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�
Abstract

Multilevel representationsand mesh reduction techniqueshave
beenusedfor acceleratingtheprocessingandtherenderingof large
datasetsrepresentingscalaror vectorvaluedfunctionsdefinedon
complex 2 or 3 dimensionalmeshes.We presenta methodbased
on finite elementapproximationswhich combinesthesetwo ap-
proachesin a new anduniqueway that is conceptuallysimpleand
theoreticallysound. The main ideais to considermeshreduction
asanapproximationproblemin appropriatefinite elementspaces.
Startingwith a very coarsetriangulationof the functionaldomain
a hierarchyof highly non-uniformtetrahedral(or triangularin 2D)
meshesis generatedadaptively by local refinement.This process
is drivenby controllingthelocal errorof thepiecewiselinearfinite
elementapproximationof the function on eachmeshelement.A
reliableandefficient computationof the global approximationer-
ror combinedwith a multilevel preconditionedconjugategradient
solver arethe key componentsof the implementation.In orderto
analyzethe propertiesandadvantagesof the adaptively generated
tetrahedralmeshesweimplementedtwo volumevisualizationalgo-
rithms: an iso-surfaceextractoranda ray-caster. Both algorithms,
while conceptuallysimple,show significantspeedupsoverconven-
tionalmethodsdeliveringcomparablerenderingquality from adap-
tively compresseddatasets.

1 INTRODUCTION

Many applicationsin computergraphicsandvisualizationdealwith
increasinglylargescalaror vectorvaluedfunctionsdefinedoncom-
plex two or threedimensionalmeshes. Typical examplesrange
from two dimensionaldatasuchassatelliteimagesor laserscansto
threedimensionalscalarfieldsonregulargridslikemedicaldatasets
or eventime dependentflow fieldson unstructuredgridsof a com-
plex CFD topology. Thegenerationof geometricprimitivesby vi-
sualizationmappingslike heightfields,iso-surfacesor streamlines
andtherenderingfor suchcomplex meshesis very computeinten-
sive andrequireslargestoragecapacities.As theinformationcon-
tainedin thedatais oftenredundant,a commonstrategy for hand-�
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ling suchproblemsis compressionwith informationlossassmall
aspossibleandamultiresolutionrepresentationof thedatasetfor a
flexible level-of-detailcontrol.

In this paperwe presenta methodbasedon adaptive multilevel
finite elementswhich generatesa sequenceof nestedapproximat-
ing spacesfor a givenfunction. Themainideais to interpretmesh
reductionandoptimizationasan approximationproblemin finite
elementspaceswith adaptive meshrefinementand error control.
The input datais consideredto be a discretizedrepresentationof
the smoothfunction to be approximated.In contrastto the tech-
niquesbasedon waveletsandmultiresolutionanalysis[8, 10] our
algorithmstartsat thecoarsestlevel andproceedsto thefiner ones
(asin [6]). This correspondsin a naturalway to the sequenceof
stepswhenperformingexplorativevisualizationor progressivedata
transmissionanddisplay. Weinterpretthisprocessasadatadriven
meshgeneration,sincewe iteratively generatea hierarchyof tetra-
hedral(or triangularin 2D) meshesby adaptiverefinementbasedon
erroranalysis.After eachiterationstepof ouralgorithm,acomplete
hierarchyof nestedspacesis available,with thebestapproximation
of theunderlyingfunctionknown atthefinestlevel of thehierarchy.
Coarserrepresentationsof thefunctionaregivenby a hierarchical
basis[32] decompositionat the lower level of the hierarchy. The
error measurementand the approximationitself arebasedon the
standard

���
norm. More generalnorms,suchastheSobolev norm

which allows the integrationof a priori knowledgeof thesmooth-
nessof the functionto beapproximatedcanalsobe implemented,
but this is a topicof futurework.

In additionthemany advantagesof amultiresolutionrepresenta-
tion of the data,suchaslevel-of-detailcontrol,compression,etc.,
whicharealreadywell analyzedin thecomputergraphicsliterature
[8, 14], the approachproposedherehasthe following remarkable
features:� Adaptivity: Theresultingalgorithmsfor 2D and3D dataare

very simpleandefficient dueto thehigh compressionpoten-
tial of adaptively generatedmeshes.� Error Control: The global accuracy of the approximationis
well definedin the

� �
normandcanbecontrolledby theuser.

Additionally, controlover the local contributionsto theerror
is alsogiven,whichallows for localmeshrefinement.� TopologyControl: Becausetherefinementoperationsarewell
defined,themeshesobtainedexhibit very niceproperties,i.e.
no thin trianglesor tetrahedra,and no verticeswith many
edgesaregenerated.

