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Abstract

As three-dimensional data sets resulting from simulations or measurements be-
come available at ever growing sizes the need for visualization tools which allow
the inspection and the analysis of these data sets at interactive rates is increasing.
One way to deal with the complexity is the compression of the data in such a way
that the number of cells which have to be processed by the visualization mapping
is reduced. Since this compression will be lossy, it is up to the user to choose be-
tween quality or speed. The decision will usually be made interactively requiring
fast access to a complete hierarchy of representations of the data set at various lev-
els of resolution. Two different approaches and visualization algorithms based upon
them are presented in this paper: wavelet analysis deriving a hierarchy of coarser
representations from the original data set and multilevel finite elements generating
successively refined tetrahedral grids from an initially coarse triangulation.

1 Introduction

Scientific visualization is the p ocess o ene atin a visual ep esentation o

thein o ation containe in a st act atafiel s esultin o co pute si

ulations o senso ic easu e ents he stan a o el o this p ocess co

p ises a pipeline o th ee sta es he sta e is a p ep ocessin step con

ve tin the a input ata into visualization ata hich is usuall e uce

ope ations li e sa plin slicin ¢ oppin etc he sta epe o sa
appin o the a st act ata fiel s into a visual ep esentation consistin o
eo et icpi itivesli e points lines su aces o vo els an associate  aph

ical att i utesli ecolo t anspa enc te tue etc he finall uses
this scene esc iption to ene atei a es eans o aphics s such
as  pen o pen nvento possi I e ploitin aphics ha ae to

achieve inte active a e ates an i eent appin al oith shave een
evelope o0 va iousscena ios ¢ u e classification o these etho s istin
uishes et een the i ensionalit o the ataset theun el in atat pe



such as scala vecto ultiva iate an the suppo te i st uctu e such as

e ula cu vilinea o unst uctu e n this pape e ocus on scala ata
setson a tesian i s althou hso eo thei easinvolve unst uctu e is
an can ee ten e to vectoial ata sets

Since volu et ic ata sets a e int insicall hu e a lot o e o ts have een
un e ta en uin thelast ea stoco eup ithopti ize visualization al
oith s he oalisto evelopal oith s hich eacttochan eso appin
paa etes e va in theiso value e ene atin  ithin secon s the co
espon in eo et ical ep esentation hichcanthen e en e e ithseve al
a es pe secon nl  ith thist pe o eal ti e inte action an navi a
tion is it possi le to anal ze an un no n ata set an to co pensate o the
ino ation lost u in the p o ection o the scene onto the sc een o
eve  espite all the sophistication inco po ate into these etho s oes it
see that the atasetsae o in aste thanal oith icpo essis a e
o ea ple atavolu es o e icali ain li e a e app oachin
sizes 0 hich a ounts to o e than illion o vo el cells tiso
vious that visualization etho s hich essentiall have to access each cell o
a atasetino e to eiveavisual appin i ht not catch up to the oal
o inte active p ocessin hus e have to e uce thenu e o cells hich
have to e visuall  appe hich eans that e have toco p ess the ata
set in a p ep ocessin filte in step Since e st ive to e ucethenu e o
cells atleastano e o a nitu eonl loss co p essionsche es ill e

e ploe o eve this oes not al a s have to lea to a si nificant loss o
ino ation nthecont a theco p essionsche e ill echosen in such a
a thatonl e un anto i elevantin o ation e vo els containin

al 1s isca e hilei po tant eatu esli ehi h a ients e es etc ae
etaine o even e phasize

eve theless i ane o isint o uce insuch asche e theuse hasto e iven
cont ol ove the th eshol lettin hi choose et een a ast visualization o
ave cueappo i ationo the ataan an al ost pe ect ep esentation
o the ata hich too pe haps inutes to co pute his e ui e ent can
onl e eti notonl oneco pesse vesiono the ata ut aco plete
hie a ch o ep esentations o the ata set at i e ent levels o esolution is
availa leo can e ene ate on the he e a e va ious a sto e ive such
a ulti esolution hie a ch an this pape ill ocusont o o the hich
ae ell suite o scala volu es on atesian i s avelet anal sis an

ultilevel finite ele ents

evelopin e cient al oith s o ene atin a ulti esolution hie a ch o
a volu et ic ata set co pessin e un ant ino ation ith espect
to an e o easu e is onl one si e o the visualization pipeline n the

