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ABSTRACT: This paperdescribesa methodto generateDelaunaytetrahedraimeshedlirectly from regular
volumedataby vertex insertiondrivenby anerrorcriterion. By adaptinghe meshto theinputdata,the method
producesneshessuitablefor fastandprecisevolumeray-casting.A partitioningmethodthat splits the mesh
into homogeneousub-meshess also presented.Suchmeshsegmentationstrateyy turns out very usefulin

applicationssuchasnumericalsimulationandfocus-and-contd renderingwherewell de ned structuresare

of paramountmportance.

1 INTRODUCTION

Computationalsimulationin domainsde ned from
regular volumedatahasstimulatedthe technological
developmentin mary branchesf sciencee.g. ow
simulation(Steinmar2002)andvirtual sugery (Bro-
NielsenandCotin 1996).0Oneof the mainchallenges
in this context is to decompos¢he domainin amesh
suitable for simulation as well as visualization, as
mostalgorithmsproposedo performthis taskarenot
aimedat generatingneshesespectinghefeaturesof
the whole volume, turning it dif cult a realisticvol-
ume renderingof the mesh. Another dravback re-
gardingmeshgenerationfrom regular volumescon-
cernsthe automationof the processin generalthe
algorithmsstronglyrely on extensie pre-processing
steps,which typically consistin segmentingregions
of interest,using the boundarysurfacesof suchre-
gionsasinputto ameshgenerato(CebralandLohner
1999).

Techniqueghatact directly on the input volumet-
ric data(Hale 2001), in general,line up the mesh
with the volume features,but do not worry about
segmentingstructurescontainedn the volumes.The
meshsegmentationis essentialin applicationssuch
asphysically-basedeformationof volumetricbodies
wheredifferent stiffnessconstantanust be assigned
to different materialswithin the mesh. Segmented
mesheganalsobe exploitedfor renderingpurposes,
suchasusingfocus-and-contéd techniquesandcom-
bining surfaceandvolumerenderingto highlight the
boundariebetweerdifferentregions.

In this work we shov a methodthat can be used

to generatesggmentedDelaunaytetrahedralmeshes,
directly from the input volume, aiming at obtaining
usefulcharacteristicéor volumevisualization.These
propertieshave beenexploited and incorporatedin
our GPU-basedaingle-passay-casterfor tetrahedral
meshegTejadaandErtl 2005).

2 RELATED WORK

One of the earliest works on generatingmeshes
from images was proposed by Terzopulos and
Vasilescu(1992), who approachthe problem using
adaptve meshesassembledsa setof nodalmasses
connectedy springs.Their methodmovesthe mesh
nodesby gradientandcurvatureinformationso asto
concentratenodesin regionswherea rapid variation
of the datais presentA similar approachhasbeen
proposedoy Hale (2001),which makesuseof a po-
tential enegy function to line up points of a regu-
lar lattice with imagefeaturesandgenerateshe nal
meshby DelaunaytessellationA pre-processingtep
is employed to reducenoise and highlight sharpre-
gions.

Aiming at minimizing the interpolationerror be-
tweenthe meshandthe original image,Garlandand
Heckbert(1995)proposedniterative methodthatin-
serts,in a Delaunaytessellationthe points of max-
imal interpolationerror. Grossoet al. (1997)usean
errormeasuralerivedfrom aleast-squarapproxima-
tion to guideaniterative tetrahedrakubdvision. The
subdvision follows a setof rulesappliedover tetra-
hedraandoctahedranarked for re nement.Roxbor
oughandNielson() alsoemploy least-squarapprox-



imationto estimateheinterpolationerror, but, differ-

ently to Grossoet al., only a single subdvision rule

thatsplitsthelongestedgeof atetrahedroris applied.
Takahashetal. (2004)proposedan adaptve tetrahe-
dralizationmethodfor computingtopologicalvolume
skeletons,using topologicaland geometricalcriteria
to iteratively sub-dvide thetetrahedra.

