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Abstract
A multiresolutiondatadecompositionoffersa fundamentalframeworksupportingcompression,progressivetrans-
mission,and level-of-detail(LOD) control for large two or threedimensionaldata setsdiscretizedon complex
meshes.In this paperweextenda previouslypresentedalgorithmfor 3D meshreductionfor volumedatabased
on multilevel finite elementapproximationsin twoways.First,wepresentefficientdatastructureswhich allow to
incrementallyconstructapproximationsof thevolumedataat loweror higherresolutionsat interactiverates.An
abstractdescriptionof themeshhierarchy in termsof a coarsebasemeshanda setof integer recordsoffersa high
compressionpotentialwhich is essentialfor an efficient storage and a progressivenetworktransmission.Based
on thismeshhierarchywethendevelopa new progressiveiso-surfaceextractionalgorithm.For a giveniso-value,
thecorrespondingiso-surfacecanbecomputedat differentlevelsof resolution.Changingto a higheror coarser
resolutionwill updatethesurfaceonly in thoseregionswhere thevolumedatais beingrefinedor coarsened.Our
approach allowsto interactivelyvisualizeverylargescalarfieldslikemedicaldatasets,whereastheconventional
algorithmswouldhaverequiredat leastanorder of magnitudemore resources.

1. Intr oduction

Many applicationsin computergraphicsand especiallyin
scientific visualizationrequire the analysis,the manipula-
tion andthevisualizationof increasinglylargedatasets.In
most cases,thesedatasetsrepresentscalaror vector val-
uedfunctionswhicharetheresultof experimentalmeasure-
ments,suchasCTor MRI scansfrommedicalimaging,orof
numericalsimulations,asfor exampletime dependentflow
fieldsfrom CFD.Experimentaldatais usuallydiscretizedon
uniform meshesconsistingof many millions of sampleval-
ueswhereasnumericalsimulationscomputefield variables
definedon domainswith a complex topology, discretized
with unstructuredand even time dependentmeshes.This
amountof datais expensive to store,to transmitor to vi-
sualize.A multiresolutiondatadecompositionofferstheap-
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propriateframework to dealwith suchproblems.Ontheone
hand,compressioncanbeachievedbyeliminatingredundant
information,on theotherhandlevel-of-detail(LOD) repre-
sentationscanbeusedto acceleratepreprocessingandvisu-
alization.

In orderto clarify terminologythroughoutthispapera2D
meshis any meshconsistingof two dimensionalelements,
suchas triangles,even if theseelementsare embeddedin
3D. A 3D meshrepresentsa volumedataset,andthemesh
elementsarethreedimensional,e.g.tetrahedra.

In previouswork1� 2 wedevelopedamethodbasedonmul-
tilevel finite elementapproximationsfor thegenerationof a
multiresolutionrepresentationof a given dataset by local
meshrefinement.In the caseof 2D meshes,meshsimplifi-
cationandthegenerationof LODsarebasedontheelimina-
tion of geometricprimitivessuchasverticesor edges3 � 4� 5� 6.
Here,thegeometricaspectsof themodelarein thefocusof
interest.In contrast,scientificapplicationsmainlydealwith
scalaror vectorfields,wheretheconceptof a functionis of
primaryconcern.Therefore,we understandthe problemof
3D meshreductionasan approximationproblemin appro-
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priatelynormedfunctionspaces.In themethodweproposed
a coarsepartition of the domainis first constructedwith a
piecewise finite elementspacedefinedon it. Then,thebest
approximationto theinput dataon thisspaceaccordingto a
chosennormis computed.Typical normsusedin computer
graphicsaretheLp � 1 � p � ∞ norms,but alsomoregeneral
normscanbeemployed.Thenext stepis to determinethelo-
calcontributionof eachelementto theglobalapproximation
errorandto mark thoseelementsfor refinement,wherethe
localerrorisaboveagiventhreshold. Themeshis adaptively
refinedby localelementsubdivision resultingin abetterap-
proximationspacewherea new solution is computed.An
iterative applicationof thesestepsgeneratesa sequenceof
nestedapproximatingspaces.For eachoneof thesespaces
wehave anoptimalrepresentationof ourdatasetwhichcan
be usedfor analysisandvisualization.However, a number
of practicalproblemsarise in the propermanipulationof
theunderlyinghierarchicalmeshes,i.e.compactstorageand
progressive network transmission,and the developmentof
efficient visualizationalgorithms.

In addressingtheseproblems,thispapermakestwo major
contributions.First, it introducesan abstractrepresentation
of thecompletemeshhierarchy. Thisrepresentationconsists
of acoarsebasemeshandasequenceof recordswhich indi-
catehow to reconstructthecompletemeshhierarchyby lo-
calmeshrefinementoperations.Basedonthisabstractmesh
descriptionhighcompressionratesfor datastorageandpro-
gressive transmissioncanbe achieved. Furthermore,a new
meshrefinementalgorithmhasbeendevelopedwhichallows
for the incrementalreconstructionof the meshat a desired
level of resolutionat interactive rates.

Theothercontribution of this paperis a new progressive
iso-surfaceextractionalgorithmadaptedto themultiresolu-
tion representationof thedata.Oncethemeshhierarchyup
to a given level of resolutionhasbeenreconstructed,there
is still thefreedomto choosethelevel which is usedfor the
visualizationof the data.The algorithm allows to interac-
tively browseacrosslevelsof resolution,to extractinforma-
tion from the dataat different levels of detail andto adap-
tively updatethesurfacein thoseregionswherethe resolu-
tion of thevolumedatahaschanged.

