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Abstract

Many filtering andfeatureextractionalgorithmsuse
wavelet or relatedmultiscalerepresentationsof vol-
umedatafor edgedetectionandprocessing.Due to
thecomputationalcomplexity of theseapproachesno
interactive visualizationof the extractionprocessis
possiblenowadays. Using the hardware of modern
graphicsworkstationsfor waveletdecompositionand
reconstructionis a first importantstepfor removing
lagsin thevisualizationcycle.

1 Introduction

Featureextractionhasbeenprovento beauseful
utility for segmentationandregistrationin vol-
umevisualization[6, 14]. Many edgedetection
algorithmsusedin this stepemploy waveletsor
relatedbasisfunctionsfor the internalrepresen-
tationof thevolume.Additionally, waveletscan
be usedfor fast volumevisualization[4] using
theFourierrenderingapproach[7, 13].

Wavelet decompositionand reconstructionis
usually implementedby applyingmultiple con-
volution and down- / up-samplingstepsto the
volume data. The convolution stepswill not
scalewith new computerhardware as well as
pure computationalproblems, as they are al-
readymainly memory-bound.Whenusingtyp-
ical tensor-product wavelets the completevol-
umedatahasto beaccessedthreetimesfor each
waveletfiltering step.

Additionally, when visualizing three-
dimensional data, the volume has regularly
to be downloadedin form of a regular grid to
thegraphicshardwareafterfiltering to visualize

it interactively [8, 10, 15]. Here, the dataset
is storedfor texture basedvolumerenderingin
specialtexturememory, which canbeaddressed
by the graphicspipe very fast. The loading
processitself is relatively slow, taking several
secondsfor big data sets even on the fastest
availablegraphicsworkstations.As thedataset
has to be reloadedafter a filter operationhas
beenperformedin software,interactive filtering
will benefita lot from algorithmsthat directly
work on thegraphicshardware.

On theotherhand,moderngraphicshardware
of severalvendors,asfor instanceSiliconGraph-
ics [9], hassupportfor two dimensionalconvo-
lution. Threedimensionalconvolution with sep-
arablefilter kernelscanbe implementedby us-
ing thesehardwaresupportedconvolution filters
alongwith volumetextures[3]. Togetherwith
the ability to scalebitmapsby arbitrary factors
all necessarystepsneededfor waveletdecompo-
sitionandreconstructionareavailable.

Thememoryinterfaceof graphicshardwareis
usuallydesignedin amuchmoreparallelway in
high end systemscomparedto the interfaceof
the CPU. Additionally, the volumedatado not
have to be downloadedfor visualization,when
the wavelet analysiscanbe donecompletelyin
hardware,asit alreadyresidesin thevolumetex-
ture memoryof the graphicssystem.However,
therearestill severalpitfalls to becircumvented,
which we will addressin moredetail in theSec-
tions4 to 6.



2 Wavelets

In the past two decades,wavelet analysishas
grown from a mathematicalcuriosity into a ma-
jor sourceof new basisdecompositionandsignal
processingalgorithms[11, 16]. The importance
of orthonormal basis of wavelets and multi-
resolutionanalysisresidesin their hierarchical
nature,which offers a mathematicalframework
for describingfunctionsatdifferentlevelsof res-
olution. Usingbasisfunctionswith goodapprox-
imationproperties,i.e. with many vanishingmo-
ments,one can representfunctionsby keeping
only the importantcoefficients(regularly called
features) and discardingall others. This sec-
tions gives a short introductioninto the basics
of wavelet theory. Detailson the theorycanbe
foundin [1, 2, 5].

A multi-resolutionanalysiscanbe thoughtof
as a ladderof approximatingclosedsubspaces�������	��

�

of ��� �	���
. The functionsin thesesub-

spaceshave well definedscalingandtranslation
properties. Furthermore,there exists a func-
tion � � ���

suchthat ��� ��� ����� �"! � #%$ with� �&� �('*) ��+ � � ��) �-,/. !0�
is an orthonormalbasis

of
�1�

. Undertheseconditionsonecanconstruct
an orthonormalwavelet basis �32 �&� �4��� �"! �5#%$
with 2 �6� �7'8) ��+ ��2 �9) � ,:. !;�

, suchthat for any
function < in ��� �	�=�

> � < ' > �-?1@ <BADC ��?1@ < �
(1)

where
> �

and C � aretheorthogonalprojections
onto

���
and E �

, respectively:> � < ' F��

�HG < � � �&� �JI � �&� �
C � < ' F��

� G < � 2 �&� �KI 2 �&� �ML

The function 2 is sometimescalled the mother
wavelet. Theprojection

> � < ontothesubspaces���
correspondsto the different resolutionlev-

els in which the function < canbedecomposed.
Theseprojectionscontainthe smoothinforma-
tion of < at a givenlevel of resolution.Thepro-
jections C � < ontothesubspacesE �

spannedby

the 2 �&� � representthedetail informationof < re-
quiredto move from oneresolutionapproxima-
tion subspaceto thenext finer one.Equation(1)
is the wavelet decompositionof the function < .
Thescalingfunction � satisfiesthetwo-scalere-
lation

� ' F �ON � � @P� �Q� (2)

which is adiscretelow-passfilter operationwith
thefilter � N � $ ��

� .