The iteratve method proposed by Garcia et
al. (1999) controls the maximum root-mean-square
error (RMS) by choosingthe verticesof the mesh
from a curvature image, that is, more verticesare
placedin areaswith high cunaturesThemeshmodel
is built by generatinghe Delaunaytessellatiorfrom
thechoservertices Regionswith highRMS errorare
resampledndthe Delaunaytessellatiorupdated An
interestinghon-iteratve algorithmhasbeenpresented
by Yang et al. (2003). Their method makes use of
zero-crossingointly with the Floyd-Steinbeg error
diffusion algorithm to choosea set of points from
whichthe Delaunaytessellations calculated.

A commoncharacteristiof thestratgiesdescribed
above is that a meshis generatedlirectly from the
original datasethot demandinga pre-sgmentation.
Somealgorithms, however, strongly rely on a pre-
segmentationprocessto de ne regions of interest
from which a meshis built. An exampleis the algo-
rithm proposedoy Cebraland Lohner(1999)which
makesuseof a heary userassistegre-processingo
binarizetheoriginalimage.Themeshis generatedby
anadwancing-fronttechniquethatstartsfrom the sur
facede nedby thebinarydataset.Zhangetal. (2003)
andBerti (2004)malke useof thresholdingandanoc-
tree decompositionto generatean adaptve tetrahe-
dral meshinsidethe region stipulatedby the thresh-
old. Meshimprovementtechniquesare usedby both
methodsin orderto smoothand t the meshinto the
thresholdedegion.

Our method presentscharacteristicsfrom both
classesf algorithmsdescribedabove. The meshis
generatedlirectly from theregularvolumedata,thus
avoiding the stressfulpre-processingtep.Sincethe
generatedetrahedrdaendto be tted within homoge-
neousregions of the volume, the meshcan be sgy-
mentedaccordingo the volumedata.

3 BASIC CONCEPTS

Let Sbeasetof pointsin R3. A tetrahedal mestof S
is a three-dimensionasimplicial complex M whose
verticesare the pointsin S, and arny k-simplex of
M, k= 0;1;2, is containedin at leasta 3-simple
(tetrahedron)f M. If the union of all simplicesin
M makes up the corvex hull of S and the circum-
sphereof eachtetrahedronn M doesnot containary
point of Sin its interior thenM is calleda Delaunay
meshDelaunaymeshesrecloselyrelatedto Voronoi
diagrams,which can be obtainedby associatingto

eachk-simple< of M a3 k cell in the diagram.In
fact, eachvertex of the diagramis the centerof the
emptyspherecircumscribinga Delaunaytetrahedron
andeachvertex v; of the Delaunaymeshis contained
in thethree-dimensionatell of the diagramthatcon-
tainsthe pointsin R3 closesto v; (Fortune1992).
Let Sbeasetof pointsandM beatetrahedraimesh
of S. If M canbedecomposedsM = M1[ M2[ |
My, whereeachM; is alsoameshandM;\ Mj;i6 jis
eitheremptyor a k-dimensionakimplicial comple,
0 k 2,thenfMq;My; ;Mg is saidto be a k-

A X Y Z regular volumeis a function | :
R* thatassigngo
; z3
anon-n@ativescalar (p). Thepair(p;1(p)) is called
voxel

4 GENERATING DELAUNAY TETRAHEDRAL
MESHES FROM STRUCTURED VOLUMET-
RIC DATA

As mentionedabove, our method rst generatesa
tetrahedralizatiothatrespecta desiredeatureof the
volumetricdata.ln our casewe intendto generatea
meshwhosetetrahedralo not crossdifferentregions
of thevolume,thatis, eachtetrahedrorshouldbecon-
tainedin only one homogeneousegion of the vol-
ume.Then,apartitionof thismeshinto homogeneous
sub-meshesNe describebelon thesetwo processes
in detail.