The paperis organizedas follows. In section2 we give
a brief overview of relatedwork. A descriptionof the local
meshrefinementalgorithm is summarizedwith the neces-
sarydetailsin section3. Theactualcontributionsof this pa-
per aregiven in sections4 and5 wherethe corresponding
algorithmsfor the hierarchicalmeshmanipulationand the
progressive iso-surfaceextractionarepresented.Resultsfor
two datasetsaregivenin section6.

2. RelatedWork

In this paperwe aremainly concernedwith the manipula-
tion, i.e. storage,transmission,and traversal of 3D mesh

hierarchiesand with the efficient visualizationof the cor-
respondingvolumedata.In this sectionwe discussrelated
approacheson meshoptimization,multiresolutionrepresen-
tationsandprogressive transmission.Furthermore,we ana-
lyze someimportantaspectsandalgorithmsfor iso-surface
extraction.

2.1. MeshReduction

A widely usedclassof meshreductionalgorithmsis based
on the successive removal of elementsfrom the mesh.We
call this approachgeometric,becauseit focuseson geomet-
ric primitivessuchasvertices,edgesandelements.Thework
of Schroederet al.4, Rossignacet al.3, Klein et al.7, Turk8,
Hoppe6 andCohenet al.5 for 2D-meshes,andof Cignoniet
al.9 for 3D-meshesandof Popovic et al.10 for generalsim-
plicial complexesbelongto this classof algorithms.These
approachesanalyzeeverysinglenodeor clustersof elements
with somelocal criteriain orderto decidewhetherthey can
be eliminatedor not. Commonly usederror criteria con-
sidergeometricaspectssuchasangles,curvature,distance
betweenmanifolds.The introductionof a relationbetween
differentlevelsof resolutionmakesit possibleto constructa
multiresolutionhierarchythatcanbeusedfor efficient stor-
ageandprogressive transmission6 � 10. Theapplicationof this
classof algorithmsto meshesfor volumedataexhibits two
major drawbacks.First, the storageof the additionaldata
structuresrequiredfor thesimplificationalgorithmsusually
needshugeamountsof memoryin the Gigabyterangefor
volumedatasuchasa medicaldatasetof 5123 � 130Mil-
lionsof voxels.Second,duringthesimplificationprocessflat
or thin elementsmayarise,which arenot desirablefor nu-
mericalcomputationsandwill introduceartifactsin theim-
agesduringvisualization.Algorithmsbasedonasubdivision
schemewill producemuchbetterresults.

A widely usedmultiresolutionanalysistechniqueis the
wavelet decomposition.The applicationof multiresolution
analysishassuccessfullybeenextendedto meshesof arbi-
trary topologyby Lounsberyet al.11 and Eck et al.12. Be-
sidesmany advantagessuchascompression,level-of-detail
control andthe generationof a multiresolutionrepresenta-
tion, waveletdecompositionshave a majordrawback,espe-
cially for tensorproductbasisin 3D. The problemis, that
the wavelet refinementcannotbe performedadaptively, re-
sulting in a re-meshingasa post-processingstep,after the
waveletdecompositionhasbeenperformed.Re-meshingis
necessaryto avoid hangingnodes,whenaddingwaveletco-
efficientsin thereconstructionstepfor localrefinement.An-
otherlimitation of waveletbasesis, that the approximation
can be given only in the L2 norm. For many applications
moregeneralnormsincorporatinggradientinformationpro-
ducebetterresults2. Operatingon the wavelet coefficients
only, it is possibleto incrementallychangetheresolutionof
thewaveletapproximation13. This factwasusedin thecon-
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text of progressive volumevisualizationby meansof X-ray
likeprojectionsby Grosset al.14.

2.2. Iso-surfaceGeneration

A wide varietyof algorithmscopingwith eithertriangleex-
tractionor trianglereductionhave beendeveloped.Oneap-
proachto acceleratetheextractionof iso-surfacesis to prese-
lect thecellsthatmaycontributetrianglesto theiso-surface.
The basic idea of this approachis, that every cell spans
acrossaninterval of thevolumetricdataboundedby its min-
imum andmaximumvalue.As unionsof cells alsohave a
minimum and maximumvalue,which can be easily com-
putedfrom the spansof the containingcellsor sub-unions,
a hierarchycanbeconstructed.For a given iso-valueentire
cell complexescanbepre-eliminated,if thespecifiedvalue
doesnotfit into thespan.Theoctreespatialsubdivisionpre-
sentedby WilhelmsandvanGelder15 annotateseachoctree
nodewith thespan.Thesweepingsimplicesalgorithmpub-
lishedby ShenandJohnson16 usesabinarytreepurelybased
on therelationof thespans.A moresophisticatedalgorithm
of this approachwaspresentedasthe ISSUEalgorithmby
thesameauthors17. Thesealgorithmsgeneratethesametri-
anglesasthe standardmarchingcubesalgorithmdoes,but
they requireextramemoryto storetheinterval information.

