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Abstract

In this work a method for adaptive iso-surface
generation on reduced data sets is presented. The
aim is to accelerate the generation and rendering
of iso-surfaces. The amount of cells in areas of low
spatial frequency is reduced. In this way less cells
have to be analyzed and less surface triangles are
generated in the mentioned regions. First, the
vertices of the original uniform grid are reduced.
This is done either by an edge detection algorithm
or by a maximum error constrained reduction and
reconstruction algorithm. The resulting vertices
are tetrahedrized with a Delaunay triangulation
algorithm. The iso-surfaces are extracted by a
sweeping simplicies algorithm is used that pre-
selects the relevant tetrahedrons for a given iso
value.

1 Introduction

Iso-surfaces are very often used for the visualiza-
tion of medical scalar fields. The generation of
iso-surfaces is an indirect visualization method,
that is quite expensive especially for huge medi-
cal data sets. The aim of this work is to develop
an accelerated iso-surface generator for scalar vol-
ume data on an orthogonal equidistant grid. To
reach this aim we follow two basic ideas. The
first idea is that the orthogonal equidistant grid
is transformed into an irregular grid, which has
less grid points than the original one. For this
purpose the original data set is down-sampled
and the resulting vertices are tetrahedrized by
a 3D Delaunay tetrahedrization algorithm. The
second idea is to extract iso-surfaces using a spe-
cial marching cubes algorithm. This algorithm
sorts the tetrahedrons by their value range to
avoid checking unnecessary tetrahedrons during
iso-surface generation.

In this way the generation of iso-surfaces is ac-
celerated to some extend and interactive surface
browsing and the navigation in the results is pos-
sible for even lower powered machines.

The presented approach differs from the one
described in [7], in that they are using the tetra-
hedrization and a vertex selection algorithm it-
eratively. The approach presented here uses two
independent phases.

The different processing stages are visualized
using an artificial data set. It is represented in
a 503 volume of shorts. The values in a sphere
around the center are at constant value and are
decreasing towards the borders proportional to
the inverse distance to the center of the cube.

2 Iso-surface Generation

2.1 Volume sampling

The first step in an adaptive iso-surface gener-
ation technique is to reduce the generated ver-
tices. The criterion for the decision which vertex
to keep provides the adaptivity aspect. Gener-
ally saying, the higher the space frequency in a
region is the more vertices should be kept. In
[4] this approach is accomplished by the applica-
tion of the 2D wavelet transformation for a two
dimensional analysis. We use two different ap-
proaches that may be applied alternatively or in
combination. The first one uses the local max-
ima, of the gradients, which may also be evalu-
ated by the Canny operator, which is a special
case of the continuous wavelet transformation.
The second approach uses some kind of octree
analysis. This method has the advantage that a
maximum error for a reconstruction by trilinear
interpolation may be set. This can not be done
by wavelet analysis. The combination of the local
maximum method and a reconstruction criterion
is suggested in [3]. The two re-sampling criterions



are discussed in the next paragraphs.

Structural Analysis: The aim of the struc-
tural analysis is to extract the local maxima of
the gradient. In the implemented tool the com-
putation of the gradient can either be done by
the 3D extension of the canny operator or by the
simple finite difference quotient. In most cases
the quotient seems to give sufficient results.

In the structural analysis a vertex is kept if the
magnitude of the gradient exceeds a user specified
threshold and is locally maximum. The magni-
tude of the gradient is a local maximum if the
values at the two neighboring voxels, that lie in
line with the direction of the gradient, are lower
than the value of the regarded voxel. For at least
one neighboring voxel the value must be strictly
lower. To choose the neighboring voxels rounded
inclination angles of the gradient are used. This
technique is described in [6].

The three dimensional canny operator com-
putes the gradient by convoluting the volume
data with the partial derivatives of a three di-
mensional Gaussian. The variance of the Gaus-
sian and the size of the convolution kernel can
be specified in the implemented tool. The con-
volutions for each of the partial derivations are
evaluated separately. In effect the gradient of the
lowpass filtered volume is computed. The gener-
ated vertices of the demonstration data set are
shown in Figure 1. In this case the canny oper-
ator and the finite difference quotient return the
same result.