Now we start with a scale approximation< ��RS@ ' > �TRS@ < of a function < in
����RS@

andde-
composeit into a coarserapproximationin

���
.

Due to the fact that
����RS@K'U���WV E �

, we have< ��RS@ ' < � AYX � , whereX � ' C � < . In termsof the
orthonormalbases��� �&� � $ �Z
[� and �32 �&� � $ ��

� , we
have

< � ' F �O\ � � � �&� �Q�X � ' F �O] � � 2 �&� �Q�
wheretherelationbetweenthecoefficientsof the
two levelsof resolutionis givenby

\ �-?1@� ' F�^ N ^ ? � � \ � ^ �
] �-?1@� ' F ^`_ ^ ? � � \ � ^ (3)

and
_ �a' � .Mb � � N @P?�� . N and

_
are the low-

passandhigh-passfilters,respectively. Thedec-
imation by a factor 2 correspondsto a down-
samplingwhengoingfrom onelevel to thenext
coarserone. This decompositioncanbecontin-
uedusingtherelation

���TRS@�'c���dV E �
andsoon

until agivenlevel e G �
, obtainingthefollowing

approximationfor < :

< ��RS@ ' X � Agf[f[f3ADX�h RS@ ADX�hWAi<0h
Theinverseoperation,thereconstructionof < ��RS@
from < � and X � , is simplygivenby:

\ �TRS@^ ' F � � N ^ ? � � \ � � A _ ^ ? � � ] � � � (4)
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Figure 2: The Haar
wavelet
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Figure3: DecompositionusingHaarwavelets

Now let us take a look at an example. The
simplestpossiblewavelet is the Haar wavelet.
Figures1 and2 depict the scalingfunction and
themotherwavelet,respectively. Thefilter coef-
ficientsfor theHaarwaveletsare

N � ' j @k � !Y'mln� bl o3p N1q
rZsutPv[q �
_ � ' wxxy xxz

@k � !{'cl. @k � !{' bl o3p N1q
rZsut|v3q L
Wewill now decomposeasetof coefficients\ � ^

into the \ �-?1@^
of thenext coarserlevel. In Figure3

thedecompositionprocessis explained.Thein-
put dataareconvolvedwith thefilter kernelsN �
and

_ �
anddown-sampledby a factorof 2. This

processcanbe continuedwith the low-passfil-
teredcoefficients \ �-?1@^

, until only onecoefficient
is left.

In orderto reconstructtheoriginal signal,the
low- andhigh-passfiltered coefficientsarepro-
cessedasshown in Figure4. Thecoefficientsare
up-sampledandthenconvolvedwith thereverted
filter kernelsaccordingto (4).

So far we have only dealt with one-
dimensional data. For higher dimensions

1 2

0 51 2 3 4

0

k
c

dk
j
kc j

j+1

h1 1 g0gh0

1 20

Figure4: ReconstructionusingHaarwavelets

Figure5: Two-dimensionalwaveletdecomposi-
tion usingtensorproductwavelets

baseswhich are tensor productsof the one-
dimensionalcaseare used. There exist other
approachesfor selectingorthogonalbasisfunc-
tions, but tensorproductwaveletsare easierto
understandandfasterto compute.

Figure 5 reveals, how a two-dimensional
wavelet decompositionis performed. First, the
dataaredecomposedline by line in thedirection
of the x-axis. Both the low-passandthe high-
passfiltereddataarestoredsideby sideto each
other, sothey canbefilteredin asecondstepcol-
umn by column in the direction of the y-axis.
Afterwards,the lower left part of the final fig-
urerevealsthetwo-dimensionallow-passfiltered
data,theupperleft andlower right partscontain
the perpendicularto one of the axes high-pass
filtereddata,andtheupperright areashows the
completelyhigh-passfilteredcoefficients.