Another iso-surfaceoptimizationis the reductionof the
amountof trianglesgeneratedfor rendering.This can be
donein a post-processingstepby a meshreductionalgo-
rithm or interleaved with the marchingcubesalgorithmas
in theapproachespresentedby Hall et al.18, Müller et al.19,
Ohlbergeretal.20, Shekkaretal.21 andZhouetal.22. There-
ductiondecisionsarealwaysrestrictedto afixediso-surface.
Theseapproachesarebasedontheextractionof iso-surfaces
from nestedgrids.Thefunctionvaluesat differentlevelsof
the hierarchyare obtainedby interpolation.First stepsto-
wards iso-surface generationon reducedtetrahedralgrids
weremadeby Cignoniet al.9.

3. AdaptiveMeshRefinement

The coreof the multilevel approximationof a volumedata
setis theadaptivemeshrefinementstep.In apreviouswork23

we have developedan efficient algorithm for adaptive 3D
meshrefinement.In this sectionwe revise someimportant
aspectsof thealgorithmandanalyzethepropertiesof there-
sultingmeshhierarchywhicharenecessaryfor theirefficient
manipulation,aswewill seein Section4.

3.1. The Global Algorithm

For simplicity, weconsiderthedomainΩ of definitionto be
a polyhedron.A partition � of the domaininto elementst
is calledadmissibleor consistent, if thefollowing condition
is satisfied:Theintersectionof two elementsis eitherempty,
or a commonface,or a commonedge,or a commonver-
tex. We areinterestedin a local refinementalgorithmwhich

producesstablepartitionsin the following sense:For each
elementt ��� the ratio of its diameterandthe radiusof its
largestinscribedball ρ � t 	 is boundedby a constantc which
is independentof t.

Startingwith anintentionallycoarsepartition � 0 of Ω we
want to generatea sequence� 0 ��
�
�
�� � j of increasinglyfiner
partitionsby successive local meshrefinement.Theseparti-
tionsarerequiredto satisfythefollowing properties:

P1 Nestedness:Eachelementt �
� k is coveredex-
actly by oneelementt ����� k � 1 which is calledthe
parentelement.Furthermore,theunionof all chil-
drenof anelementis equalto theparentelement.

P2 Consistency:All meshesin the hierarchyare re-
quiredto beconforming,i.e. no hangingnodesare
allowed.

P3 Stability: All elementsin a partition � k are re-
quired to be stable,wherethe constantc is inde-
pendentof therefinementlevel.

Condition(P1) is necessaryin orderto constructnestedse-
quencesof finite elementspaces

S0 � S1 � 
�
�
 � Sj

and it guaranteesthat eachfunction u � Sk canbe written
asa linearcombinationof functionsin Sk � 1. Condition(P2)
avoidstheintroductionof hangingnodes.Hangingnodesare
responsiblefor discontinuitiesin thefunction,whichcauses
artifactsin the visualization,i.e. cracksin the surfacesob-
tainedby standardsmarchingcubesalgorithms.Thestability
property(P3)is essentialto guaranteewell conditionedsys-
temsandnumericalconvergenceof thefinite elementcom-
putationsandto avoid thin or flat elementswhichmayintro-
duceartifactsin thevisualization.

In order to keepadaptivity and to simultaneouslyfulfill
the properties(P1) - (P3), the refinementalgorithmhasto
be constructedin threesteps.We first needa regular ele-
mentrefinementrule which producesstablepartitionsafter
successive subdivisions.Second,wedefineirregular refine-
mentrulesfor transitionelementsbetweenrefinementlev-
els in order to satisfycondition (P2). The irregular refine-
mentstepis calledtheconformingclosure. In thefollowing,
elementswhich result from a regular refinementarecalled
regular. Similarly, elementsresultingfrom an irregular re-
finementarecalledirregular. As a third step,the global re-
finementalgorithmstartswith a coarsepartition � 0 of the
domainandgeneratesa meshhierarchy � 0 � � 1 ��
�
�
�� � j with
thefollowing properties:

Condition(H2) avoids the refinementof irregularelements
which would result in unstablemeshes.Due to condition
(H3) it makessenseto assigna level index to eachelement.
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H1 Eachvertex in � k � 1 which doesnot belongto � k
is a vertex of a regular element,i.e. only regular
refinementintroducesnew verticesinto the trian-
gulation

H2 Irregularelementsarenever refined.
H3 If an elementis not refined passingfrom � k to

� k � 1, thenit remainsunrefinedfor all � l with l � k.

3.2. ElementRefinement

In this sectionwe briefly describethe elementrefinement
rules, we developed in23. Our algorithm for adaptive 3D
meshrefinementis basedon thepartitionof thedomaininto
two regular polytopes,tetrahedraand octahedra,and two
regular refinementrules,onefor tetrahedraandonefor oc-
tahedra.The regular refinementrulesgeneratedescendants
which aretranslatedandscaledversionsof the initial poly-
topes,thusthepartitionsarestablein thesenseof (P3).The
regularrefinementrule for tetrahedrasubdividesanelement
into four tetrahedraandoneoctahedron.By connectingthe
edgemidpointsof eachfaceweobtainfour tetrahedra,each
of whichcorrespondsto acornerof theparentelement.

Theregularrefinementrule for theremainingoctahedron
subdividestheelementinto six octahedraandeighttetrahe-
dra.By connectingtheedgemidpointsof eachfaceandall
edgemidpointsto the barycenterof the parentelementwe
getthesix childrenoctahedra.Theeightchildrentetrahedra
areobtainedby connectingthetrianglesat themiddleof the
facesof theparentelementwith its barycenter.