Reconstruction analysis: The reconstruc-
tion analysis is an octree based analysis of the
dataset. The principal idea is that all vertices
of a sub-cube, but not the corner vertices of this
cube, may be eliminated, if it is possible to re-
construct all inner vertices of this cube using tri-
linear interpolation without introducing an error
which is higher than a specified bound. For this
purpose the maximum norm is used. The idea of
the octree is only used implicitly but an octree
is never constructed explicitly. The idea of an
octree — respectively quadtree — based analysis is
also used in region growing [1].

To perform the analysis the volume is concep-
tually extended to a cubic size that is a power of
two. This is necessary to make a successive octree
based region splitting possible. The main anal-

Figure 1: Local maxima of the demonstration
data set with corner vertices of the volume

ysis algorithm works recursively. It starts with
the sub-cube that contains the whole extended
volume.

If a cube is processed all sub-cubes are ana-
lyzed if the regarded cube is not atomic. A cube
is atomic if it consists of 3% voxels. If all eight
sub-cubes return success in their analysis, then
further steps on that cube are performed. First,
the error for the vertices shown in Figure 2 are
estimated. Theses errors are propagated down
to all sub-cubes to estimate the error increment
caused if the regarded vertices would be deleted.
The maximum of all these errors is evaluated. If
the maximum is lower than a specified thresh-
old, then the regarded vertices are marked for
deletion. Not all vertices may be deleted directly
because they may be corner edge or side vertices
of other sub-cubes. These cases are handled sep-
arately using counter variables. If the resulting
error is too high, then the added error increments
are erased. The handling of the error increments
has to be performed carefully, as vertices may be
shared by different cubes. If the error does not
exceed a certain bound the actual cube has been
processed successfully.

To estimate the local error the trilinear in-
terpolation does not have to be performed ex-
plicitely. This is due to the fact that the ana-
lyzed vertices are always half way between the
corner vertices of the analyzed cube. The inter-



Carner vertex that will remain in subcube and that forms the basis for

the local error estimation

O Ilid vertex that might be deleted, Initial error increments are
evaluated here, The mid vertices are corner vertices of the eight subcubes,

Figure 2: Vertices analyzation scheme of a sub-
cube

polated value of an edge midpoint is the average
of the two neighboring corner vertices. The in-
terpolated value of a side midpoint is the average
value of the four vertices of this side. The value
of the cube midpoint is the average value of all
eight vertices belonging to this cube.

If the cube is not atomic, then the errors of
the other vertices have to be updated. This is
done incrementally. The interpolation errors on
the mid vertices are computed. The error incre-
ment is propagated to all eight sub-cubes. For all
sub-cubes the new error increments are computed
the same way as it was discussed in the previous
paragraph. The evaluated error increments are
added to the actual errors. Special care has to be
taken, that an error increment is not added twice
or more if the regarded vertex belongs to more
than one sub-cube of the same level. This is the
case if it is an inner vertex. If the evaluated error
was too high, the error increment is then reverted
by propagating the negative error increment.

The same problem occurs during the elimina-
tion of vertices. A vertex should only be elimi-
nated if all sub-cubes the vertex belongs to, al-
low the elimination. To handle this problem a
counter for each vertex is installed. Every time
a sub-cube allows the elimination of a vertex it
increments its counter. Depending on the type of
the vertex it is eliminated if its counter reaches
a certain limit. For the case that the considered
vertex does not lie at the border of the volume
the limits are shown in Table 1. If this is not the

vertex position | necessary counts
edge mid-point | 4
side mid-point | 2
cube mid-point | 1

Table 1: Necessary counters for the vertex elimi-
nation in the standard case

vertex position | necessary counts
edge mid-point | 2
side mid-point | 1
cube mid-point | 1

Table 2: Necessary counters for the vertex elimi-
nation if the vertex lies at a side of the volume

case the limits are lower. One has to distinguish
whether the vertices lie on an edge (Table 3) of
the volume or just on a side (Table 2).

The artificial sphere volume data set has been
analyzed with a maximum error of 0.05. The re-
sulting vertices are shown in Figure 3. The phe-
nomenon that the vertices are positioned asymet-
rically in the symmetric data set is caused by the
volume extension before the analysis starts.

