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Abstract

In this work we presentanaccelerationtechniquefor direct
volumerendering,thatis basedonapreprocessingstep.This
transformsthe original uniform grid into an adaptively re-
ducedtetrahedralgrid. The basicidea is to exploit the in-
herentadaptivity informationof thereducedgrid for theray
integrationwith importancesampling.An integrationstepis
alwaysperformedfrom cell faceto cell face. This way ev-
erycell alongtheray is sampledandtheintegrationstepsize
correlateswith thetetrahedravolume.In contrastto standard
integrationtechniquesno extrapolationor higherorderinte-
grationfor errorestimationandstepsizecontrolis necessary.
Thisguaranteesextraaccelerationandavoidstheproblemof
missingdetailsif the stepsizebecomestoo large. Experi-
mentsaremadeto show thequality of the imagesobtained
andthespeedup in contrastto standardvolumeray-casting
techniques.
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1 INTRODUCTION

Theintegrationaccelerationtechniquefollowedin thiswork
is basedontheideaof importancesampling.In volumeareas
of high variancethe integrationstepsizeshouldbe shorter
thanin areasof low variance.This techniquehasbeende-
scribedby Danskinin [DH92]. This way therelationof ap-
proximationerrorandnumberof samplepointsis optimized.
To changethe stepsize during integrationDanskinusesa
pyramidaldatastructureandthevariancevalueat a certain
positionto determinethenext stepsize. In contrastour ap-
proachis basedon an adaptively reducedtetrahedralmesh
to representthe informationand the stepsize is implicitly
given by the geometryof the cells. The generationof the

adaptively reducedgrid is doneby a finite elementanalyzer
thatcomputesthebest approximationof thevolumedatafor
agivennumberof tetrahedrain thesenseof theleastsquares
approximationwith the

���
norm. This strategy resultsin a

fine triangulationof areaswith high spatialfrequency and
in a coarsetriangulationof areasof low spatialfrequency.
Our approachexploits this givenadaptivity information.As
an explanation,we give a two dimensionalexample. The
MRI-sliceof a head,thatis displayedin Fig. 1, hasbeenan-
alyzed.Theresultingtriangularmeshis alsodisplayedat the
right handsideof thesamefigure.Of courseotherreduction
techniques,thatgeneratetetrahedralmeshes,asthoseusedin
Cignonietal.,Lürig etal. [CDFM � 94, LE96], couldalsobe
usedtogeneratetheinitial datafor ourray-castingalgorithm.

Therearemany differenttechniquesfor adaptingthe in-
tegrationstepsizefor solvingtheray integralequation.The
approachfollowedby Westermann[Wes95]useswaveletco-
efficientsof thewaveletanalyzedsignal.Thedecisionfor the
next stepsizeis basedon thewaveletcoefficientsat the last
samplepoint. Theproblemof this methodis, that a recon-
structionat every samplepoint hasto be performedanda
complex recursivestructurehasto betraversed.

Thebasicideato usea hierarchicaldatastructurefor ray-
tracing hasbeenpublishedby Fujimoto et al. in [FT86].
They usean octreefor ray-tracingsceneswith surfacede-
scriptions. The octreeoffers the possibility to jump over
large emptyspaceduring intersectioncalculation. The oc-
treeis a simpleandefficient way to representa volume,but
it cannotbefit to avolumetricdatasetaswell asanirregular
grid structure.Irregulargridshave no constraintsaboutthe
orientationof thecell facesastheoctreehas.This is alsothe
mainreasonfor thedominanceof irregulargridsin thefield
of numericalcomputation. Irregular grids for representing
volumeshavebeenusedby Cignognietal. in [CDFM � 94].

Grosset al. [GGS95] useda mixture of quadtreesand
waveletsto reduceterraindata. The quadtreesareusedto
generatea triangularmesh,andthewaveletcoefficientsare
usedto determinewhetherto descendin theoctreeor not.

