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Abstract
Point-basedmodelsare gaining lately considerable attentionas an alternativeto traditional surfacemeshes.
In this context, Point SetSurfaces(PSS)were proposedas a modelingand renderingmethodwith important
topological andapproximationproperties.However, ray-tracingPSSis computationallyexpensive. Therefore, we
proposean interactiveray-tracingalgorithmfor PSSimplementedcompletelyon commoditygraphicshardware.
Wealsoexploit theadvantagesof PSSto proposea noveltechniquefor extractingsurfacesdirectlyfromvolumetric
data. This techniqueis basedon the well knownpredictor-corrector principle from the numericalmethodsfor
solving ordinary differential equations.Our techniqueprovidesgood approximationsto surfacesde�ned by a
certain propertyin the volume, such as iso-surfacesor surfaceslocatedat regionsof high gradientmagnitude.
Also,local detailsof thesurfacescouldbemanipulatedby changingthelocal polynomialapproximationandthe
smoothingparametersused.Furthermore, thesurfacesgeneratedaresmoothandlow frequencynoiseis naturally
handled.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5 [ComputationalGeometryandObjectModel-
ing ]: Curve, surface,solid, andobjectrepresentationsG.1.2[Approximation]: Approximationof surfacesand
contoursI.3.7 [Three-DimensionalGraphicsandRealism]: Ray-tracing

1 Intr oduction

Lately, point-basedmethodsare becomingpopularwithin
thecomputergraphicscommunitydueto their inherentad-
vantagesand due to the advanceson both the acquisition
methodsthatprovideunorganizedpointcloudsandthemod-
eling toolsandtechniquesavailablefor creatingandediting
point-basedmodels.Simulationalgorithms,e.g.deformable
bodiesandanimation,andrenderingmethodshavealsobeen
addressed,whichhavebecomethebasefor thedevelopment
of new point-basedgraphicsmethods[KB04]. In this con-
text, Alexa et al. [ABCO� 01, ABCO� 03] and Zwicker et
al. [ZPKG02] proposedre-samplingtechniquesfor generat-
ing densesamplingsin orderto cover the imagespacecon-
sistentlyby simplyprojectingthepointsontothescreen.The
surfacesthusobtainedareknown aspointsetsurfaces(PSS).

y e-mail:{eduardo.tejada|thomas.ertl}@vis.uni-stuttgart.de
z e-mail:{jpgois|gnonato|castelo}@icmc.usp.br

PSSmethodsoffer a naturalmechanismto dealwith noisy
datasets,which are hard to handlewith surfacemeshre-
constructiontechniquesfrom point clouds.In fact, few sur-
face reconstructionmethodshave beenproposedto solve
thisproblem[MAVdF05,DG04].

PSS have been further studied by Amenta and Kil
[AK04a,AK04b] who notedimportantpropertiesaboutthe
domain of a PSSand the behavior of the moving least-
squares (MLS) and weightedleast-squares (WLS) mini-
mizationstrategiesin thecontext of PSS.Basedon theirob-
servations,we proposea novel techniqueto extractsurfaces
from volumetric datastoredin uniform grids, inspiredby
thewell-known `predictor-corrector'principle.Our method
is able to provide goodapproximationsto the surfacesde-
�ned by a given featurein thevolume,suchasiso-surfaces
andsurfaceslocatedat regionsof high gradientmagnitude.
This last classof surfacesis addressedsince,as Kniss et
al. [KKH01] pointedout, althoughthereis no mathemati-
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cal prove, regionsof interestareassumedto be locatedat
regionsof highgradientmagnitude.

Meshsurfacesextractedfrom volumetricdatahave some
inherentdisadvantages,such as the needfor de�ning the
polygon characteristicsize and the needfor storing topo-
logical information.Also, importantdetailsmaybeomitted
or coarseregions might be excessively detailed.Although
moresophisticatedmethodswereintroducedin orderto han-
dle theseproblems[SP97], themeshmustbelocally recom-
putedandre�ned,whichiscomputationallyexpensive.Also,
it is necessaryto de�ne an initial surface,implying that the
usermustknow a priori somecharacteristicsof the object
in orderto de�ne a goodinitial approximation.Theauthors
alsomentionthepossibilityof handlingnoisydataif sophis-
ticatedstrategiesof re�ning anddisplacementof verticesare
used.