3 The Rendering Pipeline

As it canbedirectly derivedfrom Equations(3)
and (4), wavelet decompositionis practically
done by filtering an input signal and a down-
sampling step. Reconstructionon the other
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Figure6: TheOpenGLgraphicspipeline

handis performedby first up-samplingandfil-
tering afterwards. Modern graphicshardware
supportsfiltering and scaling (resampling)for
image transferoperations,which we will uti-
lize for hardware basedwavelet decomposition
andreconstruction.The relevantpart of the the
OpenGL graphicspipeline is depictedin Fig-
ure6.

In orderto simplify thedescriptionof thepro-
cesswe will show the processfor a onedimen-
sionalwavelet transformation.As we have seen
in the previous chapter, tensor product based
multi-dimensionalwavelettransformationsarea
straight-forward extensionto this approach.In
particular, [3] coversthe detailsof how to em-
ploy 3D texture hardware in order to perform
threedimensionalconvolutionwith separablefil-
terkernels,whichcanbeeasilyextendedto cope
with wavelettransformations.

Now let usconsiderhow thegraphicspipeline
works on imagedata. Whena rectangularpart
of the frame buffer is to be copied from a
sourcearea,its color valuesare piped through
the pixel transfersystem,the rasterizerandthe
per-fragmentoperationsystembefore they are
written to thedestinationarea.Pixel transferin-
cludesscalingand biasingof the color values,
convolutionwith aprior definedfilter kerneland
clampingto the usualcolor value range } ln� b � .
The rasterizertransposesthe input imageto the
designateddestinationarea while zooming it
with arbitrary zoom factors,in other words, it
performsup- and down-sampling. In the final
per-fragmentoperationsstep,theresultingpixel
valuesareblendedwith the pixel valuesof the
destinationareausingseveralpre-definedblend-
ing functions.Thisstepincludesafinal clamping

stepaswell.

In order to map the wavelet transformation
onto the graphicshardware, we needa mathe-
matical specificationof the pixel operationsof
thegraphicspipe.Let ~ �
RS@ bethepixel datathat
resultsfrom a graphicaloperationon ~ � . Again,
for simplificationwe will assumethat ~ � is one-
dimensional. A first approximationof the rel-
evant part of the graphicspipelinecanbe writ-
ten asa compositionof a convolution (co), two
clampingsteps(cl), a transposition(tr), thescal-
ing step(sc),andablendingoperation(bl):

~ �[RS@ '
cl � bl � sc � tr � cl � co

� ~ � � (5)

bl
� ~n� �Y'���� ~n� � ~ �� � (6)

sc
� ~n� �Y' ~����P��� (7)

tr
� ~n� �Y' ~�� ?�����Rn�-� (8)

cl
� ~n� �Y'����Z�d�9l4�"�����0� b � ~�� ��� (9)

co
� ~n� �Y' v fu�F�����n� � ~�� R�� AD� � (10)

with zoom � , source
,��

anddestination
,��

posi-
tion, scaling v , andbias � parameters,andwith
a convolution kernel � of size � . As explained
above, (co) and (cl) are performedin the pixel
transfersystem,(tr) and(sc)describethetaskof
therasterizer, and(bl) and(cl) illustratetheper-
fragmentoperations.

Theseequationsareappliedto pixels ~ �[RS@� of
thedestinationareat �`} ,�� �3� ,�� A s A bS. � � f9� � ,
with s being the image size. The remaining
pixels stick to their old values, that is, they
are equal to ~ �� . The blendingfunction

�
can

be chosenfrom a predefinedset. For wavelet
filter operationswe use identity

�; ¢¡ � , ��£��¤',
, addition

�;¥|¡"¡�� , ��£��¦' , A £
and subtrac-

tion
�0§�¨"©�� , ��£��ª'«£ .i,

, which areavailableas
extensionsto theOpenGLstandard.

As we now have a mathematicalmodel of
therenderingpipeline,we canaddresstheprob-
lemof mappingwavelettransformationsontothe
hardwareasthenext logicalstep.
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4 Hardware Based Decompo-
sition

Comparedto the order of operationsin the
graphicspipeline,of which the relevant part is
depictedin Figure6, waveletdecompositionfits
neatlyinto its scheme.Rememberingthat scal-
ing is performedas a part of the rasterization
process,convolution is performedin the graph-
icspipejustbeforeimagescaling.

Whenwewrite thewaveletdecomposition(3)
as ¬\ ��?1@� ' F � N � \ � �[R � � (11)¬

] ��?1@� ' F � _ � \ � �[R � � (12)

\ � � ' ¬\ � � � � ] � � ' ¬
] � � � (13)

andcompareit to Equations(5) to (10),it is easy
to seethateachof thewaveletdecompositionfil-
terstepsmatchesthecalculationsof theOpenGL
graphicspipeperfectly, exceptfor theclamping
steps.Wewill addressthisproblemin Section6.
(7) implementsthe down-scalingin (13), (11)
and(12) canbe expressedwith the convolution
filters(10)andanidentityblendingoperation

�0 ¢¡
in (6).