In contrastto thewaveletbasedapproachesfor refinement
decisionsourapproachis basedonmulti-level finite element
analysisthat producesdirectly a tetrahedralgrid, that ap-
proximatesthe volume. The constructionof this grid and
theunderlyinganalysismethodis describedin Grossoet al.
[GLE96] in detail. Somemoreaboutthe theoreticalback-
groundof this techniquecanalsobefoundin Bank[Ban96].



Figure1: A sliceof a MRI-Headandthegeneratedtriangularmesh

The basicideais to startwith a coarsetriangulationof the
volumedomainandto refineit afterwardsbasedon a local
errorestimatorfor theactualapproximation.

In this work we concentrateon theprocessingof thegen-
eratedgrid. The generatedgrid containsthe position and
the valuesof the vertices,the tetrahedraandthe connectiv-
ity information of the tetrahedra. This is very crucial for
the volumetraversal. This differs from the scan-linebased
algorithmpresentedby [WVGTG96]. The scan-linebased
algorithmreducesthecostof determingthenext cell andthe
entrancepoint as very little resortingduring scan-lineand
scan-planechangeis necessary. Thealgorithmpresentedin
thisapproachdoesnotneedto sortatall, astheconnectivity
makesit easyto determinethenext cell with its entrypoint.
Thecomputationof cell entryandexit pointis alsodescribed
in [Gar90].

Ourrenderingtoolusestheadaptivelyreducedgridmainly
to acceleratethe traversalof thevolume. As theamountof
cellsis alsoreducedin thepre-processingstep,memorycan
besaved. Integrationis acceleratedby thereductionof sam-
plepoints.Wehavealsoimplementedtheray-castingof iso-
surfacesin thereducedvolume.

Themainproblemsto besolvedaretheefficient interpo-
lation of valuesandthegradient.Both problemsaresolved
using a combinationof LU-factorizationand interpolation
describedlateron. Anotherproblemis thecell traversal,that
usuallyresultsin asearchproceduretofind thecell, thatcon-
tainsacertainsamplepoint. Searchingfor traversingthevol-
umeis in ourcaseavoidedby combiningthesamplestrategy
with thetopologyof thetetrahedralgrid.

2 VOLUME RAY CASTING OF IR-
REGULAR GRIDS WITH
IMPLICIT ADAPTIVITY

Thealgorithmdescribedin thissectionconsistsof threemain
parts:

1. Initializationandpreprocessing

2. Rayentrancecalculation

3. Raycasting

In thefirst partof thealgorithmthenecessarydatastructures
areinitialized. Also computationsthatarenecessaryfor the
interpolationand ray intersectioncalculationwith the cell
boundariesareperformedin advance.

In the ray entrancecalculationthe volumeentrancecell
of the ray is computed. The ray tracer, that ray tracesthe
imagehasbeenadapted,to make this computationasquick
aspossible.

Afterwardsthevolumehasto betraversedandtherayhas
to beintegrated.Thetraversalof theirregulargrid bringsup
somestabilityproblemsthatwill bediscussedafterwards.

2.1 Initialization and Preprocessing

As an initialization theverticesandtetrahedraarearranged
in lists. For every tetrahedronan interpolationfunction is
computed.Theinterpolationfunctionis of theform�����
	��
	���������������������� �!�

(1)

With thefour givenverticesof thetetrahedrontheirposition
andtheirvaluesthecoefficientsfor theinterpolatingfunction
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arethefunctionvaluesat thetetra-
hedraverticesand
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arethecorrespondingcoordi-

nates. With the resultingcoefficients interpolationcan be
performedvery easilylateron. For intersectioncalculations
andthesearchprocedureit is necessaryto calculatethenor-
mal forms of the triangles,that are facesof the tetrahedra.
This is alsodonein thepreprocessing.Afterwardsthevertex
list is deleted,as the informationaboutthe verticesthem-
selvesarenotusedany more.In theendwehaveanarrayof
tetrahedra,whereevery tetrahedroncontainsfour triangles.
Thetrianglesareenumeratedthatway, thata relationof the
neighboringtetrahedronis implicitly given.