appin si e enee wust ase cient al oith s hich can ta e a vanta e
o the hie a chical ata st uctu es t tu ns out that this is no eans a



t ivial tas as in ene al the t ave sal o a hieach isslo co pae to
ull i al oith s hich have een opti ize ove eas o0 eve 1 eall
a appin al oith e ploitin the hie a chical ep esentation o the ata
fiel s ill auto aticall ene ate eo et ical ep esentations at va ious levels
o etail thusallo in inc e entalan p o essive en e in ith espect to
such a aptive visualization al o ith s e ill ocus on thet o un a ental
techni ues o scala volu es isosu acesan iectvolu e en e in

he inte active visualization o ve la e atasets e ui es ulti esolution
anal sisan hie a chical etho s ne an hi hl sophisticate possi 1 pa
allelize  appin al oith s wutalso ast en ein o the esultin co ple

scenes nei po tant aspect o accele atin the en e in phase esi es

ha a esuppo tan scene aphopti ization isthesi plification o pol
onal eshesan theassociate level o etail ene ation otho hich
have att acte si nificant attention in ecent esea ch o0 asu ve see

hile the e efinitel is a ce tain ove lap ini eas etho s an voca ula

ith the topic o this pape eli eto pointoutso eo the i e ences an
o the p opose etho s o esh e uction a e eo eticin natue hich
is easona le ecause the oal is a coa se app o 1 ationo a iven eo et

suall eve sin leno e o the eshisanal ze ithso elocal eo etic
e o citeionli ecu vatueo aus o istanceino e to eci e hethe
itcan eeli inate ollo e a et ian ulation n cont ast in volu esi
plification et to ene ate app o i ations o atasets hich e consi e
to esa pleso acontinuous unction hus ep ee a unctional app oach

hich e ives a hieach o app o i ationso theun el in unction ase
on unctionale o easu esli e the no

he est o the pape is o anize as ollo s n section e ill int o uce
so e o the asic concepts an iscuss elate o u o n cont i utions
to hie a chical volu e visualization a e p esente in section ase on ul
ti esolution anal sis an in section ase on a aptive esh opti ization

ith  ultilevel finite ele ents So e conclusions an i eas o utue o
a e su a ize in section

td or

hepole o en ein visual ep esentations o scala volu e ata is still
one o the ain esea ch a eas o scientific visualization esi esa 1ie
nu e o va iations the e a e asicall t o ain classes o techni ues iso
su aces an iectvolu e en ein



aeanin iect a o visualizin ascala volu e nopa uesu
ace hich passes th ou h all cells hich inclu e a specific unction value onl
ep esents one aspect o the ata set since volu e eatu es at othe values a e
inoe hisisa oo app oach o o ects ithshapl ete ine o es

li e onesin he e the illu ination o the su ace eatl enhances its
st uctu e utitisina e uate o a o phouso ects iths allvalue a
ients hich can ha 1 e ep esente athe aticall thin su aces he

st uctueo aun no n ataset e o as oothl va in unction can onl
eun e stoo i su acescan ee t acte o an iso valuesan vie e o
all i ections at inte active ates hestan a a chin u esal o ith
t ave ses all cells an  ete ines the t ian ulation ithin each cell ase on
t ilinea inte polation o the values o the cell ve tices Special t eat ent o
a 1 uitiesis e ui e to avoi inconsistencies visi le as holes hile the
ene ate pol onaliso su aces see to e an app op iate volu e visualiza
tion techni ue hen usin  aphics o stations it tu ns out that this is not
the case o ata set sizes t picall oun in e ical applications e e the
su acee t action ta esontheo e o inutesan ene ates up toa illion
t ian lesan o e hich othseve el est ict inte active anipulation a
ious etho sto eal ith thesep o le sinclu e isc etize al o ith s
e cient cell sea ch ith inte val ata st uctu es an pol on e uction

t ies to conve a visual i p ession o the co plete
ataset assi nin i e entcolo an opacit valuesto i e ento ects
o value an es ithin the volu e he esultin i a eis then co pute
ta in into account the so efine e ission an a so ption e ects as seen
an outsi e vie e he un el in theo o the ph sics o li ht t anspo t
is si plifie to the ell no n volu e en ein inte al in the case o ne
lectin scatte in an e uenc e ects iven the e ission an the
a so ption the intensit alon the a can eco pute o

he isc etization o this inte al to ethe ith the assu ption that the ap
pin o scalas to values can e esci e t ans e unctions
esults in the co positin o wulas o co putin the intensit cont i ution
alon one a o si ht