2.2 Delaunay Triangulation

The resampling of the volume reduces the amount
of vertices but the original cell structure of the
orthogonal equidistant grid is lost. Iso-surface
algorithms require a unique cell structure as sin-
gle cells are analyzed for triangle output. To get
consistent iso-surfaces there should not be any
cranks in the generated cell structure. Due to
the structural analysis nothing can be said about
the position of the vertices that pass the filter
process. To fulfill the mentioned requirements
we decided to generate an irregular grid for the

vertex position

necessary counts

edge mid-point
side mid-point
cube mid-point

1
1
1

Table 3: Necessary counters for the vertex elimi-
nation if the vertex lies at an edge of the volume




Figure 3: Vertices of the reconstruction analysis
of the demonstration data set at an error level of
0.05

vertices. This grid consists of tetrahedrons.

The grid generation method that is most often
used for the generation of irregular grids is the
Delaunay triangulation. A triangulation is called
Delaunay if all of its cells are local Delaunay.
In two dimensions a triangle is local Delaunay
if no other vertex lies within the smallest circle
that encloses the triangle. In three dimensions
a tetrahedron is said to be local Delaunay if no
other vertex lies within the smallest sphere that
encloses the tetrahedron. The practical conse-
quence of this method is that degenerated tetra-
hedrons can only occur at the border of the data
set. Degenerated tetrahedrons should be avoided
as they can result in degenerated surface elements
in the iso-surface.

The Delaunay triangulator that has been used
in this work is described in [2]. It successively
adds all vertices to the triangulated volume. The
new vertices must always lie outside the convex
hull of the triangulated area. If a new vertex is
added, tetrahedrons to all surface triangles are
constructed, if they do not intersect with the
rest of the triangulated area. If a local Delau-
nay property is destroyed, then the old tetrahe-
dron is deleted, and the three remaining surfaces
are added for triangulation. In the worst case all
those vertices which have been triangulated so far
must be triangulated again. As a consequence,
the triangulation algorithm has a time complex-
ity of O(n?). This process is shown in Figure 4
for the two-dimensional case. Especially for three

dimensions there are many exceptions which are
discussed in [2] in more detail.

Most of the Delaunay triangulation algorithms
as this one assume, that no four points of the tri-
angulated volume are coplanar. This restriction
is also mentioned in [9]. In the presented work the
vertices always have integer coordinates and con-
sequenly this case occurs quite often. In [9] they
propose to conceptually pertube the position of
the vertices. In this work another approach is fol-
lowed as perturbation would mean to switch from
integer coordinates to float coordinates. If there
are at least four coplanar vertices it might happen
that a degenerated tetrahedron is constructed.
For this tetrahedron it is impossible to check the
local Delaunay property. If such a tetrahedron
is about to be constructed, the tetrahedron that
provides the base triangle for the construction is
deleted. The left surface triangles are added to
the triangulation. In this way the construction of
degenerated tetrahedrons is avoided.

Two images are presented to show the
tetraedrization results. In Figure 5 the vertices of
the structural analysis of the demonstration data
set and its corner vertices are tetrahedrized. In
Figure 6 the same is done for the reconstruction
analysis.

2.3 Computation of Gradient

The computation of the gradient at the position
of the vertices is important to compute the shad-
ing normals for the iso-surface rendering. The
simple computation of the gradient using the fi-
nite difference method turned out to be not suffi-
cient. The resulting shading normals were not
consistent with the geometry. The numerical
methods to compute the gradient use only lo-
cal information around the vertex. There may
be changes in the values around this vertex that
are of such a small size, that they do not affect
the next vertex in the triangulated area. On the
other hand there might be a change in value be-
tween two vertices belonging to the same tetrahe-
dron. But this change in value does not happen in
the neighborhood of either of the vertices. Thus,
it is not reflected in the resulting gradient.

To solve this problem the gradient has to be
computed with the information of the vertices
used for triangulation. In this work this is done
by computing the gradient of an approximation



Area triangulated so far

Wewr vertex added new triangles huilt
and local Delaunay property destroyed

Figure 5: The triangulation of the structural
. analysis output

Defect riangle is retetrahedrized

Figure 6: The triangulation of the reconstruction
analysis output

Figure 4: The Delaunay triangulator



function

C ) : (1)

For the approximation the regarded vertex itself
and all vertices that are connected with an edge
to the regarded vertex are taken into account.
The coefficients are computed using a linear least
squares approximation. The approximation is
computed with a singularity value decomposition:

(2)

The resulting gradient is consistent with the ge-
ometry.

