
PREPRINT
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Abstract

New algorithmsthatwork entirelyon sparsegrids cancreatedata
setsthatcannotbehandledon uniform gridsany moredueto their
size. On the other hand,most visualizationtechniquesare only
capableof handlinguniform grids. As the interpolationon sparse
grids is a complicatedandtime consumingprocess,directvolume
visualizationis unthinkablefor biggerdatasetsuntil theunderlying
interpolationis acceleratedby someordersof magnitude.

Ontheotherhand,quiteanumberof supercomputersandPCclus-
tersexist nowadays,providing MPI astheprimarycommunication
API. By streamingthedatasetsandtheresultingimagesfrom and
to theenduser’sworkstation,theirprocessingpowercanbeutilized
without leaving theoffice.

Parallelizingvisualizationtechniquesrisesthenecessityto balance
thecomputationalload,andfor timeconsumingrenderingmethods
previews areusefulfor theuser. Both, generatingpreview images
andload balancing,is performedexplicitly in mostcases.In this
casestudy, weapproachtheseproblemsby applyingaspecialpixel
renderingsequence,which achievessuperbresultsimplicitly with-
outgeneratingcommunicationoverhead.

Keywords: sparsegrids,parallel,volumevisualization,preview,
loadbalancing,MPI

1 Introduction

Theevergrowing sizeof datasetsresultingfrom industrialandsci-
entific simulationsandmeasurementshave createdtheneedto em-
ploy multi-resolutiontechniquesfor bothanalysisspeedupanddata
reduction.Amongthemostsophisticatedapproachesarewavelets
andsparsegrids.Baseduponhierarchicaltensorproductbases,the
sparsegrid approachis a very efficient oneimproving the ratio of
investedstorageandcomputingtime to the achieved accuracy for
many problemsin theareaof numericalsolutionof partialdifferen-
tial equations,for instancein numericalfluid mechanics.Recently,
thebestof bothworldshavebeenmergedby usingwaveletbasesin
thesparsegrid representationof multi-resolutiondatasets[4]. We
arestudyinghow thesegridscanbevisualizedinteractively.

Therearealreadyseveral algorithmsthat areworking entirely on
sparsegrids [1, 2, 5, 6, 17], creatingdatasetsthat cannotbe han-
dledon uniform grids in full resolutionany moredueto their size.
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Many of thesesystemswork on threedimensionaldata. One of
thebestunderstoodvolumevisualizationtechniquesfor scalardata
is direct volumerendering[3, 7, 8, 16]. Velocity informationand
1-forms,on theotherhand,canbepreprocessedsothatdirectvol-
umevisualizationcanbeusedfor this datatypeaswell, e.g. with
threedimensionalLIC [11]. Thevisualizationof 2-formsis yet an
unsettledquestion.As theunderlyinginterpolationis thecomputa-
tion timedominatingalgorithmicpart,wecannotbenefitfrom hard-
wareacceleratedvolumevisualizationtechniques.Thusweuseray
casting,which guaranteesfor thebestimagequality at little or no
additionalcost.

We have alreadyintroducedvisualizationtoolkits thatareworking
directly on sparsegrids [12, 13, 14]. By acceleratingthe sparse
grid interpolationusingspecialgraphicshardwarewe wereableto
performdirectvolumerenderinginteractively. However, thegraph-
ics hardwareaccelerationapproachis limited to high endgraphics
systemswith a high pixel depthand to sparsegrids of level 10-
11(which resembleuniformgridsof size10253-20493) andbelow.
Low end graphicssystemshave only a pixel depthof 8 bits per
channel,which is far too lessfor sufficient accuracy. Sparsegrids
of level 12 andabove have limited accuracy dueto a high compo-
nentscalingfactor— for detailssee[13]. Additionally, thegraph-
ics hardwareapproachdoesnotscalewith currenthardware,asthe
daysof mosthigh endgraphicssuppliersseemto becounted,and
noreally new systemsareavailable.

2 Sparse Grids

In this sectiona brief summaryof thebasicideasof sparsegridsis
given.For a detailedsurvey of sparsegridswe referto [1, 17].

Whentalking aboutvolumevisualization,thedatais usuallygiven
on a uniform grid with trilinear basisfunctions. Interpolationon
thesegrids is computationallycheap,asonehasonly to locateand
evaluatethe surrounding23 � 8 basisfunctionsfor oneinterpola-
tion value. This numberdoesnot changewith respectto the grid
size.