he colo o thevo el  an its opacit ae eive ata leloo up a te
t i linea inte polation o the scala value o the isc ete sa ple points

ain a e stan a al oith se ist enhance a i evaiet o opti iza



tion st ate ies he asic a t acin i ea istoshoota a o si htth ou h
eve pi elintothe volu e econst uctin the unction value at app op iatel
chosen sa ple points alon the a an len in the appe colo an opac

it values ccele ation o this e pensive techni ue is achieve a aptive
sa plin e ploitin cohe ence pa allelizin ini a e an
0 ect space an e ploitin ha aein aphics o stations o0 in

special pu pose a chitectu es

he fi st hie a chical app oaches applie in volu e visualization e e ase
on oct ees he asici ea is to ecu sivel split a cu e volu e into ei ht
su volu es o in otto up o theoi inal atasetan tostoea i
tional in o ation at each no e hich allo stos ip uninte estin pa ts o the
volu e heocteeissel o 1 use o the appin itsel ie theiso su ace
e t action ecause nei h oin oct ee leaves at i e ent levels o esolution
e hi it han in no es hich lea to inte polation iscontinuities

evo e ploite ap a i o ina volu es to enco e the p esence o
non t anspa ent ate ial in o e to accele ate a t acin th ou h e pt
space au an  an ahan stoe ave a e ino ation as ell

as an e o in icato intheno eso ap a i ino e to eventuall stop
the t ave sal e o e splattin cells ith onl a inal cont i utions to the

finali a e ilhel san van el en accele ate the a chin cu es
al oith o isosu acee t action spee in up the sea ch o cells hich
a e passe the su ace t each level o an oct ee the sto e the ini u

an a i u valueo alltheve tices eneath allo in a asts ipove e ions
hich cannot contain the su ace he si plicit o the p a 1 al st uctu e

still att acts esea che s hava nia an an use a si ple aplacian
P a i toco pessavolu e atasetan to econst uct the vo el values on
the hile inte atin alon the a ale an la e e plo an oct ee

to e ucethe e o ove hea o theshea apvolu e en ein app oach

So a thehie a chical eco position asspace ase 1iethe ecisionto hich
suteeavo el elon s as eive o thevete coo inates Ite nativel
an e ase app oachesclassi thevo elsacco in tothe an eo the scala

values p esent in the cell he esultin span space is a ain accesse
th ou h hie a chical ata st uctu es ivnat et al use t ees 1 noni
et al a opt an inte val t ee

Ithou h e ocusinthispape onvolu esoi inall ivenon e ula is e
ill see in section that the conve sion o such a ata set into an unst uctu e
ie atet ahe al ep esentation p ovi es an a vanta es he osti po



tant aspect he e is the possi ilit o a aptive efine ent ithout int o ucin
han in no es hus e ill also loo sho tl at elate o in this a ea
i noni ivesa oo ove vie o tet ahe a ase volu e visualization e
also int o uce a ulti esolution al o ith o si plical co ple es ite a
tivel inse tin ve ticesan pe o in a elaune t ian ulation ui
e ten e this asicall eo etici eaintoat o step p oce u e st uctu al o
econst uction anal sis an tet ahe ization wu p et al esci e
hie a chical an a aptive visualization al o ith s on neste i s hich ae
the esulto o ennu eicalsi ulationsli e hie a chical finite ele ent an
ulti i ethos he eiveane o in icato hich elates the a ient
o the unction to the cu vatu e o an iso su ace ivin an esti ate o the
lo e an uppe oun so the unction o the hie a chical t ave sal

ne enefit o a hie a chical ata ep esentation is the possi ilit to localize
eatu es at inc easin 1 coa se esolution nnecessa evaluations o ata
sa ples can e avoi e app op iatel selectin the esie level o etail

he e o that isint o uce econst uctin the si nal o a ce tain eso
lution level st on 1 e ects in the al o ith use to ene ate the hie a ch

nt pical oct ee ase app oaches atasa plesa esi pl ave a e an eve

othe sa pleis pushe up tothe ne tlevelin thet ee hus the esolution at

each level is eci ate a acto o t othe e inc easin the size o etails
hich can e econst ucte acco in 1

o all thisise uivalent to p o ectin the o i inalsi nal into a hie a ch o
app op iatel scale piece ise constant asis unctions hen theun el in