The regular refinementrulescanbe appliedto neighbor
elementswithoutconsistency problems.In thecaseof adap-
tiverefinement,however, only asubsetof thegivenelements
will beregularlyrefined.Thus,thepartitionhasto beclosed
by irregularrefinementof transitionelements.We have im-
plementeda full setof refinementruleswhichfit all possible
edgeand facerefinementpatterns.All elementsgenerated
by theirregularrefinementareconstructedusingthevertices
introducedby the regular refinementof neighborelements,
which is conform to the property(H1). If an irregular el-
ementhasto be refined,in order to satisfy (H2), irregular
elementshave to besubstitutedby regularones,i.e. thepar-
ent elementis refinedregularly. Technically, this condition
impliesthatirregularelementshave to beremovedfrom the
datastructures.We notethatirregularelementsarenot nec-
essaryfor the adaptive refinementalgorithm. It is enough
to know, if theparentelementis refinedirregularly. In23 we
introducedtheconceptof virtual elements.All irregularele-
mentsin ourmeshhierarchyarevirtual, i.e they areactually
not existentin our datastructures,but they arecomputedon
demandif required.

In orderto constructa completesetof basisfunctionsfor
the piecewise finite elementspacewe have to include the
barycenterof theoctahedrainto themeshstructure23. Thus,

an octahedroncanalsobe handledas eight tetrahedraob-
tainedby connectingtheverticeswith thebarycenter.

4. Abstract MeshRepresentation

In this sectionwe introduceour datastructuresanda new
algorithmfor anabstractdescriptionanda progressive ma-
nipulationof thecompletemeshhierarchy. Thedescription
consistsof a coarsebasemeshanda setof recordswhich
indicatewhich elementshave to berefinedin orderto pass
from onelevel to thenext finer level in thehierarchy. Based
on this abstractmeshdescriptionwe develop an algorithm
whichallows to reconstructthemeshat anarbitrarylevel of
resolutionat interactive rates.

4.1. Data Structur es

Thebasicobjectswhichdescribethemeshhierarchyarever-
tices, edgesandelements, whichmaybea tetrahedron or an
octahedron. We further introducetheobjectsgrid level and
multilevelgrid. A grid level Gk isdefinedasfollows:G0 con-
tainsall elementsof thecoarseinitial partition � 0, whereas
Gk � � k � � k � 1, i.e. Gk containsall new vertices,edgesand
elementswhich arenot in Gk � 1. Due to the property(H1)
Gk containsall the vertices,edgesandelementscreatedby
therefinementof elementsin Gk � 1. All theseelementsin Gk
areassignedthelevel k (H3). A multilevel grid � is astack
of grid levelsandrepresentstheentiremeshhierarchy.

Theelementsin themeshhierarchyarecharacterizedby
a state: they canbemarked asregular, irregular or refined.
By default, anelementis markedasregular. An elementis
marked as irregular, if it hasto be refinedirregularly. The
childrenarevirtual.They areobtainedby anirregularrefine-
ment.Theseelementsarerefinedon the fly if required,for
exampleby theiso-surfacealgorithm.If anelementwasre-
finedby oneof theregularrefinementrules,thenit is marked
asrefined.

Thevertices,edgesandelementsat grid level Gk areob-
tainedby theregularrefinementof elementsat Gk � 1. Irreg-
ular elementsat Gk are computedfrom thoseelementsin
Gk � 1 whicharemarkedasirregular only on demand.Thus,
the grid level Gk canbe obtainedfrom the grid level Gk � 1
andtwo setsof integers.The first list indicateswhich ele-
mentsin Gk � 1 have to berefinedregularly in orderto obtain
Gk. Thesecondlist indicates,whichelementsaremarkedas
irregular. Due to theproperties(H2) and(H3), elementsin
Gk � 1 whicharemarkedasregular or asirregular remainun-
alteredby furtherrefinementsof themeshhierarchy. Starting
with the coarsebasegrid level G0 by recursive application
of theserules,thecompletehierarchycanbereconstructed.

In our implementation,each grid level containsthree
lists,onefor thevertices,onefor theedges,andonefor the
elements.
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struct GridLevel {
List<Vertex> vertices;
List<Edge> edges;
List<Element> elements;

};

A multilevel grid containsall the grid levels from the
coarsebasegrid up to the highestgrid level alreadyrecon-
structed(topLevel). Sincewe successively addfiner grid
levelson top,but alsoneedaccessto all othergrid levels in
the hierarchy, we usea Stack datastructureimplemented
as a generalizedvector. Besidesthe standardpop() and
push() operations,it is possibleto accessany elementin
the stackby meansof indices.Suchstacksare also used
for the representationof the vectorsof integersdescribing
the meshrefinement:regRef containsthe lists of the in-
dicesof the elementswhich have to be refinedregularly,
irregRef containsthe lists the indicesof the elements
which aremarkedasirregular. More precisely, theelement
regRef(i) of the stackregRef containsthe list of the
indicesof the elementsat the grid level i which have to be
regularrefined.

struct MultilevelGrid {
// max. depth of mesh hierarchy
int maxLevel;
// current depth
int topLevel;

// the mesh hierarchy
// stack of depth topLevel
Stack<GridLevel*> grid;

// stacks of depth maxLevel
// lists of reg. refinement
Stack<Vector<int>*> regRef;
// lists of irreg. refinements
Stack<Vector<int>*> irregRef;

};

Theactualvaluesof thescalaror vectorfunctionsrepre-
sentedby the meshare storedin separatearrays.In order
to establisha correspondencebetweenthesevaluesandthe
meshstructure,the verticesarenumberedaccordingto the
following scheme:They arenumberedperlevel with respect
to theirorderof appearancein thevertex list, beginningwith
theverticesin G0 andcontinuingwith theverticesin G1, G2,

�
�
 .

