconstrained problem for a
given parameter λ ≥ 0 yields a corresponding so-
lution of the constrained problem as stated by the
following proposition.
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Figure 3: This space-time diagram for the
unconstrained optimization contains a point
(M(P,A), E[T (P,A, t)]) for each of the mn

method assignment vectors A.

Proposition 1 Let A� ∈ {1, . . . ,m}n be a solu-
tion of the discrete Lagrange problem (2) for λ ≥ 0.
Then A� solves the memory constrained optimiza-
tion problem minimizing E[T (P,A, t)] subject to
M(P,A) ≤ M(P,A�).

The proposition is a special case of a general the-
orem of Everett [5]. Figure 3 illustrates the propo-
sition and suggests a proof of the statement.

To solve the constrained optimization problem
for a given memory constraint M , one must solve
(2) for several values of the parameter λ until a so-
lution with a memory requirement sufficiently close
to the given space M is found. Here the method of
bisection or the secant method can be applied.

However, the solution of (2) by enumeration of
all mn points in the space/time diagram is not
feasible because the complexity grows exponen-
tially with the number n of blocks in the parti-
tion P . Fortunately, the exponential complexity
can be reduced to a linear one by observing a sep-
arability property of the problem. The minimiza-
tion in (2) is equivalent to minimizing the sum∑n

k=1 E[T (Bk, ak, t)] + λ · M(Bk, ak) whose
terms are independent. Therefore we can treat the
terms in the sum separately for k = 1, . . . , n,
yielding solutions

ak = argmin
a∈{1,...,m}

E[T (Bk, a, t)] + λ · M(Bk, a).

2.3 Optimization for variable partitions

We now generalize the solution of the memory con-
strained cell extraction problem allowing several
partitions P in the configuration set K. Since the
problem with arbitrary partitionings is intractable,
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we restrict ourselves to the case of hierarchical par-
titions. These are partitions that are recursively gen-
erated as follows. The volume domain D is par-
titioned into two or more macro blocks consisting
of unions of cells as before. Each of these macro
blocks can be subdivided in the same procedure and
so on in a recursive manner. The partitioning of D

or of a macro block in D must follow a determinis-
tic rule. For example, the rule may simply be that
a block is split along the largest dimension into two
equally sized subsets. A maximal hierarchical par-
tition is obtained when the recursive partitioning is
carried out until the blocks at the finest level are
smaller than some given threshold, which is a pa-
rameter of the hybrid cell extraction method.

Any hierarchical partition can be identified with a
corresponding tree. A node ν corresponds to a spa-
tial volume that is equal to the union of the volumes
belonging to the leaf nodes of the subtree rooted at
ν. In particular, the root node corresponds to the
entire volume D, the other inner nodes to macro
blocks, and the leaf nodes correspond to the blocks
Bk, k = 1, . . . , n of the hierarchical partition P .

Definition 3 (Configuration space) Let a maxi-
mal hierarchical partition Pmax of D be given.
Then the configuration set for the memory con-
strained optimization problem in Definition 1 is

K = {(P,A) | P ∈ P, A ∈ {1, ...,m}|P |}

where P consists of all partitions P that correspond
to pruned subtrees of Pmax.

Definition 4 (Global Lagrangian optimization)
Let Pmax be a maximal hierarchical partition of D

and let K be the corresponding configuration set
of hierarchical partitions as in Definition 3. The
corresponding Lagrangian global cost function of
(P,A) ∈ K is

Jλ(P,A) := E[T (P,A, t)] + λ · M(P,A). (3)

The global Lagrangian optimization problem for
hierarchical partitions and Lagrangian multiplier
λ ≥ 0 is to compute

(P �, A�) = argmin
(P,A)∈K

Jλ(P,A). (4)

Similar to Proposition 1 the solution (P �, A�) of
the unconstrained global Lagrangian optimization

problem is also a solution to the constrained min-
imization of E[T (P,A, t)] satisfying M(P,A) ≤
M(P �, A�).