4.1 Generatinghemesh

Let T bethesetof tetrahedraof a DelaunaymeshM
whoseverticesare points of a regular volumel and
E:T! R* bea function that associatesn error
measurdo eachtetrahedronn T. In fact, functionE
measuretionv gooda tetrahedrons regardinga spe-
ci ¢ property thatis, E enablego decidewhetheror
not a tetrahedrommust belongto the tetrahedraliza-
tion. Different stratgjies have beenproposedto de-
ne thefunction E, which usuallyrely on evaluating
E by traversingall voxelsinsideatetrahedrori soas
to decide,basedon somecharacteristiof theimage,
whetheror nott is a suitabletetrahedronln general,
whenE indicateghatt is abadtetrahedronthemesh
is updatedby insertingnew pointswithin t (Garland
andHeckbert1995).Althoughwidely employed, this
stratgy presentdwo maindravbacks.Traversingall
voxelswithin atetrahedromimay demanda high com-
putationaleffort, as every time the meshis updated
all new tetrahedramust be scannedn order to re-
evaluateE. Anotherproblemarisesduring the inser
tion of new points,which,whennothandledproperly
canresultin anaccumulatiorof pointsaroundalready
existing vertices.To avoid this we adoptan stratgy
basedon the mediansof thetetrahedrdo evaluateE.



Traversingonly mediansone canreducethe compu-
tationaleffort while beingeffective in detectingetra-
hedrathatcrossdifferentregionsof the volume.

Let hy; ho; hs; hs be the four mediansof a tetrahe-
dront 2 M, E beahigh-passlter andcg beanuser
de ned scalar Considerthe setof points

Pl=fp2hjjE(p) cegforj=1;:::;4
t_S4 ot ¢ :
andletP' = -, F. Then,P is the setof high fre-
gueny points (detectedby E) of a tetrahedrort. In
ourexperimentsve usedthe Sobel3D operatoasthe

lter E.

LetA RS2 bea nite andnonemptyset.We de-
ne thedistancebetweersomepointp 2 R3 andA as
D(p;A) := minf d?(p;a) j a2 Ag, whered( ; ) is the
Euclideandistance Note that, sinceA is a nite set,
9a 2 Asuchthatd?(p;a ) = D(p;A).

Letw! bethecircumcenteoft 2 M. ConsideP! 6
0. As P! is nite, we have that, there always exists
somep' 2 P' suchthatd?(w; pt) = D(W; PY. LetV
be de setof verticesof M. Fromthesede nitions de
errorfunctionE canbestatedas:

0 if Pt=10
EO= ptiv) ifPe0

As p! is a high frequeng point, it is supposedo
be ontheboundaryof differentregionsof thevolume
|. ThereforeD(p!;V) measuresiow muchatetrahe-
dront invadesaregion of thevolume.Thus,valuesof
E(t) closeto zeroindicatethatt is well tted within a
region containedn the volume.Therefore a tetrahe-
dront is consideredinsuitablef E(t) > cg, wherecg
is anuserde ned scalar An unsuitabletetrahedrort
is eliminatedby insertingp! in M.

It is awell known factthat circumcentersredis-
tant pointsof the verticesof a Delaunaytetrahedral-
ization. Sincethe point p!, in atetrahedron, is cho-
sento be the closestpoint to a circumcentemt, then
p' is,in generaladistantpointof theverticesof aDe-
launaymeshM. Therefore,the problemof accumu-
lating points aroundalreadyexisting verticesis also
reduced.

4.2 Partitioning
Supposeahata meshM hasalreadybeenpartitioned

target numberof partitions.Thus,n  k sub-meshes
mustbe megedin orderto geta k-partitioning. The
meige operationaimsat gluing the mostsimilar sub-
mesheswhere similarity is measuredrom a set of
propertiesxtractedfrom the sub-meshes.