Ourapproachworkson irregulargrids.Sincethemeshis generated
duringtheapproximation,noassumptionsaboutthemeshtopology
of the input datahave to be made. Furthermore,the algorithmis
formulatedindependentlyof the problemdimensionandwas im-
plementedfor 2D and3D data.Themainstepsof thealgorithmcan
besummarizedasfollows:



Australia Initial Mesh After 5 Iterations

After 15 Iterations After 20 Iterations After 25 Iterations

Figure1: Thetopographyof Australiagivenby a 409x 505heightfield servesasa 2D examplefor themeshoptimizationby
adaptive multilevel finite elements.Datasetcontributedby M. Hutchinsonof theAustralianNationalUniversity, Canberra

� Choosean intentionally coarsetriangulationof the domain
(e.g. a cubedividedinto 6 tetrahedra).Computethebestap-
proximationby adirectsolver to starttheiteration.� Successively refinethemeshelementswith theestimatedlo-
calapproximationerroraboveagiventhreshold.Avoid hang-
ing nodesby adjustingtheneighborhoodof therefinedcells.
Computeaniterativesolutionof theimprovedapproximation.� Stop,if theglobalerroris smallenough.

Sinceoneof theclassicalapplicationsof meshoptimizationis ter-
rain visualization,we demonstratethe hierarchicalapproachby
showing fivecharacteristicmeshesof a2D datasetrepresentingthe
topographyof Australiain Fig. 1.

In orderto investigate,how themeshhierarchycanbeexploited
for 3D scalarfields, we have developedan iso-surfaceextraction
and a volumeray-castingalgorithm. The drawbacksof standard
iso-surfacemethodsfor indirectvolumevisualizationarethe time
spenton theextractionof thepolygonaldescriptioneventuallyvis-
iting eachcell of a largedatasetandtheenormousamountof gen-
eratedtriangles,whichmakesinteractivehandlingdifficult evenon
high-endgraphicworkstations.A moregeneralapproachis based
onmeshhierarchies,whicharegeneratedadaptively by localrefine-
mentoperations.The ideais to work on a compactandsimplified
datarepresentationratherthanonthesimplificationof theresulting
geometricprimitives.With thehelpof animplicit adaptive integra-
tion techniquewe show how to usethe meshhierarchyfor direct
volumerendering.

Thefollowing sectionsdescribetherelatedwork, thetheoretical
backgroundof thefinite elementapproximation,someof theimple-
mentationdetailsof thealgorithmandelaborateon theiso-surface
andvolumeray-castingapplications.Weconcludewith theanalysis
of theexperimentalresultsandwith someideasfor futurework.

2 RELATED WORK

In thissectionwediscussrelatedapproachesfor meshoptimization
andmultiresolutionrepresentationsandanalyzesomeimportantas-
pectsandalgorithmsfor thevisualizationof volumedata.

2.1 Aspects of Mesh Reduction

A widely usedmultiresolutionanalysistechniqueis the wavelet
decompositionThe useof multiresolutionanalysison nestedap-
proximationspaceshassuccessfullybeenextendedto meshesof
arbitrarytopologyby Lounsberyet al. [19, 8]. Besidesmany ad-
vantagessuchascompression,level-of-detailcontrolandthegen-
erationof the multiresolutionrepresentationsomeaspectsremain
open. Oneproblemis, that the wavelet refinementcannotbe per-
formedadaptively, resultingin a re-meshingasa post-processing
step,after the wavelet decompositionhasbeenperformed. Re-
meshingis necessaryto avoid hangingnodes,whenaddingwavelet
coefficientsin thereconstructionstepfor local refinement.Theor-
thogonalwaveletprojectionguaranteesabestleast-squaresapprox-
imation with respectto the

���
norm. Becauseof the successive

addingof orthogonalsubspaces,an errorestimationof the overall
accuracy of theapproximationcanbegiven[9].

Themethodsdescribedaboveapproachtheapproximationprob-
lem from a functionalpointof view. In contrast,theapproachesof
Schroederet al. [22], Klein et al. [16], Turk [27] andHoppe[14]
for 2D-meshesandCignonietal. [6], Guo[12] andLürig etal. [20]
for 3D-meshescanbeconsideredgeometric.Theseapproachesan-
alyzeevery singlenodewith somelocal criteria in orderto decide
whetherit canbeeliminatedor not followedby a re-triangulation.
A widely usedgeometricerrorcriterionis theHausdorff or Frechet
distance,whichmeasuresthedistancebetweenmanifolds.Thisap-
proachalsoallows the constructionof a hierarchyof approxima-
tions dependingon the distance,but thereis no simple recursion
relationbetweenobjectsin thehierarchy, which is oneof thestrong



propertiesof nestedmultiresolutionspaces.An adaptive polygo-
nalization� techniquefor implicitly definedsurfaceswasproposed
by Hall etal. [13]. Theirmainconcernis to obtainpolygonalrepre-
sentationsof algebraicsurfaces,whichareappropriatefor hardware
rendering.Theirapproachis basedonanadaptive tetrahedralmesh
refinementalgorithm.