unction asis is the aa s ste hich in the univa iate case is uilt o
scales an  ilates o the o wunction efine to e on the inte val

an othe ise Since the aa a il efines
ano thono al asiso a it a unctions can e itten as
linea co inationso the asis unctions itionall
since the aa unctions a e sel si ila in the sense that

the vecto space spanne t anslates o is containe

in the vecto space spanne t anslates o onl coe cients
up to a ce tain level a euse to econst uct the o i inal unction then an
app o i ation o ith no etails s alle than is ene ate

espite the a vanta es o the aa seies it can onl e use to ali ite
e ten o the anal sis o a it a si nals a ticulal this ep esentation

oes not allo o a p ecise localization o eatu es in the e uenc o ain

ue to the infinite suppo t o the o unction s spect u avelet theo an



ulti esolution anal sis p ovi e a theo etical a e o o the hie a chical
eco position o si nals into p ope ]l esi ne unction ases hich ena le
the localization o si nalsin oth ti e an space

a avelet e ill ean a unction hich has e ponential ast eca
at infinit an o  hich o a a il to efine a
asis o itis uil o scalesan ilateso insuch a a that an
unction has a se ies e pansion o the o
he coe cients ep esent the avelet t anso o at level the
a il p ovi es an o tho onal asis then the coe cients a e o taine
co putin the inne p o ucts et een an h ou hout
this pape e ta e the t anslations to e inte e values an the scales to e
o the o so that  has the o

ulti esolution anal sis co esup itha ene altheo to e ive
avelets o aso calle scalin unction 0 is
efine as a se uence o close su spaces ith
an is ense in an a uni ue scalin unction
ain the a il is e ive t anslatin
an ilatin o afie each se ies ene ates a asis o o each o
the vecto spaces the e e ists the co ple enta vecto space ith
he se uence efines the so calle i e ence spaces in
hich all thein o ationis etaine thatislost o oneapp o 1 ation space
to the ne t coa se one see 1 ue he avelets ae eive o

/1!

ig. . Original signal and it s reconstruction from different multiresolution spaces.

Difference

Average

in such a a that the span the i e ence spaces Since oth unctions
an ae the can ee pan e in the asis Su an filte



pais an esci ee actl ho to et o the p o ection into to
the p o ections into  an an vice ve sa he filte is use to select
input e uenc co ponents up to a an pass e uenc he eas selects

e uencies o hich a ela e than this e uenc suall thep a i
al o ith is applie to pe o  the p o ection in linea ope ations ith
thenu e o unction sa ples

speciall in the case o a sepa a le thetheo can ee ten e st ai ht
o a | to hi he i ensions n thee i ensions e const uct scalin
unctions o the o h ee i ensional
avelets a e wuil ta in allothe p o uctso scalin unctionsan avelets

at a ce tain scale thus p ovi in a asis o

Ithou h an infinite nu e o avelets e ist hich can e istin uishe
ase on ce tain p ope tiesonl so eo the aeo ao elevance in vol
u e visualization he s alle the suppot o the asis unctions the less
coe cients have to e consi e e o the econst uction o a unction value
S oothness o the involve asis unctions co espon s to ette e uenc
localization o the use filte s n finall the e pecte co p ession atios

stonl epen onthenu e o vanishin o ents p ovi e the use
avelets hisis efine to ethela estinte e nu e o hich all inte
als vanish an it thus ete ines

the conve ence ate o avelet coe cients

utic ou iu i tion nd nt tion

ue to the app o i ation p ope ties o  avelets the e pansion o isc ete
si nals into a avelet asis esult in spa se ep esentations t is thus o pa
ticula inte est to stu avelet t ans o sin the fiel o volu e visualization
he e e have to eal ith int insicall la e ata sets

he co ei eas o e ploitin avelett anso sinvolu e en e in applica
tions have fi st een int o uce uai hus this o can eseen as
the o e unne to a vaiet o avelet ase techni ues specificall

esi ne to ta e a vanta e o the hie a chical natu e o avelet t anso s
an the esultin p ope ties a ticulal in volu e en e in applications
avelet techni ues sho up asa e e to locall econst uct the oi inal
si nal ithin a ita app o i ation spaces s a conse uence the volu e
en ein inte alcan e 1iectl evaluate on the si nalno e pan e into
a avelet asis nco in the atain itsenti et isavoi e thusp ovi in an