On the other hand,our methodhandlestheseproblems
naturally. Sinceit is basedon local polynomialapproxima-
tions,theprecisionof themodelcanbelocallyde�ned.Also,
low frequency noisein thedatais easilyhandled,dueto the
fact that the local approximationsarecomputedby means
of least-squares(LS) approaches.Our approachgenerates
smoothsurfacesavoiding the piece-wiseapproximationof
mesh-basedmethods.

To achieve interactive frame rates,the implementation
wascompletelyrealizedon commoditygraphicshardware,
makinguseof the supportfor loopsanddynamicbranches
in the shaderstageprovided by the Pixel Shader3 model
[Mic06]. We alsoproposeanalgorithmfor ray-tracingPSS
on the GPU which is considerablyfasterthanCPU imple-
mentations[AA03b]. As statedby AdamsonandAlexa,PSS
have clearadvantagesover otherrepresentationswhenray-
tracingis used,namelythelocality of thecomputations,the
possibility of de�ning a minimum featuresizeandthe fact
thatthesurfaceis smoothanda2-manifold[ABCO� 03]. Be-
sidethe inherentimplicationsof thesethreecharacteristics,
thesecondadvantagecanbeexploitedwhencomputingthe
intersectionof the ray with the surface,whilst the last one
turnesCSGoperationsfeasible[AA03b].

2 RelatedWork

In general,PSSmethodsmake useof classicaldifferential
geometryresultsto ensureconsistentlocal representation
throughpolynomialapproximations.In thisrespect,Zwicker
et al. [ZPKG02] use linear minimizationsbasedon WLS
to de�ne the local polynomialfunctions,whilst Alexa et al.
[ABCO� 01,ABCO� 03] employ a non-linearstrategy based
on MLS to de�ne a local coordinatesystemover which a
local polynomialapproximationto thesurfaceis calculated
usingWLS. This approachwasbasedon thework by Levin
[Lev98,Lev03].

AmentaandKil [AK04a] proposedan elegant approach
for generatingpointsetsurfacesthatmakesuseof computer

vision andcomputationaltopologyconcepts.They alsopre-
senteda theoreticalanalysisaboutthebehavior of themin-
imization strategies adoptedby MLS and WLS. Basedon
theseresults,a new PSSmethodthatcapturessharpcorners
was introducedby the authors[AK04b]. SomePSStech-
niquesalsomake useof implicit functions[AA03a,AK04a]
whosezerosetis guaranteedto generatesurfacerepresenta-
tions.Also, guaranteesfor homeomorphicalapproximations
to theoriginalobjectbasedon this implicit functionarepre-
sented[DGS05].

Dey andSun[DS05] proposea hybrid methodthat uses
MLS and surface reconstructiontechniquesto deal with
noisydata.Onefurtherhybrid techniquethatemploys MLS
togetherwith anincrementalsurfacereconstructionmethod
is describedby Scheidegger et al. [SFS05]. Fleishmanet
al. [FCOS05] proposea PSSmethodbasedon robuststatis-
tics techniques,which is ableto handleverynoisydatasets.
Thework by Reuteretal. [RJT� 05] is alsoaimedathandling
suchdatasets,basedontheenrichedreproducingkernelpar-
ticle approximationtechnique.Both works presentequally
goodresultsevenfor modelswith sharpcorners.

Renderingvolumetric data using point-basedstrategies
hasalsobeenaddressedin previouswork. Coetal. [CHJ03]
proposeda method named `iso-splatting', that extracts
pointsin thedomainde�ned by theiso-valueandusesthem
as input to computea third-degreepolynomialapproxima-
tion to the surface.The renderingis performedby means
of splatting operationsby projecting points onto the iso-
surfacede�ned by this interpolation.Livnat and Tricoche
[LT04] proposedanhybrid methodof iso-contouringbased
on points and triangles.Nested-gridsare employed to tra-
versethe domainanddecidewhethera triangleor a single
pointmustberendered.

Recently, Fencheletal. [FGS05] proposedatechniquefor
animatingsurfacesextractedfrom 4D volumetricdata.The
inputof themethodis asequenceof volumeschangingalong
time.A surfacemeshis extractedusingthemarchingcubes
algorithmandthedynamicmeshis obtainedby moving the
verticesof thismeshby meansof WLS usingthevolumeas-
sociatedwith thecurrenttimestep.Thetechniqueis aimedat
animatingdatafrom medicalapplications,speci�cally from
thebeatingheart.