One thing to note is that the imagedata ~ ��
as well as the filter kernel � � are only defined
for

�®­gl
. Thefilter kernelsizeis furtherlimited

by hardwarespecificconstants,which arerather
small. Thusit is necessaryto displacethe filter
kernelandtheinput andoutputimagespecifica-
tionsbeforeinvocation.Of course,thedisplace-
menthasto becompensatedin thefinal convolu-
tion step.

Becausethe input datahave to be convolved
using two differentfilters, the resultingimages
have to be written to anotherpart of the frame
buffer so that the original dataset is not over-
written. Thesetwo partsof theframebuffer can
beusedalternatelywhentensorproductwavelet
decompositionshave to becomputed.

Unfortunately, OpenGLis nopixelexactspec-
ification. In particular, zoomingis only well de-
fined accordingto (7) for up-sampling,that is

Createconvolutionfilters: ¯°�±�²³°�±µ´4¶¸·
, ¯¹ ±�² ¹ ±�´�¶�º .

Setpixel zoomto »3¼¢½ .
Setblendingfunctionto ¾�¿ À .¯°3ÁTÂÄÃÅ²YÆ=ÇnÈ%É�Ê�Ë »ZÌ ° Ç�Í Ì ¯°3Î"Ï�Ð{²{Æ³ÇnÈ%Ñ�Ò�Ë »3Ì ° Ç-Í Ì¯¹ Á&ÂÄÃ ² Æ ÇnÈ%É�Ê�Ë »ZÌ ¹ Ç Í Ì ¯¹ Î�Ï�Ð ² Æ ÇnÈ%Ñ�Ò�Ë »3Ì ¹ Ç Í ¼Ó"Ô ² ÕÖÔ�×ÙØÛÚÄÜ ÖÔTÝÙÞàß , ÓTá ² ÕÖá9×	ØâÚ9Ü Öá�ÝÄÞàß .

Setpost-convolutionscalingto Ó"Ô .
Setpost-convolutionbiasto ã Ô ²åä ¯° Á&ÂÄÃ;æ Ó�Ô .
Copy area ç èêé�ë Ô é³ì ± ÌQè�é³ë Ô é=ì ± é=í{é=î Ô ä{ï Í
to ç ì�ð�Ì�ì�ðné Õñ í Í , usingconvolutionfilter ¯° (size î Ô ).
Setpost-convolutionscalingto Ó á .
Setpost-convolutionbiasto ã á ²/ä ¯¹ ÁTÂÄÃ æ Ó á .
Copy area ç è�é³ë á é{ì ± ÌQè�é{ë á é=ì ± é�í{éYî á äYï Í
to ç ì�òóÌ�ì�òdé Õñ í Í , usingconvolutionfilter ¯¹ (size î á ).°[ô

, ¹ ô Low- andhigh-passfilters,respectivelyënõ Index of first non-zeroelementof filter öî õ Sizeof filter öè Shift offset(seetext)ì ± , í Input imageoffsetandsizeì�ð , ì�ò Outputimageoffsets

Figure7: Implementationsequencefor wavelet
decompositionin hardware

for zoom factorsgreaterthan one. When im-
agesarescaleddown, it is up to the implemen-
tation which pixels to transfer. We have found
thateventhe implementationsof onevendor—
SiliconGraphicsin our case— vary from archi-
tectureto architecture.In order to addressthis
problem,a so-calledshift offset X is determined.
When addedto the specificationof the source
image’s left edge,it correctsthe internal pixel
offset. Currentlythe only way to determinethe
shift offsetis to draw a scaled-down versionof a
well-known imagefor severaldifferentshift val-
uesandto readit backafterwardsfor comparison
with thedesiredresult.

Additionally, carehasto be taken at the bor-
dersof the input image. Several strategieshave
alreadybeendiscussed,with blankingbeingthe
easiestandinputmirroringbeingoneof thebest
methodsin order to suppresshigh frequencies
thatarenot partof the image,but introducedby
aliasingeffects.

Finally, Figure 7 shows the implementa-
tion sequencefor wavelet decompositionusing
graphicshardware. It also computesthe scal-
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ing and biasvaluesthat are discussedin detail
in Section6.

5 Hardware Based Recon-
struction

In contrast to the decompositionalgorithm,
wavelet reconstructionis much more compli-
cated,becauseaccordingto Equation(4) scal-
ing andconvolutionis to beperformedin inverse
order comparedto the renderingpipeline (Fig-
ure 6). Either scalingand convolution have to
beperformedin separaterenderingsteps,or the
filters have to besplit andspecialcarehasto be
taken in orderto renderevenandodd pixel po-
sitionsseparately. Either way, reconstructionis
moreexpensivethandecomposition.