Voxel informationaswell astopologicalandgeo-
metrical propertiescan be consideredvhencompar
ing sub-meshed.et §(M;; Mj) and Srg(M;; M) be

Figure 1: Partitioned mesh obtainedfor the Knee
datasetindits respectre volumerenderingtop). Vol-
ume renderingof the meshesobtainedfor the Foot
andEnginedatasetgbottom).

functionsthat measuresimilarity regardingvoxel in-
formation and topological/geometricapropertiesof
M; and M; respectiely. From § and Srg we can
de ne a generalsimilarity function as S(M;; M;j) =
w1S (Mi;Mj) + WoSrg(MisMj), wi + wp = 150
wi;We 1, wherethe weightsw; andw, areusedto
adjusttherelevang of voxel informationandtopolog-
ical/geometriqoropertiesn thesimilarity measure.

Function§ comparesan array of characteristics
extracted from the voxels in M; and Mj, assign-
ing a value betweenO and 1. In our context, val-
ues close to zero mean highly similar sub-meshes
whereas/aluescloseto oneindicatenot similar sub-
meshesA simpleway to de ne §, which hasbeen
adoptedin our implementation,s comparethe av-
erage of voxels values from each sub-mesh,that
is, §(Mi; Mj) = jH(Mi)  H(M;j)jFH(Mi) + H(M;j)j,
whereH (My) is afunctionthatassociatet eachsub-
meshMy; k = i; ] the averageof voxel values.In or-
der to avoid to scanevery voxel in a nev sub-mesh
generatedfrom the memge operation,we compute
H(t) = %émt I(p) for eachtetrahedrort, wheren
is the numberof voxelsin t, beforestartingthe mesh
segmentationprocessFrom the value of H in each
tetrahedronye canestimateH (My) asthe weighted
averageof H in the tetrahedraithat is, H(My) =
&2m, VOI(t)H (1)=& 2m, VoI(t), where Vol(t) is the
volumeof tetrahedrort. It is worth noting thatat the
beginning eachtetrahedronis consideredas a sub-
mesh.

Srg Is concernedvith topologicalandgeometrical
propertiedo compargwo sub-meshesAiming atfa-
voring the memging of “small” neighborsub-meshes



into thelargestoneswe de ne Srg asfollows:

(

minf Vol(M;);Vol(M;)g
maxf VoI (M;);VoI(Mj)g
1

M:M.) = if Mi\ M; 6 0
Sro(Mi M) if Mi\ M = 0

Therefore, Srg(Mi; Mj) assumessmaller values
whenM; andM; areneighborsub-meshe@Vi\ M; 6
0) andthevolumesarevery different.

Using a priority queuesortedby S we can re-
cover the mostsimilar sub-meshem a very ef cient
way. Thus,the sub-meshewith highestpriority (the
smallestvalue of S(M;; Mj)) are meiged up to a k-
partitioningis reached.

Figure 1 (top-left) shovs an example of a sey-
mentedmeshgeneratedvith this processNoticethat
multiple structuresare meshedsimultaneouslywith-
outpre-processintheoriginal data.

5 RENDERING OF SEGMENTED TETRAHE-
DRAL MESHES

We adaptedur single-passay-casteffor tetrahedral
grids (Tejadaand Ertl 2005)to exploit the character
istics of the meshegeneratedvith the approachde-
scribedin Sectiord, namelythesegmentatiorandthe
fact that the scalarvalue is constantwithin a tetra-
hedron.Also, sincethe meshis corvex, no corvexi-
cation pre-processin@r re-entryhandlingmustbe
performed.