3 Least-Squares,WeightedLeast-Squares,Moving
Least-Squaresand Point SetSurfaces

A PSSof agivenpointcloudP is de�ned asthesetof points
p 2 R3 for which P(p) = p, whereP is a projectionop-
eratorde�ned as follows: given a point r 2 R3, its projec-
tion P(r) is calculatedwith a two-stepprocess.First,a local
planeH(n;q), with normaln andpassingthroughq = r + tn,
wheret is a scalar, is found usingeitherMLS [ABCO� 01]
or WLS [ZPKG02], sothatH(n;q) approximatesthesurface
in theneighborhoodN(r) � P of r. Then,a local orthonor-
mal coordinatesystemis de�ned overH(n;q) with origin in
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q, on which a bivariatepolynomialapproximationg(x;y) is
computedby meansof WLS. Then,theprojectionoperator
is de�ned by P(r) = q+ g(0;0)n = r + (t + g(0;0))n.

As statedbefore,thisprocessis performedusingtheMLS
and WLS methods.WLS differs from the traditional LS
schemein thefactthatweightsareintroducedto forcesome
points to have a greaterin�uence in the solution. n and
q = r + tn canbe computedusingWLS by performingthe
following minimization

min
n;t å

pi2 N(r)
< pi � (r + tn);n > 2 w(kpi � pwk); (1)

where w(x) is a non-negative monotonically decreasing

function.Frequently, aGaussianw(x) = e� x2

h2 is used,where
h representsthe local level of detailof theobject.Here,the
weighterpoint pw is known a priori (usuallyr).

TheMLS method,proposedby LancasterandSalkauskas
[LS81] for smoothingandinterpolatingdata,is a weighted
least-squaresscheme,that�nds notonly thebestapproxima-
tion to thesetof weightedpoints,but alsothebestweighter
at the sametime. Thus,the planethat bestapproximatesa
setof pointsis obtainedby computing

min
n;t å

pi2 N(r)
< pi � (r + tn);n > 2 w(kpi � (r + tn)k): (2)

Sinceq is also the weighterin w, Equation2 is a non-
linear function. The resultsof the WLS and MLS mini-
mizationsareslightly different.SincetheMLS minimization
�nds the bestplanethat approximatesthe weightedpoints
andtheweightersimultaneously, theminimumcanapproxi-
matea tangentplaneto thesurfaceat a point, if theinterval
of searchis closeenoughto thesetof points.This is not the
casefor the WLS strategy, which only �nds the bestplane
thatapproximatestheweightedpoints.Therefore,theMLS
is assumedto producesmootherPSSandmoreaccuratere-
sults.

4 Extracting Point SetSurfacesfr om Volumetric Data

As statedbefore,in our approachwe usea strategy inspired
by the predictor-correctormethodswhich make useof two
numericalapproachesto solve ordinary differential equa-
tions. The �rst approachis a `predictor' which provides a
�rst rough solution but requiresonly limited information.
Thissolutionis theinputto the`corrector'whichthen�nds a
�nal moreaccuratesolution.Theseprocessescanbeiterated
in orderto improve thesolutionobtained[PTVF95].

In the study by Amenta and Kil [AK04b] it is shown
that theenergy functionbasedon WLS strategiesis ableto
projectpointsfar from thesurface,but thesolutionis not as
accurateastheoneobtainedwith MLS. On theotherhand,
pointsfarfrom thesurfacearenotproperlyhandledby MLS.
Thus,we basedourmethodon thebelief thata combination
of bothschemesin apredictor-correctorsensewouldprovide
betterresults.

The�rst stepof ourPSSmethodis performedusingWLS
to �nd aninitial approximationfor theprojectionof a given
point `on the surface'. This allows us to deal with points
thatarerelatively far from thesurface.As discussedabove,
theweightstraditionallyusedin PSSminimizationschemes
aregivenby somemonotonedecreasingfunctionof thedis-
tancefrom the point r to be projectedto the point (voxel)
pi in its neighborhoodN(r). However, in this stepwe use
informationon `how closea voxel is to a featurein thevol-
ume' in orderto weigh the voxels pi 2 N(r). The function
q j ; j = f 1;2g usedto weigh the voxels pi determinesthe
featureusedto identify thesurfaceandthereforethesurface
generated.Iso-surfacescanbegeneratedwith our approach