The cardinality of the set P of partitions in K
is huge, exponential in the number of leaves of the
maximal tree belonging to Pmax. Still, a solution
is possible by observing a fundamental principle of
optimality. To formulate this principle we first ex-
tend the unconstrained Lagrangian space/time opti-
mization problem to all macro blocks correspond-
ing to nodes ν of the maximal partition tree Pmax.
For a given node ν let us denote by Bν the cor-
responding (macro) block of cells and by P(ν) the
set of all hierarchical partitions of Bν which are
embedded in P . Then the Lagrangian cost func-
tion relative to the cell extraction problem at node
ν, respectively at (macro) block Bν , using a parti-
tion Pν ∈ P(ν) and a method assignment vector
Aν ∈ {1, . . . ,m}|Pν | is defined by

Jλ(Pν , Aν) := E[T (Pν , Aν , t)]+λ ·M(Pν , Aν).

Thus, at all nodes ν of the maximal partitioning tree
Pmax we can pose a local Lagrangian optimization
problem for cell extraction in Bν , namely

(P �
ν , A

�
ν) = argmin

P∈P(ν),A∈{1,... ,m}|P |
Jλ(P,A).

Proposition 2 (Principle of optimality) Let λ ≥
0, Pmax the maximal hierarchical partition of D,
and (P �, A�) be the solution of the global La-
grangian optimization problem for cell extraction
with hierarchical partitions (Definition 4). Let ν be
an inner node of the optimal partition P �. Then
the subtree Pν at node ν in P � together with the
method assignment vector Aν attached to the leaf
nodes of Pν provides the solution (P �

ν , A
�
ν) of the

local Lagrangian optimization problem relative to
node ν.

The proposition is due to the same separability
property that we have explained in Subsection 2.2.
In order for the global solution (P �, A�) to be op-
timal, every partition subtree of P � with associated
partial method assignment vector must be optimally
designed, which means that the corresponding local
Lagrangian cost function must be minimal, thereby
providing a solution to the local Lagrangian opti-
mization problem.

The principle of optimality in Proposition 2 leads
to a bottom-up dynamic programming solution of
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the global Lagrangian optimization problem. We
can begin by solving the local optimization prob-
lems at the leaf nodes, where the local partition
is trivial, i.e., consisting of only one single block.
Thereafter, the computation of the local solutions
at inner nodes is possible by using the solutions
for the corresponding child nodes, requiring only
a few comparisons of easily computed Lagrangian
cost functions. Thus, local solutions are computed
from the leaf nodes up to the root node at which
point the global solution is obtained.

In terms of formulas the procedure is as follows.
For all leaf nodes ν of the maximal tree Pmax the
solution of the local Lagrangian optimization prob-
lem is given by the trivial partition P �

ν and the best
method A�

ν = (a) with

a = argmin
a=1,··· ,m

Jλ(P
�
ν , (a))

= argmin
a=1,··· ,m

E[T (Bν , a, t)] + λ · M(Bν , a)

For all inner nodes ν of the maximal tree we let
P 0
ν denote the trivial partition at node ν (only one

block, i.e., Bν itself) and compute

min
Pν ,Aν

Jλ(Pν , Aν) =min

{
min

a=1,··· ,m
Jλ(P

0
ν , (a)),

∆E[T ](ν) + λ∆M +
∑

children
µ of ν

min
Pµ,Aµ

Jλ(Pµ, Aµ)

}

(5)

The first term takes care of the case in which the
volume belonging to node ν is not further parti-
tioned and searched using only one method. The
second term handles the case in which the volume
of node ν is partitioned. To be precise, it contains a
small additive constant ∆T (ν)+λ∆M, where ∆M
denotes the additional storage space that is needed
to indicate in the optimal partition that the vol-
ume Bν at node ν is further partitioned. The term
∆T (ν) reflects the expected time required checking
the node ν during cell extraction. Overall, we have
to compare m cost function values at each leaf node
and m + 1 cost function values at each inner node
of the maximal partition tree.