2. eeping impli es

When the generation of the unstructured grid and
the computation of the gradient is completed, the
iso-surface itself is generated. To solve this task
the approach proposed in [11] has been followed.
The basic idea is to make a selection of the tetra-
hedrons by their value range and to generate tri-
angles from the selected tetrahedrons as it is done
in the marching cubes algorithm.

At first the tetrahedrons are sorted in a binary
tree. Every node in the binary tree may contain
several tetrahedrons. The depth of the tree is
specified in advance. FEvery node belongs to a
value interval, the two sub-nodes of a node split
the intervals in half. A tetrahedron belongs to the
node with the smallest interval that covers the
whole value interval of the tetrahedron. The split
points of the intervals are chosen in a way that the
tree becomes as balanced as possible. If an iso-
value is set, the leaf node with the interval that
contains the iso-value is searched. From this node
starting the tree is traversed to the root. Only
those tetrahedrons are analyzed that lie along the
traversed path.

Every node is annotated with two lists. The
first one is a list of the tetrahedrons sorted by
their minimum values. The second list is sorted
by the tetrahedrons maximum values. Every en-
try in this second list also contains a flag. Every
entry in the first list contains a pointer to an en-
try in the second list. The positions of the old
iso-value are marked in both lists. When the iso-
value is changed, then the first list is traversed
from the position of the old iso-value to the new

Figure 7: rinciple possibilities for triangle out-

put

one. All pointers are followed to the second list
and the corresponding flags of the entries are up-
dated. Afterwards the second list is traversed
from the position of the iso-value to its end. All
tetrahedrons that have their flags set are ana-
lyzed. In this way a small change in the iso-value
requires only little computation.

The vertices of each selected triangle are ana-
lyzed whether their value is above or below the
selected iso-value. Depending on the constella-
tion zero, one or two triangles are generated (see
Figure 7). The position of the vertices of the tri-
angles are stored in a look up table. This table
contains the edges of the tetrahedron on which
the vertices are positioned. The position on the
edge is estimated by linear interpolation. The
gradient is also interpolated lineary to compute
the shading normal for the vertices of the trian-
gle. Finally the triangles are ready for Gouraud
shading.

The construction of the tree and the lists, that



Figure 8: Iso-surface of reduced demonstration
data set

are annotating the nodes, is done in advance. For
more details see [11].

esu ts and future or

In the following, the results of reduction experi-
ments are shown. First, the analytical data set is
presented. It has been undergoing a pure recon-
structional analysis with a maximum error bound
of 0.15. 198 vertices were generated. This leads
to a compression ratio of 99.8 . The iso-surface
is computed for a value of 0.7. 542 triangles have
been extracted in 0.03 seconds. The result is
shown in Figure 8. The correct solution would
be a sphere.

The following images show the result of a re-
duction experiment of a medical data set. Using
the original dataset with a traditional marching
cubes algorithm, 323 822 triangles have been ex-
tracted from a 1283 vertices data set in 25.28 sec-
onds. The result is shown in Figure 9.

Figure 10 shows a reduced data set with 18 456
vertices left. A compression ratio of 99.12 is
achieved. For the given iso-value of 0.3, 71 872
triangles have been extracted in 2.6 seconds. If
the algorithm is used for interactive preview of
iso-surfaces, it still generates images with an ac-
ceptable quality.

Interesting is the fact that the amount of gen-

Figure 9:

Iso-surface generated with standard

marching cube

Figure 10:
data set

Iso-surface generated with reduced



erated triangles is not that much reduced as the
amount of vertices. The reason of this phe-
nomenon is that the selected iso-value generates
an iso-surface that lies in an important part of
the data set. The spatial frequency is very high
in this area. Due to the adaptivity property of
this algorithm a higher resolution of tetrahedrons
is generated in these parts of the volume.

In the future we investigate the computation
of -shapes [10] of the tetrahedrized volume. e-
gion growing experiments will be performed with
the tetrahedrons. This is consistent with the
sampling step that is performed before. The sam-
pling and function approximation can be inter-
preted as a kind of region growing [8].
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