Now letGi1 � i2 � i3 beauniformgrid with respectivemeshwidthshi j
�

2� i j , j � 1 � 2 � 3 andbasisfunctionsb
i j

k . Let L̂n bethefunctionspace
of thepiecewisetri-linearfunctionsdefinedonGn � n � n andvanishing
on theboundary. Additionally, considerthesubspacesSi1 � i2 � i3 of L̂n

with 1 � i j � n, j � 1 � 2 � 3, whichconsistof thepiecewisetri-linear
functionsdefinedon Gi1 � i2 � i3 andvanishingon thegrid pointsof all
coarsergrids,with

L̂n
� n�

i1 � 1

n�
i2 � 1

n�
i3 � 1

Si1 � i2 � i3 	 (1)
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Figure 1: Examplesof basis
functionsb1

1 andb2
1

Figure 2: Interpolation on a
sparsegrid of level 4

Thisformsahierarchicalbasisdecompositionof thefunctionspace
L̂n wherepiecewisetri-linearfinite elementsareusedasbasisfunc-
tionsin eachsubspaceSi1 � i2 � i3 (compareFig. 1 for one-dimensional
examples).From now on we will dealwith the interpolatedfunc-
tion fi1 � i2 � i3 on thegridsof theabove mentionedsubspaces.Please
notethatthebasisfunctionsof thesesubspacesdonotoverlap,com-
paredto thebasisfunctionsof L̂n.

Whenlookingat theinterpolationerror, onefindsthat 
 fi1 � i2 � i3 
 has
acontributionof thesameorderof magnitude,namelyO � 2� 2 � const 

for all subspaceswith i1 � i2 � i3 � const.

Additionally, thesesubspaceshave thesamenumberof basisfunc-
tions, namely 2const � 3. Since the numberof basis functions is
equivalent to the numberof storedgrid pointsandbecauseof the
contribution argumentaswell, it seemsto bea goodideato define
a sparsegrid spacẽLn asfollows (comparealsoFig. 3):

L̃n : � �
i1 � i2 � i3 � n� 2

Si1 � i2 � i3 	 (2)

An estimationof the interpolationerror with regard to the L2 or
L∞ norm (compare[1, pp. 23]) shows that the sparsegrid inter-
polatedfunction f̃n is nearlyasgoodas the full grid interpolated
function f̂n.

Now we considerthe dimensionsof the function spacesL̂n and
L̃n, which correspondto the numberof nodesof the underlying
grids. Obviously, thedimensionof the full grid spaceis given by
dim � L̂n


 � O � 23n � � O � h� 3
n
� . For thesparsegrid thefollowing re-

lationholds:dim � L̃n

 � O � 2nn2 � � O � h� 1

n � log2 � h� 1
n
��� 2 � . There-

fore,a tremendousamountof memorycanbesavedif sparsegrids
areusedinsteadof full grids.

Consideringthe numberof basisfunctionsthat contribute to the
interpolatedfunction, sparsegrids are much more computational
intensive than uniform grids. Fig. 2 shows in an examplewhich
basisfunctionshave to beevaluatedto interpolatethesparsegrid at
themarkedposition.

3 Parallelization

A lot of work hasbeendoneto implementparallel volume ray-
castingonPCclusters[9, 10]. By usingMPI theparallelizationpro-
cessitself is relatively straight-forward, spreadingthe raysacross
theavailableprocessors.Memorymanagementis not really an is-
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S3,3S1,3
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S2,1 S3,1

Figure3: Two-dimensionalhierarchicalsubspacedecomposition

sue,assparsegridsneedonly very little dataspaceandcanthusbe
replicatedthroughoutthecluster.

A key problemthatis noteworthy is thatscientistsareoftenunable
to work at the front-endnodesof the clusterdirectly. Thus, the
rendereddatahasto be streamedto the users’workstations.This
is doneby adedicatedcommunicationnode(typically notall nodes
havedirectinternetconnection),thatcollectsincomingraydataand
servestheTCPstream.As thepixelsdeliveredby therendernodes
maycomein any order, thecommunicationnodesendsbothpixel
positionandRGBA valuesto theworkstation,makinga totalpack-
agesizeof 8 bytesperpixel. With thisinformationthevisualization
processcancontinuouslygeneratepreview imagesfrom early ren-
deredrays.

As the clustersareoften shieldedby firewalls, sshtunnelingmay
berequired.This seemsto bea horriblebottleneck,but in fact the
interpolationprocesson sparsegridsis socomputationalintensive,
thatslow communicationis nothinderingthevisualizationprocess.