Moreover, we will discover in Section6, that
using separaterenderingstepsis not a feasible
option. Therefore,we will concentrateon the
secondpossibilityof splitting thefilters.

Now we examine the wavelet reconstruc-
tion (4). In order to simplify the expression,
we have to distinguishbetween � being even
and odd. For even � we substitute N ^ ? � � us-
ing Nn÷Äø� ' N ? � � (

_
accordingly)andgetù\ �TRS@� ' F � � N ÷Äø� \ � � Rn� A _ ÷Äø� ] � � Rn� �ê� (14)\ �TRS@^ ' \ �TRS@� � ' ù\ �TRS@� L

(15)

For odd � weuseNnú ¡ ' N @P? � � , whichresultsinû\ �TRS@� ' F � � N ú ¡� \ � � Rn� A _ ú ¡� ] � � Rn� ��� (16)\ �TRS@^ ' \ �TRS@� �
RS@ ' û\ �TRS@� L
(17)

Again,wewill concentrateonthelow passfil-
tereddatafirst andsimplyneglect

_
in theterms

above. We canseethat(15)and(17)canbeper-
formedby settingaccordingzoomfactorsin (7).
(14) and (16) can be implementedin (10) by
choosing Nn÷Äø and Nnú ¡ as filter kernels,respec-
tively. Theblendingfunctionis setto

�0 ¢¡
for this

step,justasin thedecompositionmechanism.

Of course, when renderingthe odd coeffi-
cients,wehaveto makesurethatwedonotover-
write the previously renderedeven coefficients.
OpenGL provides the so-calledstencil buffer,
whichprovidesmaskingtestsin theper-fragment
operationpartof thegraphicspipeline.Thesten-
cil buffer hasto beinitializedwith a stripedpat-
tern only once,after that the stencil testcanbe
set to rendereven or odd pixels only. We acti-
vate the test for renderingodd pixels only due
to speedreasons,aseachactivatedtestcanslow
down therenderingprocess.

Up to now we have only dealtwith the low-
passfiltered coefficients \ � � . We now have to
addtheconvoluted ] � � to thevaluesthatalready
residein the frame buffer. Therefore,we per-
form anotherrenderingstepin which we copy
thehighpassfilteredcoefficientswith theconvo-
lutionkernels

_ ÷Äø and
_ ú ¡ justoverthepreviously

low-passconvolved coefficients. This time, we
select

�ü¥|¡�¡
as the blendingfunction, by which

the rendereddataareaddedto the valuesin the
framebuffer ratherthanoverwritingthem.

Unfortunately, thesecondclampingstepin (5)
prohibitsvalues G l

to be correctlysubtracted
from theframebuffer. Therefore,thesamecon-
volution hasto be renderedtwice, onetime us-
ing the scaleand bias valuesdiscussedin the
next sectionand

�;¥|¡"¡
asblendingfunction,one

time usingthenegatedscaleandbiasvalues,us-
ing

�0§â¨�©
for blending.

As we areup-samplingduringreconstruction,
we do not have to careaboutany shift offsets
duringzooming,astheOpenGLspecificationis
pixel exact in this case. However, we have to
careaboutthefactthathardwarefilter kernelsN ^
areonly to bespecifiedfor non-negative � . To-
getherwith the problemof odd sizedfilter ker-
nelsthis leadsto quitehorriblefilter kernelspec-
ifications,which canbenotedin the implemen-
tationsequencein Figure8. Thescalingandbias
valuesthat are computedhereare discussedin
detail in the next section.Again, carehasto be
taken aboutimagebordersaswell. The policy
heredependsheavily on thepolicy takenduring
thedecompositionstep.Notethathaarwavelets
arequiteuncomplicatedhere,asthereconstruc-
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Createconvolutionfilters:¯° ÂÛý± ²³° ñÿþ�� · ��� ·��� Ü ñ ± Ì ¯° Ï À± ²{° ñ	�
� · ��� ·�
� Ü ñ ±µ´ Õ Ì¯¹ ÂÛý± ² ¹ ñ�þ � º ��� º��� Ü ñ ± Ì ¯¹ Ï À± ² ¹ ñ�� � º ��� º��� Ü ñ ±µ´ Õ ¼
Setpixel zoomto �[¼ » .