Since the scalaris constantwithin a tetrahedron
the accumulatedassociatedolor € and opacity ay
for the ray segmentbetweenthe entry point x, and

exit point X0 of the k-th tetrahedrort® intersected

by the ray can be calculatedas € = &H(t(K)) ay
anday=1 exp( t(H(t®))d(x;x2) respectiely,
whereH(t®) is the scalarvalue at tetrahedrort
and¢€ andt aretransferfunctionsfor color and ex-
tinction densitiegespectrely. Thereforeapproxima-
tion improvementapproachesuchas pre-intggrated
volumerendering(Engel, Kraus,and Ertl 2001) are
not necessaryThe ray-intgyral is then accumulated

asusualas€c= € [+ (1 a? )& andaaec=

al ;+ (1 ag 1)ax, where€ | = €canda? ;=
aacc arethe accumulatedassociateatolor and opac-
ity afterthe(k 1)-thintersectedetrahedromespec-
tively. Renderingsobtainedusing this modi ed ray-
casterareshavn in Figurel.

Another consequenc®f having constantscalars
within the tetrahedrais that the gradientwithin it
becomeszero. However a rough way to obtain a
non-zero gradient within each tetrahedronis set-
ting the scalarvalue s(v;) at vertex v; as s(vj) =
&t 29(v) H)VoI(t)=4129(v) Vol(ti), whereS((vi) is
thestarof v;. Thus,aconstangradientpertetrahedron
is computedas donein previous work (Tejadaand
Ertl 2005).Sincethe gradientis alsoconstantwithin

eachtetrahedrontwo-dimensionatransferfunctions
indexedby scalarandgradientmagnitudecanbeused
(Fig. 2:bottom-left).

The sggmentationof the grid can be exploited
by focus-and-contd techniques.Alsaheboundaries
betweenthe sub-meshesan be highlightedby ren-
deringthemastranslucensurfacesduringray-casting
(Fig. 2:bottom-right).Thisis accomplishedby simply
storing a further scalarfor eachface of the tetrahe-
dra and fetching it during ray-traversalfor the cur-
rent tetrahedronThis scalaris the identi er of the
boundaryto which the face belongs.Ifthe face is
not a boundaryface, a negative value is set. In or-
der to interactvely supportcolor and opacity pick-
ing for theboundariestheboundaryidenti er is used
to fetch the correspondingolor and opacity from a
one-dimensionatolortable. Thefetchedcolor cf and

opacitya$ arethenaccumulatecs@? = €2 .+ (1
adlasc andal= ad.+ (1 adJas (assuming

thatc} is a non-associatedolor).

6 RESULTS

The testsperformedwere carriedout on a standard
PC with a 3.20 GHz 64-bitsprocessoland 2 GB of
RAMandanNVidia 7800GTX graphicsboard.

In Tablel performanceesultsareshavn.Intheta-
ble we also presentratios betweenthe sizein bytes
of thetetrahedrameshstoredin a formatwe de ned
(detailedbelow) andthe original volume storedasa
stackof PGM les. The formatwe usedfor storing
thetetrahedrameshis asfollows:

KeyWordSubh meshes #Sub-meshes
List of Sub-meshesIDs

KeyWordPoints #Points
X-Coord. Y-Coord. Z-Coord. Scalar Type*

Keyword Tetrahedra #Tetrahedra
ID-VertexO ID-Vertexl ID-Vertex2
Scalar ID-Sub-mesh

ID-Vertex3

* Type is used to classify the vertex as boundary vertex or internal vertex.

Results concerning the performance of the
hardware-implementatiorof the ray-casterare also
presentedn Table 1. It is importantto mentionthat
the ray-traversal included the boundariessurface
checkperformedfor eachtetrahedronntersectedy
the ray and that two-dimensionalransferfunctions
wereusedin all cases.

As discussedefore,the sgmentationcan be ex-
ploited,notonly for renderingpurposeshut for appli-
cationswheredifferentmaterialspresentin the mesh
mustbeidenti ed. An exampleof thisis volumede-



Figure 2. Mesh generatedor the Visible Male Foot datasef(left). Volume renderingof the mesh(middle-
left). Visualizationusingtwo-dimensionatransferfunctions(middle-right)andcombinedvolumeandsurface

renderingusingthe segmentednesh(right).