4 Implicit Preview and Load Balancing

The remainingfreedomin this processis the distribution of rays
amongthe nodes. Usually, the ’master’ node selectsby some
schemewhich nodeshall renderwhich ray andsendsnew orders,
when a job hasbeendone. However, when several nodesfinish
their job at thesametime, thelag betweendeliveringraysandget-
ting new job datacanbequiteannoying.

Implicit assignmentof rays as a function of the imagessize s �
sx � sy, thenumberof processorsn, andtherank r (the index of the
currentprocessor)preventsany additionallycommunicationover-
headandreducesthelag betweenrenderedraysto thetime needed
to calculatethenext rayassignment.

The quality of the ray assignmentfunction has great impact on
equalizingthe renderingtime of the processorsaswell ason the
possibility to generatepreviews from earlyrenderedrays. By pro-
viding previews the usercanvery often make decisionsaboutthe
significanceof therenderedimages,whenonlyaverysmallfraction
of the rayshave beencomputed.So thequality of the ray assign-
mentis reflectedin threeproperties:
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Transposed Indices:

Figure6: Transposedindexing of theindex tree

a The distribution of rays for oneprocessorshouldbe evenly
spreadin space.

b Thedistributionof raysshouldbeevenly spreadin time.

c Raysthatfall in slotsof coarsergridsshouldberenderedfirst.

a)ensuresthattheloadbetweentheprocessorsis stochasticallyim-
plicitly balanced,while b) andc) ensurethat early renderedrays
canbecombinedto form a preview image.

A very simpleschemeassignstherays � p : r s
n � p ��� r � 1
 s

n � to
rankr. In orderto beableto renderearlypreviews,onecouldindex
the rays in both imagedimensions.However, the processorswill
typically beactive for very differenttimes,andtheprocessis only
finishedafterthelastprocessoris done.

By assigningevery nth ray with � p : p modn � r � in an interleav-
ing patternto thenodesonecanovercomethis problem.However,
with this patternnopreviews canbegeneratedfrom earlyrendered
rays.

For ensuringpropertiesb) andc) onecanusethepatternin Fig. 4
to generatea total orderingfor all renderedrays.Thepatternitself
is appliedrecursively, generatingatreeof pixel index leafs(Fig. 6).
Theindicesarenow transposedsothatthehighestnodeindex runs
fastest.Thencontinuousnumbersareassignedto the leafs,which
resultsin an pixel orderingschemethat canbe seenin Fig. 5. In
practicalimplementationsthepixel orderindicescanbegenerated
by a recursive function without explicitly building the tree. For
arbitrary imagesizessx � y �� 2m the patternhasto be croppedand
theindiceshave to bereordered.

Wecannow divide theindex list into s
n slotsSt of sizen:

St : � � x : tn � x ��� t � 1
 n�

We will assignthe raysof eachslot individually to the processor
nodes,so thateachprocessorgetsexactly oneray from eachslot,
which it will renderin theorderof increasingt.

Onecanclearlysee,that thefirst n : � 2i raysfill exactly thepixel
slots of coarsergrid resolutions,as can be seenin Fig. 7. This
way we getperfectpreview imagesthatcanbecomputedfrom the
raysrenderedon coarsergrids. As thefastestrunningindex in this
schemecorrespondsto the lowestresolutiongrid, adjacentindices
areusuallynot close-byin imagespace.Thusthe temporaldistri-
butionof raysis perfectlybalancedaswell.

Figure7: Thefirst 64,128,256renderedraysonan642 image

Theselectionof ray indicesfor oneprocessor

xt : � tn � i � t � r 
 with xt � St � 0 � i � t � r 
 � n

has one more freedomto investigate,the index selectionfunc-
tion i � t � r 
 . As the index selectionshouldmake no differencesfor
theindividualprocessors,we canset

i � t � r 
 : � � ı̃ � t 
 � r 
 modn 	
Thisway weeasilyensurethatthesetof raysdonot intersect.

In orderto spreadtheraysfor oneprocessorevenly in space,̃ı has
to be selectedcarefully. The very first thoughtwould be to use
ı̃ � t 
 � constor ı̃ � t 
 � t. But both trivial functionsdo not spread
well for all combinationsof s andn. Especiallywhenn dividessx

or sy, theraysclusteron onepartof the image.For valuesthatare
prime, however, goodresultscanbe achieved (seeFig. 10 on the
colorplate).

Heuristically, wehavefoundanindex distributionfunctionthatcre-
atesvery evenly spacedray selectionsfor almostall combinations
of s andn, andtheworstcasesencounteredsofar arenot asprob-
lematicastheonesdescribedabove.

