Combining Wavelet Transform and Graph Theory for Feature Extraction and Visualization
ChristophLurig RobertoGrosso ThomadErtl

Lehrstuhlfir GraphischdaterverarbeitundIMMD 9)
Universitt Erlangen-Nirnbeg
Am Weichselgarte®, 91058Erlangen

Abstract. Intheproces®f visualizing3D MRI or CT datausingtechniquesuchasisosurfc-
ing or directvolumerenderingoneis confrontedwith two problems.Thefirst oneis thatthere
is no distinctionbetweenmportantand unimportantdata. The secondoneis the difficulty to
find ameaningfulmappingof the measuredcalarvaluesto the graphicalattributesusedfor the
visualization. Theseproblemsare addressetby the specialseggmentatiorprocedurepresented
in this paper Thebasicideais to apply graphalgorithmsto find importantstructuresandto as-
signmultidimensionalnformationto thesestructuresith the help of wavelets.This additional
informationcanbe usedto generategraphicalattributesfor rendering.Severalaspectemege
from theinteractionof boththeoreticakoncepts.

Introduction

One problemof visualizingmedicaldataby meansof volumerenderingis, that simple transferfunctionsare often
not sufficient enoughto producemeaningfulimages. This is especiallytrue for MRI datasets,wherea measured
valuemay correspondo severaltypesof tissue.In this casethe useof transferfunctionsproducesrritating images,
asthereis little correspondendeetweerthe assignedolor andthetissue.A first approactto solve this problemhas
beenintroducedy Levoy [6] whoincludesgradientinformationin thetransferfunctions.Westermanifl0] integrates
featureextractionby usingthe wavelettransformatiorio evaluatethe spatialfrequeng of thevisualizeddata.

In this paperwe presenta new methodfor sggmentatiorandfeatureextractionfor visualizationpurposes.The main

ideais to find andto extractedgedrom thedatasetandto computea featurevector thatmaybeusedfor segmentation
or for the definition of transferfunctions.We developedanalgorithmthatcombinesvavelettheoryandgraphtheory

and we appliedthis to the two dimensionalkase. We alsodiscusshow theseconceptscan be generalizedo three
dimensions.

Edgedetection,line sggmentationand scalespacefiltering especiallywith waveletsbecamepopularand powerful

techniquesn imageseggmentatiorandfeatureextraction. Thebasicideaof scalespaceiltering wasfirst describedy

Witkin [11]. A filter bankis appliedto a givenimage,which extractsfeaturesat differentlevels of detail. This level

of detailaspectvasusedby Bijaoui [2] to identify differentastronomicastructuresThefilter coeficientsfor agiven

pointin theimagemaybedirectly usedasa featurevectorasit wasproposedy Leite andHacock[5].

A filter techniquethatis capableof scalespactfiltering, is thewavelettransformatiorj2, 5]. Many importantresults
aboutwaveletsandfeatureextractionhave beenpublishedby Mallat etal. [7, 8, 9]. Berkneretal. [1] analyzethelocal
maximaof the wavelet transformatiorandthe evolution of the wavelet coeficientsacrossdifferentscalesto obtain
analyticalpropertieof theunderlyingfunctionwhich canbe usedfor imagesegmentatiorin the medicalcontext.

It canbeshawn, thatthecontinuousvavelettransformatiorfor asinglescales equivalentto theedgedetectiormethod
of Canry [3]. Thus,a connectiorbetweenwaveletsand powerful edgeseggmentationtechniguesanbe established.
Severalaspectemepgefrom theinteractionof thesetheories.The Canry operatoiitself canonly detectthe maxima
for eachof the differentscales.The wavelettheoryprovidesa framework for obtainingfurtherinformation,thatcan
be derived from the interactionof the differentscales. A commonlyusededgeprocessingstepis the groupingof
pixel maximainto linesfor exampleusinggraph-theoreticainethodsasdescribedy Zahn[12]. A differentmethod
for detectingstringsis the snale method,which requiresan initial segmentationof pixelsthe to drive the external
forces. This differs from our approachwherethe sggmentationis doneon the linesthemseles. Onesnale is just
capableof finding oneclosedstructure.This differsfrom our approachwheremultiple andalsoopenstructuresnay
besegmented.