2.2 Aspects of Iso-surface Generation and Vol-
ume Rendering

A wide variety of algorithmshave beendevelopedfor the visual-
izationof scalarvolumedata.For themainclassesof surfacefitting
[18] anddirectvolumerendering[15] many accelerationtechniques
weresuggestedto dealwith thehugeamountof 3D data.

Oneapproachto acceleratethe extractionof iso-surfacesis to
preselectthe cells that maycontribute trianglesto the iso-surface.
The octree spatial subdivision presentedby Wilhelm and Van
Gelder[29] annotateseachoctreenodewith thespan.Thesweep-
ing simplicesalgorithmpublishedby ShenandJohnson[25] usesa
binary treesolelybasedon the relationsof thespans.A moreso-
phisticatedalgorithmof this approachwaspresentedastheISSUE
algorithmby ShenandJohnson[24]. Thesealgorithmsgenerate
the sametrianglesasthe standardmarchingcubesdoes,but they
requireextramemoryto storetheinterval information.

Anotheriso-surfaceoptimizationis thereductionof theamount
of trianglesgeneratedfor rendering. This canbe donein a post-
processingstepas in the Schroederalgorithm[22] or interleaved
with themarchingcubesalgorithmasin theapproachpresentedin
Shekkaretal. [23]. Thereductiondecisionsarealwaysrestrictedto
a fixediso-surface,theextractionof which is not optimizedin this
approach. First stepstowards iso-surfacegenerationon reduced
tetrahedralgridsweremadeby Cignonietal. [6].

Traditionalray-castinghasbeenacceleratedby adaptingthe in-
tegrationstepsizeto thevariancein thedata[7] andby efficiently
steppingthroughthevolume[31]. Otherapproachesagainusehier-
archical[17] or compressed[28, 11] representationsof thevolume.

3 THE FINITE ELEMENT APPROACH

Finite elementanalysisis a numericalmethodfor solving partial
differential equationswhich is widely usedin scienceand engi-
neering. In this sectionwe presenta new methodwhich extends
thebasicunderlyingideaswith respectto hierarchicalapproxima-
tion, local meshrefinementanderrorestimatesfor solvinggeneral
approximationproblemsin Hilbert spaces.

3.1 The Appr oximation Problem

In orderto measurethe quality of an approximationof a function
definedoveradomain� weassumethatthefunctionto beapprox-
imatedis an elementof a linear function spaceequippedwith a
norm, which is inducedby an inner product. The approximation
problemin a Hilbert space	 with the innerproduct 
���
�� ��� canbe
formulatedasfollows. Suppose� is a linear subspaceof 	 . An
element����� is thebestapproximationto an element����	 , if
theorthogonalitycondition
�������
�� � �"!$# for all �%�&� (1)

holds.Theproblemto find thebestapproximationcanof coursebe
reformulatedinto thewell known form of a leastsquaresapproxi-
mation, wherethebestapproximation�'�&� is givenby()( ����� ()( �*!,+)- ./1032 ()( ����� (�( �54

More specifically, we work with the Hilbert space
� � 
6�7� con-

sistingof all squareintegrablefunctionsover � . Theinnerproduct
andtheinducednormaregivenby
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We discretizethe problemfollowing the Ritz-Galerkinapproach.
The domainof definition � is assumedto be a polygon for 2D
meshesor a polyhedronfor 3D meshes.We now consider��H � �
to bea I -dimensionalfinite elementsubspaceconsistingof all the
piecewise linear functionswith respectto a triangulationJ of � .
A basisK1L?MONQPMSR D of � consistsof thehat functionswhichareasso-
ciatedwith eachvertex. Their supportis restrictedto theelements
of the triangulationcontainingthis vertex. Thus, equation(1) is
reducedto thesystemof linearequationsTVU !XW (2)

whereT M Y ! 
6L Y 
ZL M ��; <3
 W M ! 
��8
ZL M ��; < and � !\[ U M L M 4
Theevaluationof theinnerproductsandtheassemblingof thecor-
respondingmatricesandvectorsarecarriedout usingstandardfi-
niteelementtechniques.Thefunction � is usuallygivenin discrete
form over a grid, e.g. a MRI datasetis given on a uniform grid.
For the evaluationof the inner products 
��8
ZL M � we interpolate �
bilinearor trilinear on structuredgrids andlinear on triangularor
tetrahedralgrids.