e ective a to en e la escale atasetsonaco pesse o0 ain

nstea o solvin the volu e en e in inte al ove theoi inal o ain the
si nal is fi st p o ecte into the se uence o i e ence spaces an
the final s ooth app o i ation space onse uentl onl anapp o i ation
to the final pi el intensit is o taine he accu ac o the inte al evaluation
st on 1 epen son thesize o etails p esent in the su spaces o hich the
ensit  ist i utionis econst ucte e p essin thesi nal as a linea co
ination o  avelet coe cients at 1 e ent scales the inte ation ta es place
onl he ecoe cients on tvanishan he ethein uence o theco espon
in asis unctions is not ze 0 he o0 e spa se the ep esentation is the less
coe cients have to e involve 0 pession o ain en ein o la e scale
ata sets as ell as po essive en ein an t ans ission is acco plishe
easil e ploitin the ulti esolution ep esentation

ppa entl it is not possi le to iectl e pan the e ponential attenuation
te into a avelet se ies since it epen s on the i ection o the line o si ht
o eve it acts as a s oothin ope ato  hich oes not int o uce hi h e
uencies itionall since oth te s thee ission an the a so ption a e
eive o the availa le ensit ist i ution it see sto e ail accept
a le to co elate the accu ac o the inte ation p ocess to the ist i ution

oiinall povi e ven o e e cientl hen a so ption e ects a e co
pletel ne lecte also an anal tic solution o the inte al ase on a avelet
e pansion o the volu e e ission can e oun his is achieve con

st uctin piece ise pol no ial splines ith not se uences 1iectl e ive
o the avelet coe cients

Solvin the inte al as esci e e hi its seve al esie eatues a ticu
lal in athe s oothaeasonl ali ite nu e o coe cients have to e
consi e e since the aes allin a nitu e hisis uetotheappoi a

tion conve ence ete ine thenu e o vanishin o ents the avelet
p ovi es itionall ~ hen o thono al avelets a e use the e o in
t 0o uce ne lectin ce tain coe cientscan e ete ine ut o0 eaccu

atel as a conse uence o the spatial localization o the coe cients also an
uppe oun o thepi el isee o accu ulate alon apa ticula a can e
p e icte u the o e the a aptive natu e o the avelet ep esentation is
consi e e a ustin the inte ation step size to the scale o the un el in
asis unctions n e ions he e onl lo e uenc etails a e p esent the
step size is inc ease acco in 1 he eas afine sa plin e uenc ischosen
in e ionso hi h ensit va iations

scan eseenin iue avelets p ovi e a po e ul tool o co p essin
la escalevolu e ataan o visualizin the inana aptive anne the e
cont ollin the int o uce e o aste en ein can e achieve usin o
ect space app oaches he e ei hte ootp intso avelet coe cients so



ig. . olume ray-casting of an iso-surface from a human head -Scan. On the
left the surface was rendered from the original data set with . On the right
the same surface was rendered from the compressed data set with

calle avelet splats a ep o ecte tothei a eplane hea vanta eo these
techni ues sho s up in applications he e p o essive t ans ission ith e
spect to the i po tance o avelet coe cientsis e ueste his is pa ticula
use ul in client se ve applications he e on the visualization at a coa se

esolution level isoten e uie o p evie pu poses cientl co in
the hie a chical ep esentation an wuil in ata st uctu es allo in o ast
access is one o the a o challen esin these in s o applications o

eve in p o ective app oaches attenuation e ects have to e co pletel a an
one since the accu ate o e in o coe cients ith espect to the p esent
vie in efinition can not e achieve in an accepta lea ounto ti e

s outline in the p evious section avelet techni ues can e e ectivel use
to eco pose the o i inal si nal into a hie a ch in hich copies o the ata
at eve coa se scales a e inclu e an  he e the size o etails aintaine

ithin these copies scales up acco in 1 he hie a chical ep esentation al
lo slocatin thesi nificant st uctu eso theo i inalsi nalata it a scales

o eove thesi nal slocal cha acte isticscan e ete ine uite accu atel

o the va iation o these st uctu es ac oss scales

ne e techni ue o ten applie ini a e p ocessin isto ete ine the local
sha p va iation points in a s oothe ve sion o the o i inal si nal etect
in the ze o c ossin s o the si nal convolve ith the secon e ivative o the
s oothin unction S all uctuationsa e e ove inthe lu e ve



sion hile the si nificant st uctu es a e etaine Successivel pe o in this
p oce u e ith app op iatel scale ve sionso thes oothin unction iel s
the e es at ultiple scales o a cha acte ization o the elevant eatu es
can e o taine co inin thee eino ation ac oss all levels