We presentan algorithm, thatis capableof identifying lines and of generatinga featurevectorfor every line, that
containsinformationabout(1) the Euclideanlength,(2) the Holderexponentwhich is a measuref smoothnesg_3)
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(a) Detectednaxima (b) Formedlines (c) Correspondingines

Figurel: Stageof the sggmentatiorprocess

the coarsestscaleon which theline hasa representation(4) a strengthvalue,thatincludesgradientinformationand
(5) anunsharpnessoeficient. In contrastto the approachollowedby Hacock[5] theresultingvectordoesnot vary
in dimensiorwith thescalesnvolvedbut themorescalesareusedthemoreexacttheresultingvalueswill be. A major
contribution of this paperis a new algorithmbasedn waveletsandgraphswhich generatesnappropriaténter-scale
interconnectiorof the extractedlines.

In the following sectionwe describethe overall algorithm. Afterwards,we explain the newly developeddetailsand
we finish with someexamples.We give analyticalexamplesto validatethatthe featurevectoris computedcorrectly
andamedicalexampleto shav the potentialof a classificatioralgorithmbasedn the generatedalues.

1 Overall Algorithm

Severalstepshave to be performedn orderto detecttheline structuresn thedataandto generatehe featurevector
First, the local maximaof the wavelet transformhave to be computedfor every scale. Thesemaximarepresent
the isolatedpoints shavn in Figure 1(a). The coeficientsfor thesemaximaare usedlater on for the calculation
of the featurevector Secondthe local maximaof eachscaleareinterconnectednto lines usinggraphtheoretical
aspectgFigurel1(b)). Theinterconnectiorensurestability of the sgmentatiorprocess As lineson differentscales
may correspondo the samefeaturein the image,the interdepenciesf the lines acrossdifferentscaleshave to be
establishedln Figurel1(c) all lines, thathave a correspondencat the secondscaleare drawn black, andthe others
aredrawn grey. Finally, the featurevectorfor a line on the first scalecan be computedusingthe averagewavelet
coeficientsof thisline atthe otherscalesEachprocessingtepwill bedescribedn moredetailin the next sections.

2 Construction of L ocal Maxima

In this sectionwe describenow to find somepixelsasatomicstructureswhich correspondo the local maximaof a
continuousvavelettransformation.The wavelettransformatiorusestwo waveletswhich are obtainedby differenti-
ating the Gaussfunctionin both z— andy— directions. This actually correspondso usingthe Canry-Operatorfor

differentscalefactors.

Themultidimensionainformationwhich constituteghefeaturevectoris basedn analyticalaspect®f theunderlying
function,suchasHoldercontinuity gradientabsolutevalue,etc. Thewavelettheoryprovidesaframework for analyz-
ing thesequantities. The onedimensionalvavelettransformatiorof a functiong € L2(R) for awavelety is defined

usingthe corvolutionoperator
t—b
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whereb is atranslationparameteanda a dilatationparameterFor two dimensionghe continuousvavelettransfor
mationmay be definedusingtwo waveletsiy! and)?, which arein our casethe partial derivativesof the Gaussian
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function:

Lwlf(a,ﬂj',y) (f *¢;)($;y) (2)
Ly f(a,,y) (f *¢3)(z,y) 3)

Using the partial derivatives of the Gaussiarfunction hasthe two advantagesthatit is infinite continuouslydiffer-
entiableandthatit hasonly onevanishingmoment. This guaranteeshe smoothnessf the filtered function on the
onehand. On the otherhandonly singularitieswith a Holder exponentsmallerthanonewill be detectedwhich is
a standardrequiremenfor imageprocessing.Furthermorewe are only interestedn finding discontinuitiesof the
underlyingfunction. The Holder exponentis definedasfollows: A function g is Holder continuousx over anopen
finite interval Q if andonly if

A :Vz,20 € Q: |g(x) — g(T0)| < Alz — 30|” . 4)

The Holder exponentdescribeghe continuity qualities of the function. It providesa more differentiatedway to
expresscontinuity thanthe standardC™ continuity expression.As edgesare singularitiesof the image,they canbe
characterizedty this exponent.Thefollowing theoremdescribegherelationof the Holderexponentandthe wavelet
coeficients.