Up to now we have just reformulatedthe problemof the best
approximationfor a finite elementspaceequippedwith the

� �
in-

ner productinto the solutionof a linear system. The methodwe
proposedactually generatesa hierarchyof nestedapproximation
spacesby adaptive meshrefinement. It consistsof the following
threesteps� Mesh Refinement: We needa mesh refinementalgorithm

which generatesa hierarchyof triangulationsof the domain
by local refinementoperations.The algorithmsusedwill be
describedin Section3.2.� Error Measurement: The key ingredientof an adaptive ap-
proximationmethodis an efficient and robust measurement
of the approximationerror. This methodshouldprovides a
boundfor theoverall accuracy of theapproximationandgive
informationaboutthedistributionof theerroramongtheindi-
vidual meshelements,thusforming thebasisof theadaptive
local meshrefinement.The error measurementstepwill be
describedin Section3.3.� Multilevel Preconditioning:An efficient iterative methodfor
solving the potentially large linear system(2) will be ad-
dressedat theendof Section4.

3.2 Local Mesh Refinement

A partition J of a polygonalor polyhedraldomain � into trian-
glesor tetrahedrais calleda triangulation. The meshrefinement
processwe useis considereda standardmethodin theadaptive fi-
nite elementliterature[4, 5]. We startwith a coarsetriangulationJ ] , andgeneratea sequenceJ:]^
_���_�_
`J Y of increasinglyfine trian-
gulationsby successive local meshrefinement.Eachtriangulation
in the sequenceis requiredto be conforming, i.e. the intersection
of two elementsconsistsof a commonfaceor a commonedgeor
a commonvertex or it is empty. This conditionpreventshanging
nodes, whicharedifficult to treatin finiteelementcomputationsand



problematicfor renderingpurposes.For the samereasonsthe tri-
angulationa sequencehasto bestablewith respectto somemeasure
of degeneracy. For example,onerequiresthatall interioranglesare
boundedaway from zerowhich is essentialfor thestability of the
numericalcomputations.Finally, in orderto build a hierarchyof
nestedspacesthe triangulationsequencehasto satisfythe nested-
nesscondition,which meansthat an elementin a triangulationis
obtainedby subdividing anelementin acoarsertriangulationof the
sequence.We usean algorithmwhich combinesregular (red)and

Figure2: Regularor redrefinementof a tetrahedron

irregular(green)meshrefinementasintroducedfor 2D meshesby
Bank et al. [2] and its extensionto threedimensionaltetrahedral
meshesof Bey [4]. Theserefinementalgorithmsarecarriedout in
threesteps.First, a refinementrule for a singleelementhasto be
defined,suchthatsuccessiverefinementsproducestableandconsis-
tent triangulations.Sucha refinementrule is calledredor regular.
Second,a setof greenor irregular refinementrulesis definedfor
theelementswhich sharea commonedgewith regularrefinedele-
ments.Theserefinementrulesare local. Greenrefinedtetrahedra
arejust insertedto satisfyborderconditionsandto avoid hanging
nodes.In orderto avoid stabilityproblemsgreenrefinedtetrahedra
mustnot be refinedagain. If a subdivision is required,the origi-
nally greenrefinedtetrahedronmustbere-refinedwith theredrule.
Finally, theselocal rulesarecombinedandrearrangedinto aglobal
refinementalgorithmwhichguaranteesfor stabilityandconformity.

For2Dmeshesthered(regular)refinementruledividesatriangle
into four congruentonesby connectingthemidpointsof its edges.
Thegreen(irregular)refinementconsistsof simplebisectionscon-
nectingoneedgemidpoint with the oppositevertex. The regular
refinementrule for tetrahedrafirst cuts off four sub-tetrahedraat
theverticesasshown in Fig. 2. Thesubdivision of the remaining
octahedronis not uniqueanddependson the choiceof oneof the
threepossiblediagonals.Thestrategy proposedby Bey [4] is based
on affine transformationsto a referencetetrahedronandproduces
stableregular refinements.For tetrahedrathereare bQcV�db !fe b
possiblegreenrefinementpatterns,which canbe classifiedinto 9
different typesusingsymmetryconsiderations.In order to make
thealgorithmpracticable,greenrefinementis restrictedto thefour
differenttypesshown in Fig. 3 performinga redrefinementon all
remainingpatterns.

I              II-A       II-B      III

Figure3: Irregularor greenrefinementof a tetrahedron

3.3 Error Anal ysis

In orderto obtaininformationabouttheaccuracy of theapproxima-
tion, we areinterestedin an efficient methodto measurethe error()( �g�h� ()( . Becausewe have a priori knowledgeof the functionto
be approximated,we evaluatethe error by a direct integration. In
orderto obtaininformationon thelocal contributionsto theglobal
errorweproceedasfollows. Let J beatriangulationof thedomain
of definition � and i anelementin J . Theerrorcanbewritten in
theform ()( ����� ()( ;A< ! =j> 
��%���?� � @A� (3)

! [k 0^lnm k
wherethe m k aregivenby

m k ! = k 
��*���?� � @A� 4 (4)

For the computationof the m k coefficients we usea four points
third orderintegrationformula for trianglesanda five pointsthird
orderintegrationformula for tetrahedra[26]. The functionvalues
at theintegrationpointsareobtainedby interpolation.