2.2 Ray entrance calculation

In this work we visualizemedicaldatasets.Thesedatasets
have a cubicdefinitiondomain. This propertymaybeused
to write a fast volumeentrancecalculationalgorithm, that
will bedescribedin thefollowing sections.But especiallyin
combinationwith finiteelementmethods,morecomplex def-
inition domainsareof interest.In thesecasesthepresented
entrancecalculationalgorithm will not be appropriate. A
possibleapproachto solve this problemis describedin the
section5.

To performtheintegrationof theray, thefirst cell theray
intersectswith, hasto be computed.The volumeentrance
point is computedby clipping the ray with a cube,as the
initial regulargrid alwaysfits into acube.Than,thecell that
containsthis volumeentrancepoint is searched.Thissearch
is performediteratively. If theactuallyregardedcell doesnot
containthepoint, theregardedcell of thenext iterationwill
beoneof theneighboringcellsof theactuallyregardedcell.

To estimatethe next cell, the coordinatesof theentrance
point are insertedin the normal forms of all borderingtri-
anglesof theactualtetrahedron.Thetriangle,thatproduces
thesmallestvaluewill bethefacetriangleof theactualand
thenext tetrahedron.If thecomputedvaluefor a triangleis
negative, the triangleis separatingtheentrancepoint of the
ray from all inner partsof the tetrahedron.If thereis more
thanonenegativevalue,thesmallestvaluecharacterizesthe
triangle,wheretheaccordingplanehasthehighestdistance
to theentrancepoint. This is explainedin Fig. 2.

To make thesearchingaseasyaspossible,thestartcell is
alwaysthe cell that containedthe entrancepoint of the last
ray. As theray tracerof the imageis tracingsystematically
thenew entrancepoint shouldnot be too far away from the
old one.To increasecoherencetheray tracerscansthescan-
linesalwaysin reversedirectionthanthepreviousone.

Normal Vector Volume Entrance Point

Plane with highest negative distance value

Plane with negative distance value

Plane with positive distance value

next estimation

Figure2: Explanationof thesearchingscheme

2.3 Ray casting

Oncetheentrancecell of therayhasbeenfound,theraywill
betracedin front to backmanner. Thesamplepointsof the
ray arealwayson thesurfaceof the tetrahedron.This sam-
pling techniqueis basedon anideaof Max et al. [MHC90].
With certainassumptionsaboutthe interpolationfunctions
they performananalyticalintegration.Sotheprocessingof
anintegrationstepconsistsof thefollowing sub-tasks:

1. Computetheexit pointof theray andgettheneighbor-
ing tetrahedron

2. Computethelengthof theray

3. Interpolationon thefaces

4. Performintegration

The exit point is computedusingsomekind of B -clipping
(see[FvDFH92]). Only the threetriangles,that arenot the
rayentrancetriangleof thetetrahedronaretakeninto consid-
erations.The B -clippingroutinealsosayswhichtrianglewas
hit by the ray, what is usedto look for thenext tetrahedron
theray enters.This is doneusingtheconnectivity informa-
tion. As the ray directionvectoris normalizedin advance,
the lengthof theray partwithin the tetrahedronis givenby
thegeneratedB -value.Theintegrationof theray-partis per-
formedusingthetrapezoidrule. Thelocationof thesample
pointsis demonstratedin Fig. 3. In this figureonecanalso
clearlysee,that in areasof fine triangulationtheintegration
stepsizegetsshorter, whatmakestheeffectof implicit adap-
tivity. The interpolationof the functionvalueis doneusing
equation(1).

Stabilityproblemsduringtheray integrationmayoccurif
thereare two B -valuesin the B -clipping procedure,which
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Figure3: Samplepointsfor a 2D simplicialmesh
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Figure4: Exceptionsituationin meshtraversal

arenearlyequally, or if the lengthof the integratedray part
within thetetrahedronis verysmall. In thiscasethetetrahe-
dron,evaluatedto bethenext one,mightnotcontaintheexit
point of theactualtetrahedron.To avoid this casea special
correctionof theexit point is made,if theintegrationlength
is very small or if therearetwo B -values,which arepretty
muchthesame.In thiscasethecomputedexit pointis moved
alittle bit towardsthemid pointof thenext tetrahedronto be
traversed.Whatwould happenif this exceptionwould have
notbeenhandledis shown in Fig. 4.