Initialize stencilbuffer with
�

0 evenpixels
1 oddpixels .¯° ÁTÂÄÃ ² Æ ÇnÈQÉ�Ê�Ë »3Ì ° Ç Í Ì ¯° Î"Ï9Ð ² Æ Ç�È Ñ�Ò�Ë »3Ì ° Ç Í Ì¯°3ÂÛýU² Æ Ç1° ñ Ç Ì ¯°ZÏ À ² Æ Çn° ñ Ç ´ Õ Ì¯¹ Á&ÂÄÃå²³Æ Ç ÈQÉ�Ê�Ë »3Ì ¹ Ç-Í Ì ¯¹ Î"Ï�ÐB²YÆ Ç È Ñ�Ò�Ë »3Ì ¹ Ç-Í Ì¯¹ ÂÛý ² Æ Ç ¹ ñ Ç Ì ¯¹ Ï À ² Æ Ç ¹ ñ Ç ´ Õ Ìè ÂÛýÔ ²/ä�� ¶�·T´���· Ü Õñ � Ì è Ï ÀÔ ²:ï;ä�� ¶�·&´���· Ü Õñ � Ìè ÂÛýá ²/ä�� ¶ º ´�� º Ü Õñ � Ì è Ï Àá ²:ï;ä�� ¶ º ´�� º Ü Õñ � Ìî ÂÛýÔ ²/ä è ÂÛýÔ ä�� ¶¸·ñ � é ï Ì¦î Ï ÀÔ ²:ä è Ï ÀÔ ä�� ¶¸·ñ � é ï Ìî ÂÛýá ²/ä è ÂÛýá ä�� ¶¸ºñ � é ï Ì î Ï Àá ²:ä è Ï Àá ä�� ¶¸ºñ � é ï Ì� ã ÂÛýÔ ² ¯°ZÂÛý æ ¯°ZÁ&ÂÄÃ Ì �ã Ï ÀÔ ² ¯°ZÏ À æ ¯°3ÁTÂÄÃ Ì� ã ÂÛýá ² ¯¹ ÂÛý�æ ¯¹ Á&ÂÄÃ Ì �ã Ï Àá ² ¯¹ Ï À æ ¯¹ Á&ÂÄÃ Ì�Ó Ô ² ¯°ZÎ�Ï�Ð�ä ¯°ZÁ&ÂÄÃ Ì �Ó á ² ¯¹ Î"Ï9Ðnä ¯¹ Á&ÂÄÃ ¼

Disablestenciltest.

Setblendingfunctionto ¾�¿ À .
Setpost-convolutionscalingandbiasto

�Ó Ô and
� ã ÂÛýÔ .

Copy area ç ì ð écè ÂÛýÔ Ì ì ð écè ÂÛýÔ é í é î ÂÛýÔ ä ï Í
to ç ì	�dÌ ì	��é Õñ í Í , usingconvolutionfilter ¯° ÂÛý (size î ÂÛýÔ ) .
Setblendingfunctionto ¾�� À&À .
Setpost-convolutionscalingandbiasto

�ÓTá and
� ã ÂÛýá .

Copy area ç ì ò é¦è ÂÛýá Ìuì ò é¦è ÂÛýá émí é î ÂÛýá ä ï Í
to ç ì	�dÌ�ì	��é Õñ í Í , usingconvolutionfilter ¯¹ ÂÛý (size î ÂÛýá ) .
Setblendingfunctionto ¾ Ð�� � .
Setpost-convolutionscalingandbiasto

ä �ÓTá and
ä � ã ÂÛýá .

Copy area ç ì ò é¦è ÂÛýá Ìuì ò é¦è ÂÛýá émí é î ÂÛýá ä ï Í
to ç ì	�dÌ�ì	��é Õñ í Í , usingconvolutionfilter ¯¹ ÂÛý (size î ÂÛýá ) .

Enablestenciltest,renderonly pixelswith stencilvalue1.

Setblendingfunctionto ¾�¿ À .
Setpost-convolutionscalingandbiasto

�Ó Ô and
� ã Ï ÀÔ .

Copy area ç ì�ð é¦è Ï ÀÔ Ì ì�ð émè Ï ÀÔ émícécî Ï ÀÔ ä ï Í
to ç ì	�1Ì ì	�4é Õñ í Í , usingconvolutionfilter ¯° Ï À (size î Ï ÀÔ ) .
Setblendingfunctionto ¾�� À&À .
Setpost-convolutionscalingandbiasto

�ÓTá and
� ã Ï Àá .

Copy area ç ì ò émè Ï Àá ÌWì ò égè Ï Àá égí¦écî Ï Àá ä ï Í
to ç ì � Ì ì � é Õñ í Í , usingconvolutionfilter ¯¹ Ï À (size î Ï Àá ) .
Setblendingfunctionto ¾ Ð�� � .
Setpost-convolutionscalingandbiasto

ä �ÓTá and
ä � ã Ï Àá .