Althoughwe do not currentlyknow whetherthequality of this in-
dex selectionfunctioncanbeprovensomehow, it is still a very us-
ableapproachin practicalimplementationsasit canbe computed
iteratively with very low computationalcosts.Figure11showssev-
eraldistributionscreatedwith this approach.

By subdividing the imageplaneinto several tiles, eachonea bit
larger thann, onecanusean iterative algorithm,that countshow
many timesa ray hasalreadybeenassignedto the processoron a
particulartile, thusensuringthateverytile is atleastaddressedonce
by eachprocessor. The most importantaspectof this ideais that
thealgorithmcan,again,run separatelyon eachprocessorwithout
additionalcommunication.

The suggestedray selectionmethodhasone drawback that may
make it uselessfor sometypesof scenes.Cachecoherency will not
beemployed at all usingthis kind of selectionpattern,somemory
boundproblemsmay be slower than with tile basedapproaches.
But this is a problemsharedby mostnon-explicit load balancing
algorithms.
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Figure 8: Renderingspeedin
rays per secondand processor
vs. numberof processors.
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Figure9: Load balancingqual-
ity.

5 Results

Theparallelizationversionhasbeentestedbothonasetof worksta-
tionswith aTCP/IPimplementationof MPI (LAM) andonthenew
PCcluster’K epler’ [15] of theUniversityof Tübingen.This clus-
ter consistsof 96 dualPIII nodesconnectedwith Myrinet, andtwo
additionalfront-endnodes.The resultswerestreamedto theUni-
versityof Stuttgart.All renderingtimespresentedhereincludethe
communicationlag,whichoff courseaffectstherenderingspeedup
significantly. The visualizationof the incoming ray data is per-
formedin a sparsegrid visualizationtoolkit that effectively hides
theparallelizationtechniquefrom theuser.

First,we wereinterestedin thescalabilityandloadbalancingqual-
ity of our approach.As onecanseein Fig. 8, the systemscales
almostperfectlywith thenumberof processors,aslongastheprob-
lemis computationalbound,andthefinal TCPstreamingis nothin-
deringtherenderingprocess.Loadbalancingworksalsoextremely
well for a systemthatdoesnot requireany additionalcommunica-
tion at all. The load balancingpresentedin Fig. 9 is expressedas
thequotientof therenderingtimeof thefastestandtheslowestpro-
cessor. Notethata badloadbalancinghasimmediateinfluenceon
thescalingpropertiesaswell.

We found that beingable to generatepreviews completelyelimi-
natestheneedto reducetheimageresolutione.g. for finding good
views of thevolume.As soonasoneis satisfiedwith imagepreci-
sion,therenderingprocessis interruptedandanew view canbeset.
Figure12on thecolorplateshows differentstagesof thisprocess.

Figures13and14onthecolorplateshow viewsof adatasetthatwe
wereableto renderin interactive ratesfor thevery first time. This
datasetandotherfollowing datasetshave beencomputeddirectly
on sparsegrids and cannotbe expandedto uniform grids due to
their size.

6 Conclusion

Parallelizationis thekey featureto createhigh quality volumevi-
sualizationimagesat interactive rates.Dueto thenatureof sparse
grids (small datasize,high computationalcomplexity), the paral-
lelization itself is relatively straight-forward, andneithermemory
consumptionnor accesstimesareproblematic.In this context im-
plicit load balancingworks terrific, anddoesnot imply any addi-
tional communicationoverhead.By usinga specializedray distri-
butionpatternwecanadditionallycreateearlypreview imageswith
noadditionalcost.Wearenow ableto visualizehugedatasetscom-
puteddirectlyonsparsegridsin highquality in acceptabletime for
interactive visualizationsessions,whichwasnot possiblebefore.
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stituteof Tübingenfor his help and the supplieddatasets. Peter
Leinenfrom theUniversityof Tübingenmadethetiming measure-
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Figure 10: Ray distribution for trivial index selectionfunctions,
different processorsare encodedwith different colors. 642 rays,
ı̃ � t 
 � const on4 processors,̃ı � t 
 � t on 4 and5 processors.

Figure11: Raydistributionfor theheuristicindex selectionfunction,
642 rayson4 and5 processors,652 rayson 5 processors.

Figure12: Preview imagesafter0.625%,3.125%,6.25%,and100%of 160000rayshave beenrendered.

Figure13: A sparsegrid datasetof level 12(correspondingto a
full grid of size20473) renderedwith anX-ray shadingmethod

Figure14: Thesamedatasetrenderedwith multiplesemitrans-
parentshadedISO-surfaces
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