4 ALGORITHM

If we think of meshreductionandoptimizationasan abstractap-
proximationproblemin Hilbert spaceswe canusepowerful meth-
odsto adaptively generatea sequenceof approximationsbasedon
local meshrefinementanderror computation. In this sectionwe
presentan iterative algorithmto generatesequencesof nestedap-
proximatingspaces.After eachiterationa new sequenceof nested
spaceswhichareobtainedby localmeshrefinementis derivedfrom
theprevious hierarchyof spaces.The first stepis to constructthe
initial, intentionallycoarsetriangulationof thedomain.Depending
on the geometryof the domainthis may be a very complex task.
Basedon the initial triangulationthe first approximationis com-
putedby usinga directsolver for the linear system(2). Then,we
entera loop wherethemeshis iteratively refineddependingon the
global accuracy of the approximation. At eachstepof this pro-
cess,which we call data driven meshgeneration,meshelements
aremarkedfor refinement,if their localerrorcoefficients m k in (4)
exceedacertainthreshold.After themeshrefinementstep,thenew
approximationis computedby an iterative multilevel solver. The
algorithmis summarizedby thefollowing pseudo-codesegment:

procedure MeshOptimization()
choosecoarsetriangulationJ ]
computefirst approximation� 2 by directsolver
while (globalerrortoohigh)

for eachelement
evaluatelocalerror m kend for

for eachelement
if
( m k (Aohp�q8r^sQtuq8vxw @
markfor refinement

end if
end for
meshrefinement
computenew approximation� 2

end while
end procedure

The resultof an iterationstep y is a sequenceof triangulationsJ ]x
_�u�_�_
�J Y�z satisfyingthe nestednessconditionandbeingusedto



constructthe hierarchyof nestedpiecewise linear finite element
spaces:{ �?]|Hd� D H$�_�_�8H�� Y�z (5)

Thebestapproximation� 2 for thelevel � Y z is efficiently computed
by amultilevel linearsolver. At eachiterationstepa few of theup-
perlevel meshesmightbemodifieddueto thesubstitutionof irreg-
ular refinementsby regularones.Oncethesolutionis known at the
finestlevel of resolution,anapproximationto � at theotherlevels
of thehierarchycanbecomputedby ahierarchicalbasisdecompo-
sitionasshown by Yserentant[32].

During thesuccessive refinementstepsthenumberof verticesin
themesheswill increase.For a largenumberof vertices,especially
for 3D applications,the linear system(2) will becomevery large,
with thematrix

T
beingsparsebut non-diagonal.Standarditerative

methodssuchasGauss-Seidelor evenconjugategradientiteration,
arenotappropriate.Wesolvethislinearsystem(2)with aconjugate
gradientmethodcombinedwith a multilevel BPX preconditioner.
The very efficient methodmakes useof the hierarchy(5) for the
solutionof the linear systemandis successfullyappliedin many
modernfinite elementcomputations[1, 5]. All our implementation
work for themultilevel iterative solver is basedon theC++ object
orientedfinite elementpackageKASKADE from theKonrad-Zuse-
Zentrumin Berlin [3].

Iter. vertices triangles time(s) ratio
5 63 104 0.01 0.68

15 1,207 2,353 0.12 0.87
20 5,368 10,651 0.94 0.87
25 22,275 44,450 4.98 0.82

Table1: Processingresultsfor theAustraliaheightfieldsdataset

We illustratethealgorithmby a closerinvestigationof themesh
optimizationprocesswhich generatedthehierarchyshown in Fig.
1. The initial triangulation J ] consistsof just two triangles,the
innerproductsareevaluatedusingbilinearinterpolationof theinput
heightfield. In Table1 we give the resultscorrespondingto the
bestapproximationobtainedafter a given numberof iterationsof
thealgorithm.Weuseda

p�q8rxsQt1q:v^w @ of #A4 } andtherun timeswere
measuredonaSGIOnyx with a194MHZ MIPSR10000processor.
Importantarethenumberof nodesandtriangles,thetime required
for thesolutionof thelinearsystemandtheratio betweenthenew
numberof trianglesandthepreviousonefor thefinestmesh,which
givesanideaof thenumberof new triangles.