4.2. RefinementAlgorithm

Our meshrefinementalgorithm is designedto reconstruct
the meshhierarchyup to a given level of resolutionby
usingtheabstractdescriptionof themeshgivenabove. The
algorithmtakesthemeshat level j ( j = topLevel) asinput

andreconstructsthemeshup to level k (k = newLevel). If
k � j , i.e. themeshhasto bereconstructedto adeeperlevel
in the hierarchy, the algorithm works level-wise starting
with G j up to Gk � 1. At eachlevel elementsare regularly
refinedor marked asirregularaccordingto the information
stored in the lists for the correspondinglevel. If j � k,
the grid levels are removed from the stack. In order to
keep the elementstatesof the final level Gk consistent,
all elementsare marked as regular. We summarizethe
algorithm which exhibits a quite simple structurein the
following pseudo-codefragments:

refineMultilevelGrid(newLevel)
{
if newLevel > topLevel
for i � {topLevel, 
�
�
,newLevel}
refineGridLevel(Gi,regRef(i),

irregRef(i))
else if newLevel < topLevel

for i � {newLevel, 
�
�
,topLevel}
// remove GridLevel from stack
Gi � stack.pop()
delete Gi

updateMarks(GnewLevel)

topLevel � newLevel
}

The correspondingrefinementalgorithm for one grid
level is givenas:

refineGridLevel(Gk,regRef(k),irregRef(k))
{
for all elements t � Gk
if id of t � regRef(k)

regularRefine(t)
else if id of t � irregRef(k)

close(t)
}

Themethodclose() justmarkstheelementasirregular.

5. The Iso-SurfaceAlgorithm

The main technicalcontribution of the paperis a new iso-
surfacegenerationalgorithmwhichoperatesonthemeshhi-
erarchydescribedin the lastsection.Oncethemeshhierar-
chy hasbeenreconstructedup to a given level, onestill has
thefreedomto choosewhichgrid level shouldbeusedfor the
iso-surfacegeneration.Progressingherefrom acoarselevel,
i.e. a coarseiso-surfacerepresentation,to a higher level of
meshresolutionwill automaticallyandadaptively refinethe
selectediso-surface.

Our algorithmfor the progressive iso-surfacegeneration
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is basedontwo fundamentalsteps.First,weintroducelevels
of resolutionfor theiso-surface,whichcorrespondto thelev-
elsof resolutionin themeshhierarchy, andwhich areauto-
maticallycomputedduringthe iso-surfaceextraction.If we
decideto changethe resolutionof an iso-surface,we have
to searchfor thesurfaceat a differentlevel in the meshhi-
erarchyapproximatingthe volumedata,i.e. the iso-surface
refinementis computeddirectlyfrom thevolumedata.Since
thishierarchywasgeneratedby localmeshrefinementoper-
ations,thedepthof themeshis differentin differentregions
of the data.Thus, it may happenthat only a few triangles
of theiso-surfacewill actuallychange.Therefore,weneeda
methodto keeptrackof thosetriangles,bearingin mindthat
only sometrianglesat the finest level of resolutionof the
currentsurfacehave to beupdated.Thesecondfundamental
stepis an efficient andsimplealgorithmfor removing and
updatingtrianglesfor the iso-surfacerefinement.The sur-
faceis extractedby slicing a setof meshelementsasin the
standardmarchingcubesor marchingtetrahedraalgorithm.
In our casewe have to additionallyconsideroctahedralele-
ments.In thissectionwegiveadescriptionof theunderlying
datastructuresandof thealgorithmfor theprogressive iso-
surfaceextraction.

5.1. Data Structur es

Weintroducethefollowing classesto describeaniso-surface
at different level of resolutions:the primitive surfaceele-
mentTriangle, theSurfaceLevel σk whichdescribes
a level of resolutionand the MultilevelSurface �
which representsan iso-surface. Each SurfaceLevel
containsa list of triangles,

struct SurfaceLevel {
List<Triangle> triangles;

};

andtheMultilevelSurface is built from astackof sur-
facelevels:

struct MultilevelSurface {
// max. depth of iso-surface
int maxLevel;
// current depth
int topLevel;

// the multilevel iso-surface
// stack of depth topLevel
Stack<SurfaceLevel*> surface;

};

In orderto illustratetheseideasweconsidera two dimen-
sionalexample.In Figure1 we show an adaptively refined
meshwhich approximatesa sliceof a CT scanof a human
headat a resolutionof 5122. Themeshconsistsof elements
of differentsizeswhichbelongto differentlevelsin themesh
hierarchy. An iso-linecomputedon thismeshwill consistof
line segmentsextractedfrom elementsat differentlevels.In

thecaseof volumedataandiso-surfaceswe have thesame
situation.If a trianglewasobtainedby slicing a meshele-
mentat level k, we storethis triangleat thesurfacelevel k.
This datastructureis very convenientfor the refinementof
the iso-surfacesincein that caseelementsor even surface
levelsmayhave to beremovedfrom thesurface.