by usingq1(pi) = 1� e� j v� f ( pi )j
2

k2 , wherev is the iso-value
de�ning the iso-surface, f (pi) is the scalarvalueat pi and
k a smoothingfactor. Also, assumingthat regionsof inter-
estarelocatedat regionsof highgradientmagnitude,aclass
of surfacesthat depictschangesin the materialproperties

canbeobtainedby usingq2(pi) =
�

kr f (pi )k
maxfkr f (pi )kg

� 2
. With

theseweightingfunctionsthefollowing minimizationis per-
formed

min
n;t å

pi2 N(r)
< n; pi � (r + tn) > 2 q j (pi); j = 1;2: (3)

After the minimization,a local coordinatesystemis de-
�ned by theplaneH(n;q), whereq= r + tn. Onthislocalco-
ordinatesystemwe useWLS to �nd a bivariatepolynomial
g(x;y) thatlocally approximatesthesurfaceusingasweight-
ing functionq j ; j = f 1;2g. De�ning P(p) astheorthogonal
projectionof a point p on the �tted polynomialg(x;y), the
correctorschemebeginsby performing

min
n;t å

pi2 N(P (r))
< n; pi � (P (r) + tn) > 2 Q(pi) (4)

whereQ(pi) = [(a1q1;2(pi) + a2q3(jj pi � (P (r) + tn)jj )],

a1 + a2 = 1, q3(d) = e� d2

h2 , and h is a smoothingfac-
tor. Then, as in the predictorstep,we �nd the projection
g of P (r) onto the polynomial that approximatesthe sur-
faceon thelocal coordinatesystemobtainedwith thenew n
andP(r). This polynomialis alsocalculatedwith theWLS
methodusingtheweightingfunctionQ. Thus,g will be the
�nal projectionof r on thepoint setsurface.

5 Computing and Ray-tracing PSSon the GPU

With theadventof thePixel Shader3 model[Mic06], sup-
port for dynamicloopsandconditionalbranchingis avail-
ablein theshaderstage.Weexploit thisnew functionalityto
implementnumericalmethodson theGPUto computeand
renderPSSfrom volumetricdataandpoint clouds.

5.1 Computing PSSfr om volumetric data

To extractaPSSdirectlyfrom thevolumetricdata,werender
viewport-alignedslicesclippedwith theboundingboxof the
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volume,separatedfrom eachotherby a distanceof b = kh
(in thedirectionof theview vector),where0:5< k < 1 andh
is thesmoothingfactorto beusedin q3 duringthecorrector
step.Theideabehindthisoperationis that,sincetheminimal
featuresizeof the point setsurfacemustbe greaterthanh,
by takingstepssmallerthanh weensurethattheintersection
betweeneachrayandthesurfacewill befound[AA03b].

In orderto reducethecomputationtime,we pre-compute
theper-voxel informationto beusedanddiscardthosefrag-
ments for which this information is smaller than a pre-
de�ned threshold.For the caseof iso-surfacesthis datais
jv � f (pi)j and for the surfaceslocatedin regions of high
gradientmagnitudeis kr f (pi)k. Thisthresholdmustbelow
enoughto ensurethat a suf�cient numberof fragmentsis
usedfor the rest of the process.To interpolatethe datain
theshaderweuse8-bitsper-channeltextures.Therefore,the
gradientmustbecodedto 8 bits whenthetextureis created
andreconstructedin theshader.

For eachfragmentgeneratedthat passesthe above men-
tioned test, we perform the following computationscom-
pletely in a singlerenderingpass.In the predictorstepwe
startby minimizing Equation3 with respectto t by taking
n = r f

kr f k (pre-computedusingcentraldifferences�ltered
with the Sobelgradients�lter) andde�ning the point r to
be projectedasthe positionof the fragmentin space.This
representsa straightforwardcomputationsincea simplelin-
earminimizationwith respectto a scalarvaluemustbeper-
formed.Theneighborspi 2 N(q) aretheneighboringvoxels
of q = r + tn. Thus,no spatialsearchis requiredduringthe
wholeprojectionprocess.After t is found,weusecovariance
analysisto �nd thenew n. For that,webuild the3� 3 covari-
ancematrixC1(q) = å pi2 N(q)(pi � q)( pi � q)Tq1;2(pi) and
�nd theeigenvectorassociatedwith thesmallesteigenvalue
of the matrix, which is the new n. To �nd this eigenvector
weusetheinversepowermethod[PTVF95].