5 ISO-SURFACE EXTRACTION

While we have seenin section2 that there are many other ap-
proachesto optimize 2D meshes,one important aspectof our
methodis that it easilyextendsto 3D datasets.In orderto demon-
stratethis we implementedandanalyzedaniso-surfacegeneration
algorithm which directly operateson the optimized meshesde-
scribedabove. This algorithm inherits all the advantagesof the
competingapproachesby acceleratingthe iso-surface extraction
comparedto themarchingcubesalgorithmaswell asby reducing
the numberof generatedtriangles. A standardpolygonreduction
algorithmhasto run a marchingcubestypealgorithmfirst, andin
a secondstepit hasto spendextra time for the reductionprocess.
In our approachthereductionis madeon thevolumeitself, which
savestime andmemoryduring the iso-surfacegeneration.On the
otherhand,any iso-surfaceextractionacceleratorwill needextra
memoryfor its internaldatastructuresandit doesnot reducethe
amountof generatedtriangles.For hugedatasetsthismaybecome
aproblemdueto thelargestoragerequirements.

In our case,thegenerationof the iso-surfacehasto bedoneby
a marchingtetrahedraalgorithm. Thereare threemain casesof
tetrahedraltrianglegeneration.Interpolationin eachtetrahedronis
doneusinga linearfunctionof theform��
CB�
�~j
��3� !d�5�h� B ��� ~ � @A� (6)

wherethe coefficientsareprecomputedfrom the vertex valuesby
solvingalinearsystem.In orderto computetheshadingnormalsof
thetrianglevertices,thecomputationof thegradientat thetetrahe-
dral verticesis required.First, we determinethegradientin every
tetrahedron,which is constantdueto theaffine interpolatingfunc-
tion (6) within the tetrahedron.Thegradientat theverticesof the
iso-surfaceis thencomputedby the volume-weightedaverageof
thegradientsof theadjacenttetrahedra.

6 VOLUME RAY-CASTING

In orderto take advantageof the adaptively reducedgrid for vol-
umeray-casting,aspecialalgorithmhasbeendeveloped.Thebasic
idea is to implicitly adaptthe integration stepsize to the size of
thetetrahedralelementsof theoptimizedmesh.Therefore,theray
integrationis performedfrom cell faceto cell faceusingthetrape-
zoidalrule. For thetwo dimensionalcasethis is explainedin Fig. 4.
Onecanclearlysee,thatsamplepointsbecomedenserin regionsof
smallertetrahedra,whichcorrespondsto regionsof highvariancein
thedata.Thissamplingtechniquewasalsousedby Max etal. [21].
Danskin[7] introducedthe ideaof importancesamplingbasedon
octrees.Thevarianceof anoctreecell is usedto determinethenext
stepsize.In ourcasethestepsizeinformationis extractedfrom the
datastructureitself

Sample Point

Figure4: Samplingpointsfor ray integrationin a2D mesh

Sincethe connectivity of the tetrahedralmeshis generatedby
the decompositionalgorithm, volume traversalcan be donevery
efficiently. Sortingasin scan-linebasedalgorithms[30] is notnec-
essary. Thefirst tetrahedronthatis traversedby therayis computed
usinganiterativesearchprocedure.Exploitingcoherenceby means
of a bidirectionalscanningalgorithmin imagespace,theentrance
point is alwayscloseto thelastone,leaving thesearchprocessneg-
ligible. For interpolationwe usethe samelinear schemeasin the
iso-surfacecase.Additionally, otheraccelerationtechniquescanbe
integrated.As anexamplewe implementedearlyray-termination.

Instabilitiesduringvolume-traversalmayoccurif theray is exit-
ing a tetrahedronnearbyanedge.In this casethewrongneighbor
tetrahedronmay be chosen. To overcomethis probleman extra
adaptionprocedurehasbeenimplemented.First, we checkif the
stability problemis relevant. In this case,the exit point is moved
a certainamounttowardsthegeometriccenterof thenext tetrahe-
dron.



(a)MRI slice, �u�u� � samples (b) Iso-linesin originaldata (c) Iso-linesin reduceddata(19%)

Figure5: Informationcontentsof thereduced2D grid

7 RESULTS

Thequalityof thegeneratedmeshesisdemonstratedin Fig. 1where
theeffectof thelocalrefinementoperationscanclearlybeseen.The
qualityof theerroranalysiscanbeappreciatedfrom thefactthatin
the outerpartstrianglesarenot refinedbetweenthe 15th andthe
25thiteration.Furthermore,trianglesareverynicein thesensethat
no thin trianglesor verticeswith largenumberof edgesarepresent
in themeshes.

Sinceit is difficult to depictdetailsfrom large 3D mesheswe
demonstratethequality of themeshoptimizationby usinga b^� e �
sliceof aMRI datasetshown in Fig. 5(a).In orderto checkwhether
therelevant featuresarestill containedin thecompresseddata,we
computeiso-lines. Comparingthe structuresfound in the origi-
nal image(seeFig. 5(b)) with thosecomputedfrom theoptimized
dataset(

p�q8rxsxtuq8vxw @ !X# 4 b ) containingonly 19%of thevertices(see
Fig. 5(c)),wefind only very smalldetailsmissing.