Figure 1: Adaptivelyrefined2D meshfor a 5122 medical
dataset

For efficiency reasonstrianglesaremarkedatsurfacegen-
erationtimeasnot_markedor asmarked_for_removal. If an
elementin themeshis slicedandweknow thatthiselement
will changeby a refinement,thentheresultingtrianglesare
markedasmarked_for_removal, otherwisethey aremarked
asnot_marked. This stateinformationis storedin an addi-
tionalByte in theTriangle datastructure.

5.2. Iso-SurfaceExtraction

Changingtheselectediso-valuerequiresacompletenew iso-
surfaceto becomputed.However, if theresolutionof anal-
readycomputediso-surfaceis changedto a lower or to a
higher level, the surfacehasto be coarsenedor refinedre-
spectively. Therefore,wehave implementedtwo iso-surface
extraction algorithms.The first one is called when a new
iso-value is set, the secondone is calledwhen the surface
resolutionhasto be changed.Both algorithmswork level-
wiseandstoretheresultsin thecorrespondingsurfacelevel
σk. We note,thatat eachlevel Gk theonly elementswhich
maycontributeto theiso-surfacearethoseelementsmarked
asregular or as irregular. The elementsmarked asregular
contribute to the surfacelevel σk. The elementsmarked as
irregular have first to be irregularly refinedon the fly and
theresultingtrianglesarestoredin thesurfacelevel σk � 1.

We first analyzethemethodfor extractingan iso-surface
whena new iso-value is set.The argumentsto this proce-
durearetheiso-valueandthelevel of resolutionfor theiso-
surface.Supposethe iso-surfacehasto be computedup to
thelevel j . Thenthealgorithmprocessesthegrid levelsG0
up to G j startingat thelowestlevel. For all levelsk � j the
algorithm inspectsonly thoseelementswhich are marked
as regular or irregular andstoresthe resultingtrianglesin
the surfacelevels σk andσk � 1 respectively. The grid level
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G j has to be handledseparately. Here, all elementshave
to be sliced and the resultingtriangleshave to be marked
for removal correspondingly, i.e. trianglesextractedfrom
elementsmarked as irregular or as refinedare marked as
marked_for_removal. Thealgorithmis implementedin two
phases.Theglobalphaseprocessesthegrid levelswhile the
local phaseprocessesthe elementsat eachgrid level. We
summarizethealgorithmin thefollowing pseudo-code.

getLevelSet( � ,� ,value,level)
{

for i � {0, 
�
�
 ,level-1}
getLevelSet(Gi,σi,σi � 1,value)

getLevelSetAll(Glevel,σlevel,value)

� .setTopLevel(level)
}

The first function slices only those elementswhich are
marked as regular or as irregular and storesthe resulting
trianglesin thecorrespondingsurfacelevels:

getLevelSet(Gk,σk,σk � 1,value)
{

for all elements t � Gk
if t is marked as regular

slice(σk,t,value)
else if t is marked as irregular

slice(σk � 1,t,value)
}

Thesecondfunctionslicesall elementsin Glevel andmarks
the trianglesasmarked_for_removal which areslicedfrom
meshelementsmarkedasirregular or asrefined. Thesetri-
angleswill beremovedfrom theiso-surfaceif theresolution
is changed.

getLevelSetAll(Glevel,σlevel,value)
{

for all elements t � Glevel
if t is marked as regular

slice(σlevel,t,value)
else

sliceAndMark(σlevel,t,value)
}

The secondiso-surfacegenerationalgorithmwasimple-
mentedto refinean iso-surfaceif the level of resolutionis
changed.Supposethe iso-surface � was computedat the
resolutionk andwe want to refinethis surfaceto the level
j . Two caseshave to be considered:If j � k, the surface
level σk has to be updated,i.e. the triangles marked as
marked_for_removal have to be removed from the list and
thesurfacelevelsσk � 1 to σ j have to beprocessedasabove.
If j � k, the surfacelevels σk to σ j � 1 have to be removed

from themultilevel surfaceandthesurfacelevel σ j hasto be
completed,i.e. the trianglesfrom theelementsin G j which
aremarkedasirregular andasrefinedhave to becomputed.

refineLevelSet( � ,� ,value,level)
{

k � � .getTopLevel()
j � level

if j � k
{
removeTriangles(σk)
updateLevelSet(Gk,σk � 1,value)
for i � {k � 1 ��
�
�
�� j � 1
getLevelSet(Gi,σi,σi � 1,value)

getLevelSetAll(G j,σ j,value)
}
else if j � k
{
for i � { j ��
�
�
�� k}

removeLevel(� ,σi)

completeLevelSet(G j,σ j,value)
}

� .setTopLevel( j)
}

The function updateLevelSet() compute trian-
gles from elementsmarked as irregular. The function
completeLevelSet() computestriangles from ele-
mentsmarked as irregular and as refined. Thesetriangles
aremarkedasmarked_for_removal.

The slice operationchecksthe intersectionof the iso-
surfacewith an element.Due to performancereasonswe
have extendedthe tableof a marchingtetrahedraalgorithm
to includeoctahedralelements.In orderto constructthis ta-
ble, thebarycenterof theoctahedrahasto betaken into ac-
count.