Thesetwo stepsareiterateduntil thechangein t is smaller
thanathreshold,usingthen computedin thesecondstepfor
minimizing with respectto t in the next iteration.Oncen
andt arede�ned,apolynomialapproximationto thesurface
is calculatedin a local coordinatesystemde�ned over the
planeH(n;q) usingWLS andweightingthe points pi with
q1;2(pi). To exploit the capabilitiesof the GPU to handle
vector operationsfor vectorsof size 4, we usedthe poly-
nomialg(x;y) = Ax2 + By2 + Cxy+ D for the local approx-
imation (note that (x;y) is in the local coordinatesystem).
Therefore,thematrix of thelinearsystemto besolvedis of
size4� 4 andthuseasilyhandledin theshader. Theprojec-
tion of q on the local approximationis P(r), which we use
asinput to thecorrectorstep.

In the corrector step we perform the minimization of
Equation4, �rst with respectto t. Sincethis is a non-linear
minimization,we implementedtheBrentwith derivativeal-
gorithm[PTVF95] to performit. Then,t is �x edto thevalue
obtainedin order to �nd the new normal n. We choseto

follow the approachusedby AmentaandKil [AK04a] and
computen as the eigenvector correspondingto the small-
esteigenvalueof the matrix C2(P (r)) = å pi2 N(P (r)) (pi �

P (r))( pi � P (r))TQ(pi). Note that in this casewe usethe
neighborsof P (r) insteadof the neighborsof q aswasthe
casefor thepredictorstep.

Thesetwo stepsareiterateduntil thechangein t is smaller
thana threshold.Thenwe let q = P(r) anduseit andn to
de�ne alocalcoordinatesystemonwhichalocalpolynomial
approximationis calculatedwith WLS usingthe weighting
function Q. Thus, the projectiong of q on the polynomial
de�nestheprojectionof r on thepointsetsurface.Then,we
�nd the distancebetweeng andr, andif it is lessor equal
a pre-de�nederror, r is takenastheresultingintersectionof
theraywith thePSS.Otherwise,asin thework by Adamson
and Alexa [AA03b], we �nd the intersectionbetweenthe
polynomialandtheray. If theintersectionis within a region
of con�dencede�ned by aball with radiusb andcenterin r,
theprojectionprocessis startedagain takingtheintersection
foundasthenew r. Thisprocessis repeateduntil thedistance
betweenthe projectionand r is lessthan the error, or the
intersectionis outsidetheball. In the lastcasethefragment
is killed, which, sincewe usedepthtests,will simulatethe
jump to thenext ball usedby AdamsonandAlexa.

5.2 Ray-tracing PSSfr om point clouds

A similar approachastheoneusedfor volumesis takenfor
ray-tracingpoint set surfacesextractedfrom point clouds
on the GPU, with the differencethat the computationis
spreadalongmultiple renderpassesdueto theneedfor spa-
tial queries.Also, sinceno interpolationis needed,32-bits
per-channel�oat texturesareusedto storethedata.

Theprocessisdescribedbelow whereeachsteprepresents
a renderingpass.As in the work by Adamsonand Alexa
[AA03b] we de�ne balls aroundthe samplepoints,which
will be renderedduring the steps`intersection',`form co-
variancematrix', and`form systemfor polynomial �tting'.
During thesteps̀ �nd normals'and`solve linearsystemand
�nd projection' we rendera quadcovering theentireview-
port to generatea fragmentperray. Thestep`initial approx-
imation' is performedonly onceasapre-processingstep.

Initial approximation. In this renderpasswe calculate
local polynomialapproximationsfor eachsamplepoint pi .
For this,we rendera singlequadto generatea fragmentper
samplepoint. Eachfragmentcalculatesthe corresponding
local polynomialfollowing similar stepsasthedescribedin
the previous subsection,but usingEquation2 for the mini-
mization.Sincethepoint to beprojectedis thesamplepoint
itself, and is thusnearthe PSS,we assumet = 0 andcal-
culatethenormaln usingcovarianceanalysis.Oncen is de-
�ned, thepolynomialis approximatedin thelocalcoordinate
system(built usingpi astheorigin andn asoneof thevec-
torsof theorthonormalbasis),with pi asr andusingneigh-
borhoodinformationpre-storedin a3D textureto obtainthe
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neighborspi of thesamplepoint pi . Theresult(coef�cients)
is renderedto a 32-bitsper-channel�oat texture for further
use.