viousl the accu ac hich e es can e etecte ston 1l epen s
on the e nel unctions use a itionall a aussian e nel is e plo e
n the othe han since it is the hi h e uenc in o ation in pa ticula
hich is etaine in the i e ence spaces o a avelet t anso s in
ene al p ovi e a po e ul tool to localize an anal ze the ultiscale e es
n avelets e ee ploite to eco pose the si nal into a hie a ch
0 e es hich e e then use to enhance the si nificant st uctu es
app op iatel len in e es o ultiple scales o e ene all assu in
to e theinte al ove a avelet an settin
an then the avelet t anso atscale can
e itten as — — t is thus
p opo tional to the e ivative o the o i inal si nal s oothe S a
esult the wultiscalee eso can eco pletel ete ine epeate 1
convolvin ith the s oothe ve sion an locatin the local
ai ao

const uctin e ivative avelets an hich a e the
pa tial e ivatives o a th ee i ensional s oothin unction alon
an espectivel the app oach can e lite to hi he i ensions his
p oce ue as success ull applie toi a es an e ten e to isc ete
scala volu e atain Si ila totheone i ensional case the a ient
vecto at scale can then e itten as

co putin the a nitu e o thes uaeso the a ient co ponents
eaeno ea to ete ine those points he e the a ient a nitu eis
locall a i u alon the i ection the a ient is pointin to n p actice
ho eve since it is onl possi le to consi e a finite nu e o i ections
spanne a isc etization has to e applie

Ithou h the si nificant st uctu es a e aintaine in the 1 e ence spaces
ac oss the ultiscale hie a ch theent op o the eco e ino ationsli htl

ec eases sincethe a ient a i aaeco pute o thelo e uentpa ts

ess si nificant st uctu es isappea at one o the coa se scales n the othe
han it can e sho n that o the evolution o the a ient a i a ac oss



scales the o i inal si nal can e locall cha acte ize n pa ticula it is pos
si le to esti ate the si nals s oothness hich is co  onl easu e
the ipschitz e ulait o theas ptotic eca o the avelet coe cients

to the finest scale o this etho topocee popel those ai a
hich p ocee 0 a ce tain scale to the ne t coa se one have to e sep

a ate connectin nei h o in locations ac oss scales so calle ai a

chains a e const ucte the eca then o the a nitu eo avelet coe

ficients alon these chains the s oothness o the o i inal si nal at points the
chains a e pointin to can e ete ine

n these p oce u es e e applie to ete ine the sha p va iations

o eatu es in stationa volu e ataan inti e esolve se uences he

e t acte ino ation can e e cientl use to enhance o supp ess oe

0 less si nificant st uctu es uthe oe a aptivel t ave sin the ata
ith espect to the ultiscale ep esentation o the e es uin the a

t ave sal the en e in p ocesscan eaccele ate consi eal 1 ue sho s

ho this concept can applie to auto aticall en e esults hich co pa e
uite ell to t a itional se entation techni ues

ig. . olume rendering of the vessel structures in a data set from brain angiogra-
phy. The structural analysis leads to an automatic enhancement of the vessels and a
significant noise reduction right compared to the standard linear transfer function
left .

d ti ti 1 tion or ou iu 1 tion

t shoul have eco e o vious o the last section that the avelet ase
e hi its an a vanta esinthea eao si nalanal sisan co p ession
ut that the evaluation o the hie a ch int o ucesso e a itional ove hea



hus eaeloo in o a ep esentation o ou ata hich consists o a hie

ach o i s hee ecanappl thee istin sophisticate al o ith son
each level t tu ns out that the nu e ical athe aticsco  unit has evel
ope such an a aptive esh opti ization techni ue o the fiel o ultilevel
finite ele ents nei po tant aspect o this app oach o visualization
is that it p ocee s o ave coa seapp o i ation to fine levels o esolu
tion stoppin  heneve a iven e o th eshol is ulfille his is in cont ast
to the avelet eco position hich al a s has to sta t at the finest level o
esolution n thissection e illsu  a ize ou application o this techni ue
to volu e visualization

e sta t out ith an intentionall ve coa set ian ulationo ou o ain
epen in on the eo et o the o ainit a eaco ple tas to en
eatesucha 1 ut o acu e thisis thestan a pa tition into five o si