6. Results

Wehave implementedthedatastructuresandthealgorithms
presentedin the last two sectionsin form of two C++ pro-
grams.The first program readsuncompressedrectilinear
volumedatasets,computesa multilevel finite elementap-
proximationof the underlying3D function by local mesh
refinementandstoresthe compressedhierarchyin the ab-
stractmeshrepresentationdescribedin section4. The sec-
ondprogramreadsthis compactmeshdescriptionandsuc-
cessively reconstructsthe meshhierarchyfollowing the al-
gorithmsfrom section4. Oncethe meshwasreconstructed
upto adesiredlevel of resolution,iso-surfacesarecomputed
asdescribedin section5 atadesiredapproximationlevel by
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changingtheiso-surfacelevel sliderin thegraphicaluserin-
terface.Thesechangesautomaticallyleadto a refinementor
coarseningof thesurfacewithin theOpenInventorviewer.

In thissectionwepresentdetailedresultsfor twodatasets.
The first one is an analytic dataset which correspondsto
one of the sphericalharmonicfunctionswith an exponen-
tially decreasingradial dependence,as it is available as a
demodatasetin variousvisualizationtoolkits.Thefunction
is discretizedin a unit cubewith a resolutionof 2563 and
16 bit precision(33 Mbyte datasetsize).The seconddata
setis a CT scanof anabdomenwith 5122 � 181voxelsof 8
bit precision(47MByte datasetsize)which is acourtesyof
theVisualizationLaboratoryof theStateUniversityof New
York at Stony Brook.

All performancemeasurementswerecarriedoutonaSGI
O2 with a 195MHZ R10000processorand128MBytesof
mainmemory.

6.1. RefinementResults

For eachdatasetwe have generateda hierarchyof approxi-
mationsbasedon theSobolev normH1. After eachiteration
the quality of the approximationwas analyzedby extract-
ing iso-surfacesfor different iso-values.The iteration was
stoppedwhena certainaccuracy of the approximationwas
reached.For thesphericalharmonicdatasetwe obtaineda
hierarchyof approximationsof depth9 with a total number
of verticesof 90,675atthefinestlevel of resolution(ascom-
paredto theapproximately16Million verticesin theoriginal
dataset).For theabdomendatasetwe obtaineda hierarchy
of approximationsof depth8 anda total numberof vertices
of 180,338for thefinestresolution(ascomparedto themore
than47 Million verticesin theoriginaldataset).

We first analyzethe compressionpotentialof the hierar-
chicalmeshes.In orderto reconstructthemeshwe needto
storethecoarsemesh,thefunctionvaluesatthevertices,and
thelistsof recordswhichdescribethehierarchy. Thecoarse
meshfor the sphericalharmonicconsistof the partition of
the unit cubeinto 6 tetrahedraand is storedasthe coordi-
natesof theeightverticesof thecube.The total numberof
functionvaluesis equalto thetotalnumberof verticesat the
finestlevel of resolution,i.e. 90,675.We storethesevalues
in floatingpointprecisionwith 4Bytespervalue.Finally, for
thereconstructionof themeshhierarchyit wasnecessaryto
store38,277integers.Therefore,thetotal memoryrequired
was515,904Bytes.This correspondsto a compressionfac-
tor of about65. The abdomendatasetwasalsodiscretized
in acube.Here,wehave to storethecoordinatesof theeight
verticesof thecube,180,338functionvaluesand69,850in-
tegersfor thereconstructionof themeshhierarchy. Thetotal
memoryrequiredwas1,000,848Byteswhich is a compres-
sionby a factorof 47.Evenfor thoselargecompressionfac-
tors,thequality of theapproximationis very goodasit can
beseenin Figure3.

In Table1 we give for varioushierarchylevels the total
numberof vertices,(regular) tetrahedra,octahedra,and ir-
regularelementsfor thesphericalharmonicdatasettogether
with the CPU times for incrementalmeshrefinementand
coarsening.In Table2 thesameinformationis givenfor the
abdomendataset.It canclearly be seenthat the meshcan
berefinedor coarsenedat interactive rates.For theabdomen
dataset, the refinementfrom level 6 to level 7 takes 1.47
seconds.In this case,a large numberof elementshave to
berefined,e.g.thenumberof verticesis almosttriplicated.
This shows the strengthof the refinementalgorithm,even
thecomputationof a very largenumberof elementsfor the
meshrefinementcanbedonein lessthantwo seconds.

level verts tetras octas irreg. time

6 58,491 43,009 19,732 101,663 0.40
7 80,111 53,959 23,979 172,745 0.29
8 89,505 57,080 24,571 216,499 0.13
9 90,675 57,376 24,493 223,464 0.02
8 – – – – 0.02
7 – – – – 0.10
6 – – – – 0.17

Table1: Meshrefinementandcoarseningtimes(in sec.)for
thesphericalharmonicdataset

level verts tetras octas irreg. time

5 50,631 44,721 22,505 22,047 0.63
6 168,348 110,180 55,004 310,817 1.47
7 180,304 111,088 53,709 386,717 0.24
8 180,338 111,075 53,696 387,033 0.01
7 – – – – 0.03
6 – – – – 0.35
5 – – – – 0.62