Intersection.Thenearestintersectionof eachraywith the
localpolynomialsstoredatthesamplepointsde�nesour�rst
approximationof theintersectionof theraywith thepointset
surface.To �nd this intersection,werenderviewportaligned
discswith radiusb asshown in Figure1 (asa 2D example).
Eachfragmentbelongingto adisccalculatestheintersection
of theray thatpassesthroughit with thepolynomialstored
at therespectivesamplepoint (top-rightzoomin the�gure).
For this, we transformtheray into the local coordinatesys-
tem,de�ned by a andc in our 2D example,wherec is the
normaln calculatedin the�rst stepof thealgorithm.If there
is no intersectionor if the intersectionis outsidethe ball,
thefragmentis killed. Thus,usingdepthtestswe obtainthe
nearestintersectionr of theray with the local polynomials.
Oncer is determinedandstoredin a �oat texture,we�nd its
projectionon thepoint setsurface.This is donein the four
next steps.

a
c

b

Figure 1: Calculating the intersectionof the ray with the
local approximationstoredin each samplepoint.

Form covariance matrix. Sincethepoint r found in the
last stepis assumedto be reasonablycloseto the PSS,we
sett = 0 and�nd n usingcovarianceanalysis.For that,we
mustform thecovariancematrixusingthenearestneighbors
of thepoint r. Sinceperformingk-nearestneighborsspatial
searchesis expensiveweoptedfor performingarangequery
by renderingdiscswith a radiusr suf�ciently large to in-
�uence thepointsin theneighborhoodof eachpoint, being
r = 2h a goodestimatefor homogeneouslysampledpoint
clouds.

Eachfragmentgeneratedthis way calculatesits distance
to the intersectionpoint on theray passingthroughit in or-
der to ensurethat it is in the neighborhoodof the intersec-
tion. In Figure 1 the zoomeddisc in�uences the intersec-
tion point on the ray since it is within a distancer (b in
the �gure), whilst the in�uence of the disc in the back is
discardedby meansof a kill instruction for the fragment
throughwhich the ray passes.Eachfragmentbelongingto

the disc correspondingto pi that passesthe proximity test
calculates(pi � r)( pi � r)Tw(pi � r). Theresultsof thefrag-
mentsin the neighborhoodof r areaccumulatedusingone
to oneblendingto three16-bit-per-channel�oat texturesthat
hold the3� 3 matrix (sinceblendingto a32-bit-per-channel
textureis prohibitively slow).

Find normals. In thisstepwerenderasinglequadcover-
ing theviewport to generatea fragmentper ray. Eachfrag-
ment calculatesthe eigenvector associatedto the smallest
eigenvalueof the matrix obtainedin the previous step,us-
ing a GPU implementationof the inversepower methodas
in thelastsubsection.Theresultis written to a �oat texture.

Form systemfor polynomial �tting . Oncethe normal
at eachintersectionpoint is found, we must calculatethe
polynomial approximationusing WLS. For that, we form
a linear systemwhich solutionwill give us the coef�cients
of the polynomial.The processis similar to the oneof the
step`form covariancematrix' with the differencethat the
valuecalculatedby eachfragmentbelongingto thedisccor-
respondingto pi is twofold, a4� 4 matrixw(pi � r)aaT and
a vectorw(pi � r)a of size4, wherea = [(pi � r)2

x (pi �
r)2

y (pi � r)x(pi � r)y 1]T . Theseresultsareaccumulated
by meansof blendingto four �oat texturesto beusedasin-
put for thenext step.

Solve linear systemand �nd projection. Thelinearsys-
tem formed in the last step is solved in a further render
passby renderinga quadcovering theviewport. Eachfrag-
ment(ray) solvesthe respective linear systemusingconju-
gategradient[PTVF95]. Then,theintersectionr isprojected
onto thepolynomial.If thedistancebetweentheprojection
g and r is smallerthan a threshold,the intersectionof the
ray with thesurfacehasbeenfound to be r. Otherwise,the
intersectionof theray andthelocal approximationis calcu-
lated.If the intersectionis insidethe ball with its centerin
theoriginal samplepoint pi andwith radiusb, we write this
intersectioninto a �oat texture in orderto useit in thenext
iteration.