Thefunctiong € L2(R?) is uniformly Holdercontinuousx on afinite openset(2 if andonly if
JA:V(be Q) :Va:|Lyg(a,b)| < Aa® (5)

holds,whereL,(a, b) meanghewavelettransformatiorfor thewavelets) for translatiorb anddilatation
a (se€[7, 8, 9)).

In orderto usetheresultsof this theoremonefirst hasto determinghe domain,wherethe Holder exponenthasto be
evaluated Furthermorepnehasto find the waveletcoeficientswhich make (5) astight aspossible.

We areinterestedn regionsaroundthe edgesor lines, which aregivenby local wavelettransformmaxima.Because
the Gaussiarfilter tendsto disturbandto blur the structuresn the data,whenthe variancebecomedarge, we will
considersuchstructureswvhich canalreadybe seenfor a dilatationparameten = 1. Sinceone edgehasdifferent
representationis termsof maximalinesfor differentdilatationparametersye consideithe problemof building lines
from thewavelettransformlocal maximain the next section.

3 Construction of thelines

In orderto constructtheselinesfrom the isolatedpixels graphtheoreticaimethodsareused. An importantaspecif
the algorithmpresenteds, thatthe criteriafor operatingon the graphto obtainstructureswvhich are calledlines are
motivatedby the Gestaltpsychology

Initially, a fully meshedgraphis constructed.This graphis divided into a minimal spanningtree. In this work a
simplermethodhasbeendeveloped that performsthe constructiorof thetreefrom the originally unconnectediodes
in onestep. Thisis doneusinganadwancingfront technique.Threekinds of nodesaredistinguishednodesthatare
alreadyfixed nodeghatstill have notbeenprocessedr areuntouhedandnodeghathave beenprocessedr touched

but whosefathercanstill change. The basicideaof the algorithmis to changeone nodefrom touchedto fixed at
every iteration. For eachoneof thesenodesthe closestk neighborghatarenot fixed areanalyzed.If their statusis

untouded they changeao toucdhedandtheirfatherwill becomdixed If their statuds alreadytouched thenthelength
of theroot nodeis comparedwith the distanceof the analyzedfixednode. If this distances shorter theroot of the
touchednodewill be changedo theanalyzedixednode.Thisis proceduréllustratedin Figure?2.

Thistreeis separatedhto seseralsubtreesisingthe statisticalZ-testfor the lengthof eachedgeandthe differenceof
thewaveletcoeficientsof the borderingmaxima. The processingf the edgeswvorksrecursvely from theroot to the
trees. If any of the specifiedvaluesof the edgediffers significantlyfrom the meanof the Z-Testof the otheredges
thatlie within a specifiedhopsdistancethetreeis truncatednto two clusters.The accumulatiorof the edgevalues
is againdoneusinga recursve mechanismthat searche$orwardin the directionof the leavesandbackwardsin the
directionof theroot.

Thegeneratedlustersareseparateihto linesafterwards. Thisis doneusingagradientcriterionandalengthcriterion
for thelines. Every junctionis considered All linesthatarecloserto the gradientdirectionthana givenangleare
eliminated.If thejunctionstill existsafterthe elimination,thenall linesareseparatedrom thejunctionthatdoesnot
belongto thelongestpossibleine, thatpasseshroughit. Thesetechniquesredescribedn Zahn[12]. Theresultof
this phasds a setof linesfor every scale
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Figure2: Constructiorof the minimal spanningree

For the evaluationof equation(5) all the correspondingvavelet coeficientsfor eachscalingfactorareneeded.This
meanshtatan interconnectiorof the lineswhich belongto the sameedgehasto be establishedor differentdilatation
parameters.