In orderto show thestrengthsof thepresentediso-surfacealgo-
rithm severalexperimentshave beencarriedout with a MRI head-
scanwith �1bQ�^� voxelsof 16bit precision,and— asa largedataset
— aCAT abdomenscanwith 
��3�1bx� ��� �_� � voxelsof 8 bit precision.
The generatedsurfacesshow a sufficiently complex structure(see
Figs. 7(a)and7(b)) to judgetheir quality with respectto surfaces
resultingfrom a standardmarchingcubesalgorithm(Fig. 7(c)). In
Figs.7(d),7(e)and7(f) aniso-surfaceextractedfrom reduceddata
setscorrespondingto theabdomenis shown. Extractiontime,gen-
eratedtrianglesandimagequalitywill beof interest.

dataset vertices tetrahedra triangles time (s)
Orig. Head 2,097,152 – 182,280 6.18

Head1 49,853 286,452 98,113 1.28
Head2 81,174 470,388 128,786 2.08
Head3 120,656 700,848 165,834 2.57

Orig. Abd. 47,448,064 – 1,471,254 126.5
Abd. 1 36,892 204,229 103,592 1.2
Abd. 2 61,486 344,217 158,659 1.9
Abd. 3 148,563 845,086 346,573 4.4

Table 2: Iso-surface extraction for the MRI-heads and CAT-
abdomensin Fig.7,

p�q8rxsxtuq8vxw @ !X# 4 b
Consideringthe triangle generationspeedwith respectto the

numberof tetrahedrashown in Table2, we seethat the extraction
time is nearlyconstant.An optimal algorithmwould just inspect
thosetetrahedra,that contribute to the iso-surface. Suchan algo-

rithm would resultin aconstantextractionspeedfor trianglesinde-
pendentlyof thenumberof tetrahedraused.Ouralgorithmdoesnot
exhibit constantbehavior, but theslopeis quite low which means,
thatthetriangulationof thevolumeimplicitly resultsin aneffective
processingof thegeneratedtetrahedra.

As we canseein Table2 thetime neededto generatethetrian-
glesis decreasingsignificantlycomparedto thestandardmarching
cubesalgorithm. Looking especiallyat Head1 we see,that the
numberof trianglesis aboutone half and the processingtime is
about6 timesfaster. In thecaseof theAbdomen3 (Fig. 7(f)), the
numberof trianglesis reducedto 25%comparedwith themarching
cubesalgorithm. Iso-surfaceextractionhasalsobe donein com-
binationwith the sweepingsimplicesalgorithm[25]. However, a
maximalextra accelerationof up to 10%in thebestcasehasbeen
achieved. This is becauseof the adaptive meshrefinementanda
cell searchtechniquearenotorthogonalaccelerationmethods.

Thegenerationof thegrid hierarchy, onwhichall thealgorithms
arebased,is donein a preprocessingstep. For example,the total
computationtime includingmeshrefinement,linearsolver ander-
ror analysiswas166secfor theAbdomen1 (level 11)and857sec.
for theAbdomen3 (level 14).

In orderto analyzethe characteristicsof the volumeray-caster
severalexperimentshavebeenperformed.Ourgoalwasto analyze
therelationof computationtimeandimagequality. For thispurpose
a chromosomedatasetconsistingof bx� ex� voxels hasbeenused.
All imagesarerenderedat a resolutionof � #^#�� � #^# pixels. Fig.
7(i) shows thechromosomeray-tracedon theoriginaluniformgrid
usinga standardalgorithmwith two samplespervoxel. Figs. 7(g)
and7(h)show thesamedatasetwith thesametransferfunctionsfor
differentreductionstages.The numberof verticesandtetrahedra
left for eachdatasetis givenbesidestherenderingtimein Table3.

dataset vertices tetrahedra time(s)
Chrom.1 2,320 12,570 17
Chrom.2 4,613 25,571 21
Chrom.3 9,076 50,817 27
Chrom.4 19,769 111,891 35
Chrom.5 34,269 194,885 45
Original 16,777,216 – 197

Table3: Volumeray-castingfor thechromosomedatasetin Fig. 7,p�q:r^sQtuq8vxw @ !$#A4 b
The differencesbetweenthe imageobtainedfrom the original

dataset(Fig. 7(i)) andthe imageobtainedfrom the reduceddata



(a) Heat-fluxiso-surface (b) Heat-fluxdetailediso-surfacemesh (c) Heat-fluxmeshafter5 refinements