The next iterationstartsin the step`intersection'where,
from theseconditerationon,wecheckif theresultof thelast
iteration(i.e. theresultof `solve linearsystemand�nd pro-
jection') is alreadythe intersectionwith the PSS,in which
caseno further processingis donein any of the following
steps.Otherwise,if the resultof the last iterationis a valid
intersectionpoint within the ball de�ned by pi and b, the
following stepsareperformedusingthis intersectionasthe
new point r. If not,we �nd thenearestintersection,afterthe
currentr, betweenthe local approximationsandthe ray by
meansof depthtestsasin the�rst iteration,killing all frag-
mentswith depthlessor equalthedepthof thecurrentr.

As reportedbyAdamsonandAlexa[AA03b], two to three
iterationsareneededto �nd all intersectingpointsbetween
theprimaryraysandthePSS.It is importantto notethat in
thecaseof calculatingtheintersectionbetweenthePSSand
asetof raysthatarenotconsistentlyorientedastheprimary
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rays(e.g.secondaryrays)the searchfor the intersectionin
step`intersection'mustfollow anotherstrategy. We useda
naive bruteforcescheme,checkingall local polynomialap-
proximationsfor eachray(fragment).Thiscanbeperformed
usingnestedloopsand/ormultiplerenderingpasses.Sincein
thiscaseit is notpossibleto performtherangequeriesasde-
scribedabove, we proposeto usethis �rst intersectionasa
roughapproximationof theintersectionbetweentherayand
thePSSfor secondaryre�ected,refracted,andshadow rays.
Thus,for thesesecondaryraysnoneof the four remaining
stepsis performed.

6 Results

In thissectionwewill presentrenderingandperformancere-
sultsof themethodswe proposed.All testswerecarriedout
on a standardPC with a 3.4 GHz processor, 2GB of RAM
andanNVidia 6800GT graphicscard.Thesizeof theview-
portusedfor theperformancemeasurementswas5122.

(a) (b) (c)

Figure 2: TheBucky Ball dataset.(a) The�nal resultof ap-
plying the predictor-corrector method.(b) The points pro-
jected by the predictor at a distancegreater than a pre-
de�nederror are shownin red(seecolorplate).(c) Theout-
put pointsfromthepredictorprojectedby thecorrectorat a
distancegreaterthantheerror areshownin green.

In Table1 we presentthe resultsobtainedfor theextrac-
tion of surfacesfrom volumetricdataperformedusingonly
the predictorstepand the extraction performedusing one
iterationof the predictorandone iterationof the corrector
steps.As canbenoticedin thetable,thecorrectorstepadds
a signi�cant overheadin theprocessingtime.Althoughthis
stepimprovestheaccuracy of theresult,for interactiveappli-
cationswhereprecisionis not important,the predictorsuf-
�ces to generateanalreadygoodapproximationto thePSS.
This fact is depictedin Figure2 wheretheeffect of thepre-
dictorandthecorrectorstepsontheinputpoints(fragments)
is shown.Thepredictorstepprojectsasigni�cant percentage
of thepointsatadistancegreaterthanapre-de�nederrorwe
setto testthis effect. On theotherhand,althoughtheeffect
of thecorrectorstepover thepointsalreadyprojectedby the
predictoris reducedto asmallamountof points,this further
projectioncouldbe importantfor applicationswherepreci-
sionis themainconcern.

Size Predictor Predictor-Corrector
Dataset (voxels) [fps] [fps]

CadaverHead 2562 � 154 0.95 0.02
Engine 2562 � 110 1.16 0.03
Fuel 643 3.57 0.08

Bucky 323 7.16 0.17

Table 1: Performancein framesper secondfor thePSSex-
tractionfromvolumetricdatamethod.

Size Ray-tracingPSS
Dataset (points) (2 it.) [fps] (3 it.) [fps]

StanfordBunny 35947 6.62 5.30
Horse 48485 5.40 4.00

SkeletonHand 109108 2.38 1.17

Table2: Performancein framespersecondfor thePSSray-
tracing(2 iterationsand3 iterations)method.

Figure 3: PSSextracted for the Engineand the Cadaver
Headdatasetsusingthe gradientmagnitude(top) and iso-
values(bottom).