tet ahe a e const uct a i ensional finite ele ent su space
ith asis unctions consistin o all piece ise linea unctions asso
ciate  ith the ve tices an  ith thei suppo t est icte to the tet ahe a
containin the ve te hen esea ch o the estapp o i ation o the
unction hich is ep esente ou ataset his
po le is e uce to the solution o a linea s ste
hich is solve aconu ate a ient etho he coe cients a e iven
an ith he

evaluation o the inne p o ucts an the asse lin o theco espon in a
t icesan vecto sa eca ie outusin stan a finite ele ent techni ues he
inne p o ucts a eco pute usin a five point thi o e inte ation
o ula no e toevaluate the ua atue e uset ilinea inte polation
0 o theoi inal ata loale o o ou estappoi ationcan e
oun su  ation o all the locale o s co pute in
each tet ahe on  the coe cients e cee a ce tain th eshol the
co espon in eshele entsae a e o efine ent te thee o anal
sis the eshis efine an the ite ationsta ts allove a ain ete inin the
est app o 1 ation o the unction on thene level heal oith te inates

hen the is less than a use specifie th eshol

t the co e o the etho is a local efine ent al o ith hich ene ates
a hie ach o a aptivel efine eshes ach t ian ulation in the se uence
is euie to e ie the inte section o t o ele ents consists o
aco on aceo aco one eo aco onvete o itise pt his
con ition p events hicha e i cult tot eat in finite ele ent

co putationsan hichaep o le atic o en ein pu poses o thesa e
easons the t ian ulation se uence has to e ith espect toso e ea



sueo eeneac e allinteio an lesae oun e a a o 2zeo inall
ino e to uil ahieach o neste spaces the t ian ulation se uence has
to satis the con ition hich eans that an ele ent in a t ian

ulation is o taine su ivi in an ele ent in a coa se t ian ulation o
the se uence

e e ten an al o ith hich co ines an esh efine
ent ules le ents hichae a e o efine entaesplit e ulal
a tet ahe onis cut into ou tet ahe ons at the co ne s an one octahe on
insi € nstea o su 1ivi in the octahe oni e latel into tet ahe a e
t eat the as a e ula ele ent t pe an efine anothe e ula efine ent
ule o the hich the a e split intosi octahe a an ei ht tet ahe a
nthis a eavoi a 1 uitiesan e ucethenu e o cells he eu
la efine ent ules can e applie tonei h o ele ents ithout consistenc
po le s n the case o a aptive efine ent ho eve onl a su set o the

ivenele ents ill e e ulal efine hus the pa tition hasto e
i eula efine ento nei h oin ele entsino e toavoi han in no es
e esticti e ula efine ent totet ahe aan i an octahe on hasto e
i eulal efine it ill efistsu 1ivi e intoei httet ahe a  connect
in the ve tices ith the a cente 1l ele ents ene ate the i e ula
efine ent a e const ucte usin the ve tices int o uce the e ula efine
ento nei h o ele ents ehavei ple ente a
hich fits all possi lee ean ace efine ent patte ns no e toavoi sta
ilit pole si eulal efine tet ahe a ust not e efine a ain a
su ivision is e ui e the o1i inall efine tet ahe on wust e e efine
ith the e ula wule inall these local ulesaeco 1ine an ea an e

into a hich ua antees o sta ilit an con o
it iue e onst ates the al oith an the ualit o the ene ate
eshes o a ea pleo a slice o a e ical ata set

the esci e al oith isapplie toa a tesian scala volu e an a ap
tivel efine tet ahe al eshis co pute hich is coa se in ho o eneous
e ions o the volu e ut finein e ions ith ast on va iation o the un e
]l in unction ie aoun e eso su aces epen in onthee o th eshol
hich ivesa easu eo the ualit o theapp o i ation e achieve asi nifi
cant e uctioninthenu e o cellsco pae totheo i inal vo elsan thus
an eno ous co p ession o ou ata set hile etainin elevant eatu es

e point out that the al o ith is p o essive in the sense that the coa se
the esie app o i ationis the aste canit eco pute uthe o e the
a ounto o tofin theapp o i ationtoace taine o th eshol isneal
in epen ent o the ata size thus ve la e ata sets can e p ocesse as



ig. . Adaptive mesh refinement for a medical data set. The left image shows
regular refined triangles and the irregular closure at level , the right image demon-
strates the quality of the triangulation.