Figure3: Rendering®f a Delaunaytetrahedrameshextractedfrom the Visible HumanHeadregular volume
with our approachFrom left to right: wireframeof the extractedmesh,volumerendering,combinedvolume
renderingandsurfacerendering(for the boundarybetweenwo sub-meshesyenderingwith one-dimensional
transferfunctionandrenderingwith two-dimensionatransferfunction.

formation,wheretetrahedragrids have provento be
more suitablethanregular grids and differentmate-
rial propertiese.g. stiffnessparameterare desirable
for differentpartsof the mesh(SeeFig. 4 extracted
from thework by TejadaandErtl (2005)).

Figure4: Meshgeneratedvith ouralgorithmfrom the
Foot dataset suffering a physically-basedleforma-
tion.

7 CONCLUSION

We have shavn that the meshesgeneratedoy our
stratgyy aresuitablefor volumevisualization.In fact,
the storageof a scalarrepresentinghe averageof
thevoxel valuesin eachtetrahedrorallows the usage
of multi-dimensionaltransferfunctionsin the hard-
ware implementationof the ray-castemwhilst avoid-
ing pre-integration.Thequality of thevolumerender
ing carriedout on the tetrahedrameshgeneratedy
our methodis comparablewith the traditional regu-

lar grid volumevisualization However, thegenerated
tetrahedralmeshescan also be usedin applications
otherthanvisualization suchasphysically-basedle-
formation.

However, it is necessaryo point out that our ap-
proachdoesnot generatdetrahedrameshesuitable
for all kinds of numericalsimulation,sincethe tetra-
hedradonotpresenga highquality shapeA technique
devotedto improvethequality of thetetrahedravhilst
preservingthe alignmentof the meshwith the vol-
umeis currentlybeingimplementedThis technique
shouldturn the meshesuitablefor a largersetof nu-
mericalapplications.

Anotherpoint thatdeseressomecommentss the
meshsegmentationstratey. Although very simple,
themeshsegmentatiorschemepresentegoodresults
in mostof thetestswe carriedout, but its performance
is notsatishctoryin somecasesAiming atimproving
the resultsobtained we are adaptinga powerful sta-
tistical segmentatiorstratey to work with tetrahedral
meshesWe seesuchstatisticalapproachasa promis-
ing tool.

Finally, concerningthe renderingalgorithm, the
most critical problemthat must be addressedrises
dueto the constanigradientwithin eachtetrahedron,
which affectsthe renderingfor large tetrahedravhen
two-dimensionatransferfunctionsdependenof the
gradientareusedor whennon-polygonalso-surfices
arerenderedInterpolationtechniquesrebeeninves-



Dataset Processingime[sec] Volumesize  Meshsize  Sizeratio Renderingime [fps]
Meshgeneration Scalarvalues Segmentation Total [voxels] [tetrahedra]  [bytes] 640 480 1600 1200

Knee 802.80 22.45 4.48 829.72 26471255 258600 0.218 3.76 0.80

Visible malehead 961.14 28.79 3.75 993.68 77070336 389060 0.122 2.92 0.63

Visible malefoot 218.32 6.08 1.24 225.65 4944354 101932 0.297 4.46 0.93

Foot 84.47 16.06 3.16 103.69 16777216 258600 0.256 341 0.74

Engine 264.37 7.40 1.38 273.15 8388608 122910 0.275 4.24 0.89

Table 1: Resultsobtainedfor the meshgeneratioralgorithmand modi ed single-passay-casterProcessing
timesin secondsinputvolumesize,generateaneshsizeandcompressiomatio in bytesareshovn for themesh
generatiormethod Performanceesultsfor theray-castemodi ed for thetetrahedrameshegeneratedor two

differentviewport sizesareshowvn in framespersecond.

tigatedin orderto sortoutthis problem.
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