Experimentakresultshave shavn, that a simple interconnectiorbetweenlines is not sufiicient, becausef the per
turbationsintroducedby the corvolution with the Gaussiariilter. Dependingon the dilatationparameterdjnes may
be groupedforming completelydifferentstructuresat differentscales. This problemhasbeensolved by meansof
a carefullregroupingof thelines. The interconnectiorof the lines betweemeighboringscaless interleared with a
splitting of thelinesat eachscaleto avoid meaninglesiterconnections.

For this purposeaninitial pointto pointinterconnectionbasedn the Euclideandistancejs computed Every nodeat
thescalen + 1 is connectedo its neareshodeatthescalen. If two nodesatthescalen + 1 areconnectedo thesame
nodeatthescalen, only theshortestink will bekept. This correspondso akind of discreteHausdorf distance.

In asecondstepa region growing is performedon thelines. The partnerinesof the connectegointsareconsidered
asa homogeneitycriterion. The bestpairsof alreadyfusedsegmentsarefusedagain. The processstops,whenall
of them have reacheda minimum size andif no further fusion operationcan be carried out without corruptinga
minimumhomogeneityTheresultingpointsarethenfusedto segmentsthatarepartsof thelines. New linesthatare
interconnectedcrosdifferentdilatationparameteraregroupedrom thesesegments.

5 Computation of the feature vector

Whentheinterconnectionbave beencompletedfive characteristiwaluesfor eachdiscoverededgecanbecomputed:
¢ theEuclidearnlengthof theedge,
¢ theHolderexponent(«),
¢ thevariancewherethe edgehasits lastrepresentation,

¢ thestrengthwhixh is thefactor A in the equation,
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(a) Originalimagefor line detection (b) Segmentedine

Figure3: Analyticaltestdatafor imagesegmentation

e andanunsharpnesgalue(o), thatmaybeextractedif furtherassumptionso equation(5) aremade(see[8]).

The three characteristiquantitiesunsharpnesstrengthand the Holder exponentare orthogonalquantities. If we
assumehattheimagebeingconsidereds theresultof a cornvolution of anunknovn imagewith a corvolutionkernel
of thevariancesr andif we insertthis assumptiorinto equation(5) we get:

In(Lyg(a, b)) < In(A) + In(a) + %(a — D)in(a® + o?) (6)

This equationcontainsall the relevantentitieswhich canbe derived,if enoughwaveletvaluesfor differentscalesare
known. Most of thefeaturesarecomputedoy meanf aleastsquaregpproximatiorto make theresultinginequality
astight aspossible. For stability reasonsthe meanvaluesandnot the maximaof the wavelet coeficientsfor each
dilatation parametemare used. This approachis justified by the fact that there shouldnot be too rapid changesn
waveletcoeficientsalonglinesdueto the pruningcriterionin the graphprocessingection.

Experimentsvith a Gauss-Neton approximatiorhave beenmade but theapproximatedunctionturnedoutto betoo
unstable Thegradientdesceniethodhasbeenusedinsteadassuggestedh [8].

6 Results

In orderto illustratethe correctnessndthe potentialof the presentedilgorithm,two examplesarediscussedn this
section. First we will evaluatethe correctnes®f the discoreredvaluesby meansof testimages. Figure 3(a) is
constructedisinggrey valuesof 50, 75and100. Thehorizontalline hasan Holderexponentof 0, a strengthof 39,89
andanunsharpnessf 0. Thealgorithmdiscoversthelinesshowvn in Figure3(b) andcomputeghefollowing feature
valuesfor five evaluatedscales:Holderexponent-0.02,strength36.71andunsharpnesB8. For sevenevaluatedscales
theresultsarein evenbettercorrespondencéidlderexponentd.04,strength37.4andunsharpness.