Copy area ç ì�ò émè Ï Àá ÌWì�òJégè Ï Àá égí¦écî Ï Àá ä ï Í
to ç ì � Ì ì � é Õñ í Í , usingconvolutionfilter ¯¹ Ï À (size î Ï Àá ) .°[ô

, ¹ ô Low- andhigh-passfilters,respectivelyënõ Index of first non-zeroelementof filter öîQõ Sizeof filter öì ð , ì ò , í Input imageoffsetsandsizeì � Outputimageoffset

Figure8: Implementationsequencefor wavelet
reconstructionin hardware

tion filters have thesize
b
, which is a merescal-

ing.

6 Data Scaling

Up to now we dealtwith thegraphicspipeasif
it couldcopewith floatingpoint values.This is
apparentlynot correct,as all frame buffer val-
ues are clampedto the interval } ln� b � . Luck-
ily OpenGLprovidesthepossibilityto scaleand
biaspixel dataaftertheconvolutionstep,justbe-
fore theclampingtakesplace.

In orderto upholdconsistency while perform-
ing thedecomposition,we introducescalingpa-
rametersv"! , v$# , andoffset values � ! , � # , that fit
theresultingscaledwaveletcoefficients %\ and %] ,
representedby the pixel values~ �� , to the inter-
val } ln� b � . In the following we will only ad-
dressthe low-passfiltering sequence,because
the high-passfiltering sequenceis handledex-
actly thesameway.

In particularwe definethescaleddecomposi-
tion equation

%\ �-?1@� ' v&! f F ^ N ^ ? � � %\ � ^ A � ! (18)

and initialize the decompositionwith %\ h� '\ h� . We can see that for positive %\ � � the
sum

Æ ^ N ^ ? � � %\ � ^ getsminimal for

%\ � ^ ' j l N ^ ? � �K­mlb N ^ ? � � G l L
The maximum of the sum can be determined
equivalently. By imposingtheseextremato the
restriction %\ � � � } l4� b � , we get the scalingfactor
andtheoffsetbiasas

%N(' ÷*) ' F ^ �����0�	ln� N ^ �ê�
%N(+ ú §¤' F"^ �®�Z�d�	ln� N ^ ���
v"! ' b

N(+ ú § . N(' ÷*) � � ! ' . N(' ÷*) v&! L
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!
0 1 2 3

Haar N � @k � @k �_ � @k � . @k �
Daubechies(4) N � @9R k ,- k � , R k ,- k � , ? k ,- k � @P? k ,- k �_ � @P? k ,- k � ? , R k ,- k � , R k ,- k � ?1@P? k ,- k �
Table1: Filter coefficientsfor differentwavelettypes.

Duringreconstruction,thescalingandbiashas
to becompensated.In orderto accomplishthis,
we first insert(3) into (4):

%\ � ^ ' F � N ^ ? � � f F � N � ? � � %\ � � AF � _ ^ ? � � f F � _ � ? � � %] � � L (19)

Now we insert Equation(18) into the equiva-
lently scaledreconstructionequationandyield

%\ � ^ ' ùv"! f F �ON ^ ? � � f � v&! f F � N � ? � � %\ � � AD� ! �A ù � ! Aùv&# f F � _ ^ ? � � f � v$# f F � _ � ? � � %] � � AD� # �A ù � # (20)

The reconstructionprocessis performedin two
steps,of which both areclampedto } ln� b � . The
condition %\ � � � } l4� b � andthelosslesswaveletre-
constructionensuresthat thefinal value %\ � � does
not exceedtheclampinginterval.

Now we decomposeEquation(20) andcom-
pare the coefficients with (19). That way we
yield: ùv&! ' b

v&! � ùv$# ' b
v$#ù � ! ' N(' ÷*) f j Æ � N � � � evenÆ � N � � RS@ � oddù� # ' _ ' ÷*) f j Æ � _ � � � evenÆ � _ � � RS@ � odd

L
Note that the bias parametersare different for
oddandeveninput pixels. Therefore,only vari-
ant two of the reconstructionalgorithmscanbe

successfullyimplementedusing graphicshard-
ware.

7 Results

As hardware basedwavelet filtering usesthe
framebuffer for itscomputations,whichhasonly
alimiteddepth,theaccuracy of thecomputations
cannotbe asgoodaswith softwarebasedtech-
niques.Therefore,wetakeacloserlookatdiffer-
encesof softwareandhardwarefilteredimages.

First,Figures9and12show theoriginalhead
andlena datasets,which were usedfor this
analysis. The (enhanced)Figures10, 11, 13,
and 14 show the completelydecomposeddata
sets for Haar and Daubechieswavelets of or-
der 4. Table1 lists the filter kernelcoefficients
for thesetwo wavelettypes.