Figure6: Poissonequationonacubewith acutcorner

with themosttetrahedraleft (Fig. 7(h)) is marginal. Thenumberof
verticeshasbeenreducedto #A4 b^� . The ray-tracingtime hasbeen
reduceddown to b } � . Thesenumbersshow the strengthof the
combinationof the finite elementanalysisalgorithmwith the in-
herentlyadaptive ray-castingmethod.Theanalysisalgorithmtends
to finer tetrahedrizationof regionswith high gradientmagnitude.
This canbe clearly seenat the edgeof the chromosomein Figs.
7(g),7(h). This slopedegeneratesat the lower levels of resolution
very quickly. On the otherhandthe orangekernel, which is the
nucleusin theupperleft cornerof thechromosome,remainsquite
stableevenin levelsof lower resolution.In 7(g) theamountof ver-
ticeshasbeenreducedown to #A4 # �1� of the original dataset,and
therequiredcomputationaltimehasbeenreduceddown to � 4 e � of
theoriginal dataset.Themaincharacteristicsastheorientationof
thechromosomeandthepositionof thenucleusarestill visible.

At the first glance,the reductionof computationtime seemsto
bequite low, comparedwith thereductionof cells. But traversing
asimplicialmeshis muchmorecomplicateddueto clippingopera-
tionsandtraversalinstabilities.Additional accelerationtechniques
suchasearlyray terminationhave beenimplemented.Theperfor-
mancegainremainsconstantasthesetechniquesareorthogonalto
ourapproach.

In orderto show theversatilityof themethoda furtherdataset
fromanengineeringapplicationwasvisualized,whichis definedon
a nontensorproductgrid. It representsthesolutionof thePoisson
equationon a cubewith a cut cornerandwasproducedwith the
finite elementcodeKASKADE [3]. Fig. 6(a)showstheiso-surface
correspondingto the iso-valueof 0.03which wascomputedfrom
anoptimizedmeshwith only 8,076vertices.Themeshof thesame
iso-surfacecomputedfromarefinedgridcontaining48,140vertices
is shown in Fig. 6(b). Theoutsideof theunderlying3D meshcan
beseenin Fig. 6(c).

8 CONCLUSIONS

We have presenteda new methodwhich usestechniquesandideas
from the finite elementcommunityto solve the problemof mesh
optimizationfor arbitraryunstructuredtwo andthreedimensional
grids. We have shown, that the algorithm producesadaptively
refinedgrids which are well behaved and suitablefor accelerat-
ing a broad classof visualizationand renderingmethods. For
theexampleof iso-surfaceextractionwe have giventiming results
which demonstratethat the underlyinggrids allow for a consider-
ablespeedupof existing algorithmswhile maintainingthe desired
accuracy.

A major advantageof this approachis that the meshhierarchy
is constructedfrom coarseto finewith thecomputationalcomplex-
ity of theapproximationof the functionon the coarsegrids being
nearlyindependentof theactualdatasize. Intermediatelevelscan
beeasilyreconstructedfrom theinitial meshbasedon thewell de-
finedrefinementrulesandafew integersindicatingthesimplex-ids
to be regularly subdivided. This will make the proposedmethod
very attractive for progressive transmissionand display acrossa
network. In futurework we will exploit this factby adaptingvisu-
alizationandrenderingalgorithmsto interactive explorationbased
on local switchingbetweenrefinementlevels accordingto a user-
requestedlevel-of-detailor a view dependenterror threshold.Fur-
ther on, we will extend this work to other3D visualizationalgo-
rithmswhichweenvision to profit from theoptimizedmeshes,e.g.
particletracingandvectorfield topology.

Theapproximationerrorusedin themeshreductionprocesscan
be definedin any linear Hilbert spaces.The functionspace

� �
is

not alwayswell suitedfor approximatingsmoothfunctions.Func-
tionsrapidly oscillatingwith smallamplitudesarein the

� �
sense

a goodapproximationto a givensmoothfunctionandreciprocally.
However, in orderto suppresssuchoscillatingcontributions,other
normswhich includedifferentiability informationcanbeused. In
particular, weareinterestedin theSobolev space� D equippedwith
theinnerproduct
C��
�� ����� ! 
C��
Z� � ;A<�� 
�����
`��� � ; <�4
Comparisonandanalysis(theoreticalandexperimental)of the re-
sultsproducedby thedifferentnormswill bethetopic of research
of futurework.
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(a)Head1, 2% of thevertices (b) Head3, 4% of thevertices (c) Headgeneratedwith marchingcubes

(d) Abdomen1, 0.05%of thevertices (e)Abdomen2, 0.16%of thevertices (f) Abdomen3, 0.33%of thevertices

(g) Chromosome1, 0.07%of thecells (h) Chromsome5, 1.2%of thecells (i) Chromosomeat full resolution

Figure7: Imageplateshowing theresultsof iso-surfaceextractionandvolumeray-casting