For thetestsperformedwith theray-tracingalgorithmwe
useda singlere�ection secondaryray anda depthof 2. The
resultsof thesetestsareshown in Table2. The useof sec-
ondaryraysin ourimplementationis currentlylimited by the
lack of a properdatastructurefor performingrangequeries
ef�ciently on the GPU. Therefore,the inclusion of sucha
datastructureis of majorimportance.

Nevertheless,theresultsobtainedfor bothapproachesare
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promisingconsideringthe complexity of the computations
involved. Although the implementationfor extracting PSS
from volumetric data is not interactive for the predictor-
correctorcase,the processingtime is considerablelow in
relationthe large amountof fragmentsprojected.Also, the
renderingsareof considerablequalityasshown in Figures3,
4 and5.

Figure3 shows renderingsof surfacesextractedwith our
methodfrom the Engineand Cadaver Headvolumes.For
generatingthe surfaceslocatedat regionswith high gradi-
entmagnitude,weprojectedonly thosefragmentsfor which
thesquareof thegradient,normalizedbetween0 and1, was
greaterthan0:5. For theiso-surfaces,wediscardedthefrag-
mentsfor which jv� f (pi)j did not surpassedthethreshold.

Figure4: GPU-basedray-tracingof PSSfor theHorsepoint
cloud.

For thecaseof pointclouds,ray-tracingaPSSontheCPU
could be prohibitively slow, whilst we achieved up to 6.62
fps for the StanfordBunny usingour GPU implementation
with 2 iterations.In the caseof 3 iterationsthe framerate
droppedto 5.3 fps for theBunny. However, 2 iterationssuf-
�ce to generatea high-qualityrenderingasshown in Figure
4. This advantagecouldbeexploitedfor accuraterendering
of surfacesmodeledaspointcloudsextractedfrom different
sources,likemedicaldata.For instance,theverticesof asur-
facemeshgeneratedfrom MRI databy meansof traditional
methods,suchasmarchingcubesor surfacereconstruction
techniquesappliedover the result of a segmentationalgo-
rithm, could be usedas input to our ray-tracingalgorithm.
This will provide a smoothnoise-freerenderingof the iso-
surfaceextracted.Figure5 showsanexampleof thisprocess
for theKneedataset,wherewe droppedthe topologyof an
iso-surfacemeshgeneratedwith marchingandray-tracedthe
PSSde�ned by its vertices.

7 Conclusionand Futur eWorks

The advantagesof PSSover other surfacerepresentations
for point cloudsareclear, namelythe fact that the surface

Figure 5: PSSfor the verticesof an iso-surfacemeshex-
tractedfromtheKneedatasetwith marchingcubes.

is 2-manifold,the ability to dealwith low-frequency noise
andthe locality of the computations.However, PSSstrate-
giesarenot limited to cloudof pointsasprovenin thiswork,
whereweemploy PSSstrategiesto modelthree-dimensional
surfacesdirectly from volumetricdatabasedon a predictor-
correctorstrategy. Ourmethodwascompletelyimplemented
on the GPU, achieving relatively low computationtimes
for the volumestestedwith the predictor step.When the
predictor-correctorapproachis used,althoughthecomputa-
tion time increases,moreaccurateresultsareobtained.The
decisionof whetherusing the fasterpredictoror the more
accuratepredictor-correctorapproachwill dependof theap-
plication.

There are at least three possibleimprovementsto this
method.The �rst is relatedto the volumetricdataclassi�-
cation,whereweintendto testclassi�cationstrategiesbased
onconvolutionsandwaveletsschemes.Thesecondimprove-
ment involves the minimization strategies to handlevery
noisydataandsharpcorners.Thelastaspectis thedevelop-
mentof moreef�cient weightingfunctions,capableof han-
dling non-homogeneoussamplingdensities.

WealsodevelopedaGPU-basedray-tracingalgorithmfor
renderingPSSfrom point clouds,which achieves interac-
tive frameratesfor upto 100000points.Themostimportant
problemfoundin thiscasewasthecostof therangequeries.
The lack for an ef�cient GPU-baseddatastructureto store
thepointsin our implementationforcedusto spanthecom-
putationalongmultiplerenderingpassesfor theprimaryrays
andlimit theuseof secondaryrays.Weplanto includesuch
a structurein our implementationin thenearfuturein order
to acceleratethecomputationsandin orderto beablehandle
secondaryandshadow raysef�ciently .
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