lon as the can e inte polate at an point in the o ain

it a visualization al o ith s o unst uctu e eshescan euse to e
ive visual appin s o theappo i ate fiel s he ill e wuch aste
than the visualization o the o i inal ata set o seve al easons i st the
nu e o cellsto etavese ill e e uce at leastoneo e o a ni
tu e hisauto aticall e ucesthenu e o outputp i itives Secon no
special al o ith s a e necessa since e eal ith ull i son each level o
the hie a ch  nte polation ithin a tet ahe on is linea an thus even si
ple utno alesti ationisa little it o e involve hi  the a aptivit
o the esh auto aticall lea s to a aptive visualization al o ith s his is
o vious o thesea ch o iso su ace cells hich p ocee s astth ou hho o e
neous e ions ithla e tet ahe ons o a castin einte ate o cell
oun a tocell oun a hich auto aticall lea sto an a aptive step size

iue sho sisosu aceso a ataseto ahu ana o en heo i inal
volu e is hich is a out illion vo els stan a a chin
cu esal oith uns o a outa inuteto ene ate an iso su ace consistin
0 illiont ian les ntheleti a eanisosu ace ith onl t ian

lesise t acte o an a aptivel efine esh at level ve tices
in secon s he 1 hti a esho sthe esult o level ve tices

ith t ian les e t acte in secon s 1l the elevant st uctu es

o the isosu ace ae al ea cleal visi le at level an even lo e levels
oul esu cient o astp evie in o pa in the su ace at level ith
the iso su ace e t acte o the ull esolution e hi its so eappo i a
tion e o sin thes oothness o the su ace ho eve this asto ee pecte
hen e ucin thenu e o cellstoa out an thiscan ei p ove
inco po atin the So olev no hich in s a ient in o ation into the



ig. . so-surface extraction from an abdomen T data set. The original  million
voxels were compressed to adaptive tetrahedral meshes of various resolution left
level , right level  which allow the fast extraction of surfaces with less triangles.

app o i ation

So a onl onelevel o the ulti esolution hie a ch o the volu e as actu
all use uin the visualization ith stan a al oith s o unst uctu e
is e ill no outline a ne isosu ace al o ith hich e plicitl e
ploits the ata hie a ch an ene ates iso su aces o va in esolution
he scena io e a e ai in at is the inte active visualization o hu e ata
sets in a ist i ute envi on ent he e the use at the aphics o station
e uests the ulti esolution ataset o a e ote se ve he se ve sta ts
sen in the coa sest esolution an inc e ental in o ation on ho to efine
the esh heclient e ins ith the econst uction o the hieach o the
ata st ea an at thesa eti e ith the isosu ace e t action on the al
ea uilt levels his iso su ace is locall efine as soon as hi he levels
o the volu e hie a ch have een econst ucte uptoa ai u levelo a
use inte action chan es pa a ete sli eiso value o esolution epth he al
oith is ase onave e cienta st act ep esentation o the esh hich
consists o the coo inates o the ve tices at the coa sest level a set o inte e
in ices esci in the efine ent an the unction values at the finest level
o esolution hea o en ataset efine up tolevel can thus e stoe
in app o i atel hich co espon s toaco p ession acto o he
econst uction o the hie ach o this ep esentation can e pe o e at
inte active ates hisisinpa t ue to the concept o vi tualele ents i e u
lal efine ele ents hichaeusuall o ethan e ulal efine ele ents



a enot actuall stoe utaeco pute on e an  inall thep o essive
iso su acee t action hichinse tsan eletesonl t ian les esultin o a
esh efine ent o coa senin also nee s on the ave a e less than one secon

hen s itchin o one level to the ne t

onc u ion

e have p esente anove vie o ulti esolutionan hie a chical etho s o
the visualizationo volu e ata esi es evie in elate o inthisfiel e
have esci e in oe etailt oco ple enta app oaches avelet ase

ulti esolution anal sis an finite ele ent ase a aptive eshopti ization

e have sho n ho co p esse ep esentations o the volu e ata can e
e ploite ava iet o visualizational oith s an in o st uctu al anal

sisan a castin to p o essive iso su ace e t action he availa ilit o
inc easin 1 hu e ata sets ill p o ote e citin ne esea ch in the a ea
o ulti esolution o elin an visualization o volu es si ilal as it hap
pene o pol onal o els ee pectconti utions o applin eo et
ical app oaches to o e ten in aveletstonon e ula i s
an o othe hie a chical ases ep esentationsli e spa se i s
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