As anexamplefor sgmentatiorwe have choseraslice of a MRI-head.Our aim wasto sggmentthe skin surface the
surfaceof the brain andof the ventriculars.We show the limits for the featuresandthe segmentatiorresultsfor two
differentMRI slicesof two differentheads.The skin surfacesin Figures5(a) and5(b) have beenextractedwith the
following constraintgo the featurevector:length> 0.3,scale> 4, strength> 30. The brainsurfacesin Figures5(c)
and5(d) arefoundwith length> 0.5,2 < scale< 3 andthe ventricularsn Figuress(e)and5(f) have beenextracted
using:0.01< length< 0.6,scale> 3, 10 < strength< 36,-1< Holderexponent< 0, 0.5 < unsharpnesg 2.5

Basedon our encouragin@D segmentatiorresultswe startedextendingthesetechniquego threedimensionabppli-
cations.Hereagain,the wavelettransformmaximaareusedasa startingpoint for the segmentatiorprocessin three
dimensionshegraphscannotbeuseddirectly, sincetheresultof thistechniquearelinesandnotsurfaces.In thiscase,
theverticesareinterconnectedisinga DelaunaytetrahedrizationThe Delaunaytetrahedrizatiomguaranteeghatno
otherverticesarepositionedwithin the circumspheref atetrahedronthanthe verticesbelongingto thetetrahedron.

The extractedsurfacesare surfacesof groupsof tetrahedra.Thefinal groupingof linesin thetwo dimensionakase
was doneusing a kind of region growing as describedn section4. In the threedimensionalcasethe tetrahedra
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(a) Semitransparentenderingpf headandbrainsurface (b) Theventricularsystemseenfrom belav

Figure4: Sgmentatiorof aMRI volume

arealsogroupedusinga region growing techniquewheretheradiusof the circumspher®f atetrahedrorsenesasa
homogeneitgriterion. Thisis avariationof thea-shapeconceppresentedy Edelsbrunnefd]. In thiscaseetrahedra
formationsarebuild of tetrahedrathathave a circumsphereadiusbelow a certainlimit.

As afeaturevector, the surfaceto volumeratio, the volume size andthe averagecircumsphereadiusis computed.
The sggmentatiorresultof a MRI headwith the brainsurfaceis shovn in Figure4.

This presentedechniquenayalsobe usedfor labelingvoxelsfor directvolumerenderingor for theintegrationof the
extractedsurfaceswith directvolumerendering.The brain surfacecontainedn an MRI, cannot be visualizedwith
aniso-surficesincethis would alsoproducesurfaceelementsn otherpartsof thehead.The segmentatiorprocedure,
however, offersthe potentialto separateéhe brain. Transferfunctionsfor directvolumerenderingcanbebasednthe
valuesof thefeaturevectorinsteadof the valuesof the datasettself sincethey area muchbettercharacterizatioof
tissuetypethanthe measure@dbsorptiornvalues.

7 Conclusion

We have shavn that the combinationof wavelet and graphtheoryresultsin a stablesegmentationprocedure.The
resultsof this processcan be usedfor visualizing medicaldatasetswith quite more meaningfulimages,thanthe
applicationof standardmappingmethodsastransferfunctionsor isosurbicesderived from the original scalarvalues.
In thefuturewe will extendour first attemptgo 3D segmentatiorby combininga-shapesndregion growing on the
extractededgeinformation. Furthermoremechanisméave to be foundto determinerangesof characteristiovalues
for interestingmedicalfeatures.
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(a) MRI slice1, skin surface (b) MRI slice 2, skin surface
(c) MRl slice1, brainsurface (d) MRI slice2, brainsurface
(e) MRI slice 1, ventriclesurface (f) MR slice2, ventriclesurface

Figure5: ImageSegmentatioron two differentMRI headslices