2.4 Summary of the optimization method

The proposed solution for the optimal memory con-
strained cell extraction problem proceeds by pre-
processing the volume data solving the Lagrangian

optimization problem for a suitable large set of pa-
rameters λ ≥ 0. Then the optimal solutions to-
gether with the corresponding space requirements
are available for multiple cell extraction passes
obeying an arbitrary memory constraint for the re-
quired auxiliary data structures. The preprocessing
needs to be carried out only once. The result can
be used multiple times for different memory con-
straints. In more detail the steps are as follows.

Algorithm 1 (Preprocessing)
1. Read volume data.
2. Choose a sequence (λi)i with 0 < λ1 < λ2 <

· · · < λl and a resolution parameter δ > 0.
3. Build full partitioning tree Pmax using a max-

imal block size (e.g., 2× 2× 2) for the termi-
nation criterion at the leaf nodes.

4. For all nodes ν and methods a = 1, ...,m es-
timate the required space M(Bν , a) and the
expected extraction time E[T (Bν , a, t)].

5. For each λi do the Lagrangian optimization
obtaining optimal partition P �

i , assignment
vector A�

i , and required space M(P �
i , A

�
i ).

6. Insert more λ-values and go to Step 5 to ensure
that M(P �

i+1, A
�
i+1)/M(P �

i , A
�
i ) ≤ 1 + δ.

After preprocessing, the cell extraction and the iso-
surface rendering commence as follows.

Algorithm 2 (Cell extraction and rendering)
1. Read volume data.
2. Determine available space M for auxiliary

data structures.
3. Extract optimal partition P �

iM
and method

assignment vector A�
iM

from the prepro-
cessing, i.e., compute iM = min{i =
1, . . . , l | M(P �

i , A
�
i ) ≤ M}.

4. Build auxiliary data structures as given by
P �
iM

and A�
iM

.
5. User input: threshold t.
6. Extract the cells using the methods and data

structures generated in Step 4.
7. Produce and display the polygonal approxima-

tion of the isosurface in each extracted cell.
8. If desired go to Step 5.

3 Implementation and models for
space and time

Optimizing the expected cell extraction time re-
quires a model of the space and time needed for
the basic cell extraction methods. Here we choose
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just two extraction methods for this analysis (thus,
m = 2), namely the approach by enumeration (a =
1) and the method based on interval trees (a = 2).
This choice is motivated by the fact that these meth-
ods provide the two extreme points in the space-
time diagram, see Figure 1. As a result of the op-
timization we should obtain a scalable method that
ranges from zero space requirement and high ex-
traction times (by enumeration) to very large space
requirements for the fastest possible extraction (by
interval trees). The space requirements are zero for
a = 1 and for a = 2 can be readily measured in
the implementation without building the min- and
max-lists for the interval trees. It is more difficult to
estimate the time requirements.

Let us denote by Bν = [i0, i1]×[j0, j1]×[k0, k1]
the volume that is attached to node ν of the partition
tree. Then |Bν | = (i1 − i0)(j1 − j0)(k1 − k0) is
the number of cells in Bν . Furthermore, we denote
by Iν = [minVν ,maxVν) the interval of voxel
values belonging to the block Bν , where Vν =
{vijk | i0 ≤ i ≤ i1, j0 ≤ j ≤ j1, k0 ≤ k ≤ k1}
For intervals I let us denote by Pr(I) the probabil-
ity that the query value t is in the interval, t ∈ I .

We now consider the extraction method by enu-
meration. In the straightforward implementation
one checks all cells in Bν independently, requir-
ing the same constant time α0. Thus, the ex-
pected extraction time at node ν using the extraction
method by enumeration (a = 1) can be modelled
by E[T (Bν , 1, t)] = Pr(Iν) · α0|Bν |. A slightly
faster way to extract cells by enumeration checks a
cell using the minimum and maximum values of 4
of its 8 voxel values which are already known from
the previously processed cell. The model for ex-
pected extraction time can be adapted to this case
requiring two parameters, β0, β1, E[T (Bν , 1, t)] =
Pr(Iν) · (i1 − i0)(j1 − j0)[(k1 − k0)β0 + β1].