3 RAY CASTING OF ISO SUR-
FACES ON IRREGULAR GRIDS

To extendthevolumeraycasting,iso-surfaceshavebeenim-
plemented. As the interpolationfunction (1) is affine one
caneasilycheck,if an iso-surfaceis hit duringthetraversal
of the tetrahedron,if the interval, spannedby the valueat
the entrancepoint andthe valueat the exit point, contains
theiso-value.Theexact intersectionpoint canbecomputed

usinglinearinterpolationdueto thelinearinterpolationfunc-
tion. As a shadingmodelweusethephongmodelwith pure
diffuse reflection. The transparency of the surfacecan be
definedbut is constant.

To performthe shadingalgorithmthe normalof the sur-
faceis needed. As in most iso-surfacealgorithmswe use
the gradientto computethe normal. The differentiationof
equation(1) resultsin thegradient
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Theapplicationof this formularesultsin surfacesthat look
flat shadedlike, as the resultinggradientis not continuous
overthewholevolume.

To avoid this effect the shadingnormal is computeddif-
ferently in our case. First equation(3) is usedto compute
gradientsfor every tetrahedron.Every tetrahedronaddsits
gradientto its four vertices,which initially have a zerovec-
tor as gradient. This way every vertex containsa volume
weightednormalvectorof the tetrahedrait belongsto. In a
third iterationasetof interpolationfunctionsfor theinterpo-
lationof thethreegradientcomponentsis computed.This is
doneby solvingtheequation(2) for all threegradientcom-
ponents.This is donein advancewith thepreprocessing.To
performtheshading,thegradientis interpolatedat theesti-
matedsurfaceintersectionposition.

4 EXPERIMENTS

To analyzethecharacteristicsof thepresentedalgorithmsev-
eralexperimentshavebeenperformed.Ourmainaimwasto
analyzetherelationof computationtime andimagequality.
For thispurposea chromosomedatasethasbeenused.This
datasetoriginatesfrom theinstituteof anatomy, University
of Giessen.It consistsof I/J/K , voxels.

The chromosomedataset,ray-tracedthe traditionalway
with two samplespervoxel, is shownin image6f. All images
are ray-tracedat a J '!'ML J '/' pixels per imageresolution.
The other images6a - 6e show the samedatasetwith the
sametransferfunctionsfor differentreductionstages.The
amountof verticesandtetrahedrafor every dataset left, is
displayedbesidestheusedcomputationaltimein table4. For
theoriginaldatasetin plate6f theamountof cubiccellshave
beeninserted.

Theimagedifferencesbetweentheoriginal imagein plate
6f andthe reducedimagewith most tetrahedraleft, that is
displayedin plate6eis marginal. Thenumberof verticeshas
beenreducedto

'N& I�O . Theimageray-tracingtime hasbeen
reduceddown to I ' O . Thesenumbersshow the strength
of the combinationof the finite elementanalysisalgorithm
with theinherentadaptive ray-castingmethod.Theanalysis
algorithmtendsto finer tetrahedrizationof regionswith high
gradientmagnitude.This canbeclearlyseenat theslopeof



plate cells vertices time [sec]
6a 12,570 2,320 61
6b 25,571 4,613 74
6c 50,817 9,076 93
6d 111,891 19,769 117
6e 194,885 34,269 148
6f 16,581,375 16,777,216 727

Table1: Computationaltimeusedfor differentresolutions
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Figure5: Timesfor theray-tracingof thechromosomedata-
set

thechromosomein the images6a- 6f. This slopedegener-
atesat the lower levels of resolutionvery quickly. On the
otherhandtheblackkernel,which is thenucleusin theup-
perleft cornerof thechromosomeremainsquitestableeven
in levelsof lower resolution.