The next imagesreveal the differencesbe-
tween software and hardware based Haar
waveletfiltering in form of differenceimagesof
completelydecomposedaswell asdecomposed
andafterwardsreconstructeddata. The images
had to be equalizedin order to reveal any dif-
ferencesat all, asthe hardwarefiltered variants
differ only in the leastsignificantbit. Figure15
reveals all 1-bit differencesbetweenhardware
andsoftwaredecomposeddatasetsin thecaseof
Haarwaveletsfor thehead dataset,a .

b ) � sized
slice of a computertomography. Figures 16
and17 show thedifferenceson completelyHaar
waveletdecomposedandreconstructeddatasets
to their originals. Note that software decom-
positionusingfloatsis accuratelyenoughto re-
storeimagedataduring reconstructionwithout
any noticeabledifferences.
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As alreadymentionedin theprevioussections,
specialcarehasto betakenat theborders.With-
outhandlingthesespecialcases,artifactswill oc-
cur, asit canbeseenin Figures18and21. In or-
der to verify, that only borderdataareaffected,
differenceimageshave beencalculated,which
can be investigatedin Figures19 and 22. As
apparentlyno differencesexceptfor theborders
canbedetected,equalizedversionsarepresented
in theFigures20and23.

Wavelet decompositionand reconstruction
have in principle the sameorder of complex-
ity. However, hardwarebasedreconstructionis
abouttwo to threetimesslower thandecompo-
sitiondueto thelimitationsof thegraphicspipe.
In generalthis is nomajordrawback,aswavelets
aremostoften usedfor decompositionin order
to acceleratevolume renderingand featurede-
tection. Currently, theexpansionof compressed
data, which would be a major applicationfor
wavelet reconstruction,doesnot map onto our
algorithmsvery well, becauseall waveletcoeffi-
cientshave to bestoredin theimagesregardless
of theirvalues.Thoughhardwarebasedwavelets
arecurrentlynotmuchfasterthansoftwarebased
filtering, a lot of time canbesavedduringa typ-
ical visualizationcycle, asthe datado not have
to crossthegraphics/ hostmemorybarrier. Still,
thereareseveralconceptsto increasetherender-
ing speedduringwaveletfiltering evenmore.

8 Conclusion

We have introduceda wavelet decomposition
andreconstructionalgorithm,thatdirectlyworks
on the graphicshardware of modernOpenGL
capableworkstations. By using the convolu-
tion andsomeblendingextensionstogetherwith
OpenGL’s facilities to scaleimagesduringcopy
instructions,we are able to perform all neces-
sary stepsof one-dimensionalwavelet filtering
without copying datafrom or to the machine’s
mainmemory, thusavoiding typical bottlenecks
in thevisualizationcycle. By usingtensorprod-
uctwaveletsthealgorithmcaneasilybeextended
to the two- and three-dimensionalcase,again

without touchingmain memory. Still, thereare
severalapproachesto speedupthefiltering steps
evenmore. Differentstrategiesfor reducingthe
graphicalcomplexity aswell asseveralpossibili-
tiesto usehardwarebasedwaveletsfor enhanced
featuredetectionarecurrentlysubjectof further
investigations.

Using the framebuffer for mathematicalop-
erationsis usuallyproblematicin termsof accu-
racy [12] dueto the limited depthof the frame
buffer. However, wavelet decompositionand
reconstructionhave proven to be relatively ro-
bust,asonly single-bitdifferencesbetweensoft-
ware and hardware decomposeddatacould be
detected.
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Figure9: Thehead dataset Figure 10: Haar wavelet de-
composition

Figure 11: Daubechies
waveletdecomposition

Figure12: Thelena dataset Figure 13: Haar wavelet de-
composition

Figure 14: Daubechies
waveletdecomposition

Figure 15: 1-bit differences
betweensoftware and hard-
wareHaardecomposition

Figure 16: 1-bit differences
after full Haardecomposition
andreconstruction

Figure17: 1-bit differenceson
thelena dataset
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Figure18: Thehead dataset
decomposedwith Daubechies
waveletsto a level depthof 4
andreconstructedafterwards

Figure 19: Differencesbe-
tweensoftwareand hardware
Daubechiesfiltereddata

Figure20: Enhancedversion,
making1-bit differencesvisi-
ble

Figure21: Thelena dataset
decomposedwith Daubechies
waveletsto a level depthof 4
andreconstructedafterwards

Figure 22: Differencesbe-
tweensoftwareand hardware
Daubechiesfiltereddata

Figure23: Enhancedversion,
making1-bit differencesvisi-
ble
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