A simple model for the expected cell extraction
time for the method using intervals trees (a = 2)
can be based on the nearly output sensitive char-
acter of the method, stating that the time is pro-
portional to the expected number of cells reported,∑

Cijk⊂Bν
Pr(Iijk). However, we have imple-

mented a more accurate model that takes into ac-
count the processing of the interval tree besides the
scan of the min- and max-lists of the tree [8].

We model the expected time for checking an in-
ner node in equation (5), ∆E[T ](ν), as Pr(Iν) ·α3.
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Figure 4: Modelled expected cell extraction time
versus actual time averaged over different isovalues.

The model for expected extraction time contains
parameters, that depend only on the machine used
and can be determined empirically for some sample
data set. We use several partitioning trees Pi and
method assignment vectors Ai. It does not matter
whether they are optimal. In each case i the model
predicts a run time T̃i as a linear combination of the
parameters. Then for each i the actual extraction
times are measured and averaged for a set of query
values obeying the underlying probability distribu-
tion, yielding empirical expected times Ti. Now the
parameters can be determined using least squares
minimization to fit the model to the data. E.g., the
results using a Silicon Graphics Origin 200 proces-
sor at 270 MHz yielded values of 24.2 and 92.2
nano seconds for the parameters α0 and α3, respec-
tively. The time for output of the cells is not consid-
ered because overall it is constant and irrelevant for
the optimization. See Figure 4 for results.

We conclude this section with remarks regarding
our implementation. The required space and ex-
pected extraction times are computed using a recur-
sive depth-first tree traversal of the maximal parti-
tioning tree. In the entire process no min- and max-
lists for interval trees need to be built. It suffices to
know the structure of the interval trees which can be
derived from a small subset of the intervals that are
maintained in the tree.

The resulting values of space requirements and
expected times are stored in a table providing ran-
dom access for the following optimization passes
for the various parameters λi. These bottom-up
Lagrangian optimizations are also computed us-
ing the recursive depth-first tree traversal algorithm.
The resulting optimal hierarchical partitions P �

i are
stored along with the assignment vectors A�

i .
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Figure 5: Nodes in optimal spatial partitioning tree
as a function of memory allocation.

4 Results and future work

We have applied our optimal hybrid method to sev-
eral data sets, but give results here only for the
MRI data set from Section 1, compare Figure 1.
Figure 5 shows how the spatial partitioning tree
builds up and then shrinks as more memory gets al-
located for the auxiliary data structures. The first
18 MB are used entirely for spatial subdivision up
to about 300,000 blocks all of which are searched
by enumeration. From then on additional space is
invested almost exclusively in nodes with interval
trees and eventually such nodes are merged reduc-
ing the number of blocks. At the end, with 480 MB,
only one node remains, i.e., the root node which
belongs to an interval tree encompassing the entire
volume. For other data sets we have observed simi-
lar results.

Our method is practical. The preprocessing time
in Algorithm 1 is dominated by Step 4 in which the
time and space requirements for all methods and
all nodes of the maximal partitioning tree are com-
puted. On our machine (Silicon Graphics Origin
200 R12000 processor at 270 MHz) these compu-
tations take about 360 seconds for the 81 MB MRI
data set. We store the results of the preprocessing
in a disk file which is accessed by Algorithm 2.

For future work we remark that for the cell ex-
traction we may join all the leaf nodes of the BSP
tree that are searched with the interval tree method.
This way only one interval tree needs to be built re-
ducing space requirements. Another improvement
providing an accelerated cell extraction can be ob-
tained eliminating the partition tree altogether keep-
ing only the leaves ν, which must be traversed for
each cell extraction. This traversal can be efficiently
implemented using another interval tree, this time

for the intervals Iν , i.e., the ranges of values in the
volumes belonging to the leaf nodes.

Other methods besides enumeration and interval
trees such as the one based on kd-trees [6], the IS-
SUE algorithm [9], propagation algorithms [2, 4]
and even external out-of-core algorithms [3] can be
integrated in our optimization framework as well.
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