Table2: Meshrefinementandcoarseningtimes(in sec.)for
theabdomendataset

6.2. Iso-SurfaceResults

Once the meshhierarchyis reconstructedup to a certain
level, iso-surfacescanbe extractedat any lower level, they
can be adaptively refinedor coarsened.The Figures3(a)-
3(f) show theresultsfor thesphericalharmonicdatasetren-
deredwith flat shading.Betweenrefinementlevels 8 and
9 the iso-surfaceexhibits minimal variationsin the central
region, where the data hassomesingularity. This can be
seenmoreclearly in Figure2, wherewe show themeshof
an iso-surfaceat variouslevels of resolutionfor a different
iso-value.The convergencepropertiesof the algorithmfor
the abdomendataset are shown in Figures3(g)-3(i). The
iso-surfacesfor the abdomendatasetwererenderedusing
Gouraudshading.Thenormalsat theverticesarecomputed
only at thefinestlevel of resolution.This resultsin artifacts
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(a)Level 6, 58,491vertices (b) Level 7, 80,111vertices (c) Level 8, 89,505vertices

Figure2: Meshof an iso-surfacefromthesphericalharmonicdatasetat differentlevelsof resolution

in the imagesappearingas shadows, becausethe normals
usedfor shadingdonotcorrespondto thenormalsof thetri-
anglesatcoarserlevels.

In Table3 we give timing resultsfor the iso-surfaceex-
tractionandfor theiso-surfacerefinementalgorithmfor the
sphericalharmonicdataset.Togetherwith thetimeinforma-
tion we includethenumberof trianglesin theiso-surfaceat
eachlevel of resolution.In Table4 the correspondingper-
formanceresultsfor the abdomendata set are presented.
Thesenumbersdemonstratehow fastiso-surfacescanbeex-
tractedfrom the compressedmeshes.The extractionof the
iso-surfacefrom theoriginalvoxel datasetfor theabdomen
with a standardmarchingcubesalgorithmtakesabout128
secondswhereastheextractionof thesameiso-surfacefrom
the adaptively reduceddatasetat the level of resolution7
only takes2.85seconds.

Theperformanceof theprogressiveiso-surfacealgorithm
becomesalsoobvious.In thecaseof theabdomendataset,
therefinementof theiso-surfacefrom level 5 to level 6 takes
2.06 seconds.In this case,the meshcontainsat level 6 a
muchlarger numberof regular andirregular elementsthan
at level 5. Furthermore,the numberof trianglesin the iso-
surfaceincreasedby a factorof 4. This effect canalsobe
seenin Figures3(g)and3(h).Oncethehierarchyof approx-
imationsto thevolumedatawasreconstructedup to agiven
level, the progressive iso-surfacealgorithmcanbe usedto
interactively browse the dataand to obtain information at
differentlevelsof resolution.

7. Conclusions

Oneof the main approachesto interactively visualizevery
largedatasetsis to work on multiresolutionrepresentations
of the datasetandto useadaptive visualizationalgorithms
which can exploit this hierarchy in allowing the user to
choosebetweenaccuracy andprocessingspeed.This prin-
ciple hasbeenappliedalreadyin variouswaysto surfaces,

level triangles refinement extraction

6 29,000 0.31 0.44
7 41,554 0.29 0.66
8 48,544 0.17 0.78
9 51,288 0.05 0.80
8 0.03 –
7 0.07 –
6 0.09 –

Table3: Iso-surfacerefinementandextractiontimes(in sec.)
andtrianglecountfor thesphericalharmonics

level triangles refinement extraction

5 69,598 0.63 0.56
6 295,811 2.06 2.47
7 339,576 0.75 2.85
8 339,644 0.04 2.87
7 0.01 –
6 0.32 –
5 0.73 –

Table4: Iso-surfacerefinementandextractiontimes(in sec.)
andtrianglecountfor theabdomendataset

however, theapplicationto volumedatapresentsadditional
problems.First, 3D datasetsareusuallyby itself so huge,
that elaboratedatastructuresandsophisticatedpreprocess-
ing of theentiredatasetcannotbeafforded.Second,interac-
tive processingis not only limited by purerenderingspeed,
but alsoby thevisualizationalgorithmwhichmapsthefields
to geometricprimitivesin thefirst place.Therefore,wehave
developeda meshoptimizationstrategy, which generatesa
hierarchybasedon functionalapproximationby proceeding
from coarseto fine.
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In thispaperwe havepresentedavery compactrepresen-
tationof thismeshhierarchyandanefficient iso-surfaceex-
tractionalgorithmwhichtakesadvantageof themultiresolu-
tion approximationof ourvolumedata.Dueto theenormous
compressionpotentialandthe possibility of reconstructing
the meshesin a level-wisemannerat interactive rates,the
algorithmsare very convenient for a progressive network
transmissionand visualization.In future work we plan to
exploit this for a distributedvisualizationsystemwherethe
generationof thehierarchiesfor very largedatasetsis per-
formedon a parallelcomputeserver, while the interactive
visualizationis realizedin a Java applet.Furthermore,we
will investigatethepossibilitiesto transferour ideasto other
visualizationalgorithms.
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(a) Sphericalharmonic,level 4 (b) Sphericalharmonic,level 5 (c) Sphericalharmonic,level 6

(d) Sphericalharmonic,level 7 (e)Sphericalharmonic,level 8 (f) Sphericalharmonic,level 9

(g) Abdomen,level 5 (h) Abdomen,level 6 (i) Abdomen,level 7

Figure 3: Image plate showingthe resultsof the progressiveiso-surfaceextraction from the sphericalharmonicsand the
abdomendataset
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