This hastheconsequence,thatthemainfeaturesof a vol-
ume are still intact at lower resolutions,what makes this
techniqueinterestingfor interactive preview, as thesedras-
tically reducedrepresentationsarestill useful for deciding,
whetherthereareinterestingfeaturesin the data-setor not.
In plate6afor instance,theamountof verticeshasbeenre-
ducedown to

'Z& 'Z% O of theoriginaldataset,andtherequired
computationaltime hasbeenreduceddown to

TZ& R O of the
original dataset.Themaincharacteristicsastheorientation
of the chromosomeandthe positionof thenucleusarestill
visible.

Thecomputationtime for theoriginal datasetandfor the
reducedoneshasbeenvisualizedin image5. The dotted
line representsthecomputationtime of theoriginal data-set
with standardvolumeray-castingtechnique.Thecomputa-
tion time for thereduceddatasetswith respectto thenum-
berof tetrahedraleft, is shown in the scatterplot. Onecan
see,that the function is nearlylinearexceptfor the thefirst
samples.The reasonfor this phenomenonis, that the ray-
entrancecalculationconsumesrelatively moretime, if there
arejust few tetrahedra,thataretraversedalonga singleray.

Thepresentedvolumeray-castingaccelerationtechnique
is orthogonalto the most known volume ray-tracingac-
celerationtechniques. In other words the combinationof
thepresentedaccelerationtechniquewith oneof theknown
onesresultsin extra acceleration.As anexampleearly ray-
terminationhasbeenimplementedandexperimentswith the
chromosomedatasethave beenmade. The imagesshown
in plate6f and6ehave beenray-tracedusinga terminating
opacityof

'Z& T
. Thetimeneededfor theoriginaldatasetwasS ' S

secondsandfor thereduceddatasetwith
Q R I/K/o vertices

left, thecomputationaltimewas
%4Q/T

seconds.Theaccelera-
tion factorof five remainednearlyconstant.

Further the ray-tracingof iso-surfaceshas beenimple-
mented. As an examplewe have chosena MRI-scanof a
head. The original datasetcontainsI!J+K L I!J+K Lp%!%PQ vox-
els. In plate6athevolumerenderingof thereduceddataset
with

S '!Q S I verticesleft is shown. In plate6g aniso-surface
of this reduceddataset is shown. Due to the interpolation
of theweightedgradients,a Gouraudshadingeffect is pro-
duced.

5 CONCLUSIONS AND FUTURE
WORK

We have shown that implicit adaptive volume-ray-castingis
apowerful methodfor volume-ray-castingacceleration.The
basicideato generatetheadaptivity informationin aprepro-
cessingstep,andto codeit implicitly into a datastructure
offersthepossibility to constructspecialvisualizationalgo-
rithms,thatmakeuseof this implicit adaptivity information.

Wearecurrentlyplanningto extendthisapproachto volu-
metricdefinedcomplex domains.Theproblemin thiscaseis
to find theray-entrancepoint of thevolume. Anotherprob-
lem is the fact, that theremaybemultiple ray-entranceand
exit points, if the domainis not convex. An efficient solu-
tion to this problemmight be to extract theboundarytrian-
glesof this volumefirst. The ray-entranceandexit points
maybecomputedby usinga scan-lineorientatedalgorithm.
Thescan-conversionwouldbeperformedusingamodifiedz-
bufferalgorithm,thatstoreseveryfragmentwith its z-values,
thataresortedafter thescan-linealgorithmhasbeentermi-
nated.Thisway onegetseveryvolumetricentranceandexit
point alongthe ray. The traversalwithin the definition do-
main would againbe doneusingthe connectivity informa-
tion.
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(a)0.01%of thevertices (b) 0.03%of thevertices (c) 0.05%of thevertices

(d) 0.1%of thevertices (e)0.2%of thevertices (f) full resolution

(g) isosurface1%of thevertices

Figure6: Imageplateshowing theresultsof volumeray-casting


