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ABSTRACT: This paperdescribesa methodto generateDelaunaytetrahedralmeshesdirectly from regular
volumedataby vertex insertiondrivenby anerrorcriterion.By adaptingthemeshto theinputdata,themethod
producesmeshessuitablefor fastandprecisevolumeray-casting.A partitioningmethodthat splits the mesh
into homogeneoussub-meshesis alsopresented.Suchmeshsegmentationstrategy turns out very useful in
applicationssuchasnumericalsimulationandfocus-and-context rendering,wherewell de�ned structuresare
of paramountimportance.

1 INTRODUCTION
Computationalsimulation in domainsde�ned from
regularvolumedatahasstimulatedthe technological
developmentin many branchesof science,e.g. �o w
simulation(Steinman2002)andvirtual surgery(Bro-
NielsenandCotin 1996).Oneof themainchallenges
in this context is to decomposethedomainin a mesh
suitable for simulation as well as visualization,as
mostalgorithmsproposedto performthis taskarenot
aimedatgeneratingmeshesrespectingthefeaturesof
the whole volume,turning it dif�cult a realisticvol-
ume renderingof the mesh.Another drawback re-
gardingmeshgenerationfrom regular volumescon-
cernsthe automationof the process.In general,the
algorithmsstronglyrely on extensive pre-processing
steps,which typically consistin segmentingregions
of interest,using the boundarysurfacesof suchre-
gionsasinputto ameshgenerator(CebralandLohner
1999).

Techniquesthat act directly on the input volumet-
ric data (Hale 2001), in general,line up the mesh
with the volume features,but do not worry about
segmentingstructurescontainedin thevolumes.The
meshsegmentationis essentialin applicationssuch
asphysically-baseddeformationof volumetricbodies
wheredifferentstiffnessconstantsmustbe assigned
to different materialswithin the mesh.Segmented
meshescanalsobeexploitedfor renderingpurposes,
suchasusingfocus-and-context techniquesandcom-
bining surfaceandvolumerenderingto highlight the
boundariesbetweendifferentregions.

In this work we show a methodthat can be used

to generatesegmentedDelaunaytetrahedralmeshes,
directly from the input volume,aiming at obtaining
usefulcharacteristicsfor volumevisualization.These
propertieshave beenexploited and incorporatedin
our GPU-basedsingle-passray-casterfor tetrahedral
meshes(TejadaandErtl 2005).

2 RELATED WORK
One of the earliest works on generatingmeshes
from images was proposed by Terzopulos and
Vasilescu(1992), who approachthe problemusing
adaptive meshesassembledasa setof nodalmasses
connectedby springs.Their methodmovesthemesh
nodesby gradientandcurvatureinformationsoasto
concentratenodesin regionswherea rapid variation
of the datais present.A similar approachhasbeen
proposedby Hale (2001),which makesuseof a po-
tential energy function to line up points of a regu-
lar latticewith imagefeaturesandgeneratesthe�nal
meshby Delaunaytessellation.A pre-processingstep
is employed to reducenoiseandhighlight sharpre-
gions.

Aiming at minimizing the interpolationerror be-
tweenthemeshandthe original image,Garlandand
Heckbert(1995)proposedaniterativemethodthatin-
serts,in a Delaunaytessellation,the pointsof max-
imal interpolationerror. Grossoet al. (1997)usean
errormeasurederivedfrom aleast-squareapproxima-
tion to guideaniterative tetrahedralsubdivision.The
subdivision follows a setof rulesappliedover tetra-
hedraandoctahedramarkedfor re�nement.Roxbor-
oughandNielson() alsoemploy least-squareapprox-
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imationto estimatetheinterpolationerror, but, differ-
ently to Grossoet al., only a singlesubdivision rule
thatsplitsthelongestedgeof a tetrahedronis applied.
Takahashiet al. (2004)proposedanadaptive tetrahe-
dralizationmethodfor computingtopologicalvolume
skeletons,usingtopologicalandgeometricalcriteria
to iteratively sub-divide thetetrahedra.

The iterative method proposed by Garcia et
al. (1999) controls the maximum root-mean-square
error (RMS) by choosingthe verticesof the mesh
from a curvature image, that is, more verticesare
placedin areaswith highcurvatures.Themeshmodel
is built by generatingtheDelaunaytessellationfrom
thechosenvertices.Regionswith highRMSerrorare
resampledandtheDelaunaytessellationupdated.An
interestingnon-iterativealgorithmhasbeenpresented
by Yang et al. (2003). Their methodmakes use of
zero-crossingjointly with the Floyd-Steinberg error-
diffusion algorithm to choosea set of points from
which theDelaunaytessellationis calculated.

A commoncharacteristicof thestrategiesdescribed
above is that a meshis generateddirectly from the
original dataset,not demandinga pre-segmentation.
Somealgorithms,however, strongly rely on a pre-
segmentationprocessto de�ne regions of interest
from which a meshis built. An exampleis the algo-
rithm proposedby CebralandLohner(1999)which
makesuseof a heavy user-assistedpre-processingto
binarizetheoriginal image.Themeshis generatedby
anadvancing-fronttechniquethatstartsfrom thesur-
facede�nedby thebinarydataset.Zhangetal. (2003)
andBerti (2004)makeuseof thresholdingandanoc-
tree decompositionto generatean adaptive tetrahe-
dral meshinsidethe region stipulatedby the thresh-
old. Meshimprovementtechniquesareusedby both
methodsin orderto smoothand�t themeshinto the
thresholdedregion.

Our method presentscharacteristicsfrom both
classesof algorithmsdescribedabove. The meshis
generateddirectly from theregularvolumedata,thus
avoiding the stressfulpre-processingstep.Sincethe
generatedtetrahedratendto be�tted within homoge-
neousregions of the volume, the meshcan be seg-
mentedaccordingto thevolumedata.

3 BASIC CONCEPTS
Let Sbeasetof pointsin R3. A tetrahedral meshof S
is a three-dimensionalsimplicial complex M whose
verticesare the points in S, and any k-simplex of
M, k = 0;1;2, is containedin at least a 3-simplex
(tetrahedron)of M. If the union of all simplicesin
M makes up the convex hull of S and the circum-
sphereof eachtetrahedronin M doesnot containany
point of S in its interior thenM is calleda Delaunay
mesh. Delaunaymeshesarecloselyrelatedto Voronoi
diagrams,which can be obtainedby associatingto

eachk-simplex of M a 3� k cell in the diagram.In
fact, eachvertex of the diagramis the centerof the
emptyspherecircumscribinga Delaunaytetrahedron
andeachvertex vi of theDelaunaymeshis contained
in thethree-dimensionalcell of thediagramthatcon-
tainsthepointsin R3 closestto vi (Fortune1992).

Let Sbeasetof pointsandM beatetrahedralmesh
of S. If M canbedecomposedasM = M1 [ M2 [ � � � [
Mk, whereeachMi is alsoameshandMi \ M j ; i 6= j is
eitheremptyor a k-dimensionalsimplicial complex,
0 � k � 2, then f M1;M2; � � � ;Mkg is said to be a k-
partitioningof M in sub-meshesMi ; i = 1; : : : ;k.

A X � Y � Z regular volume is a function I :
[0; : : : ;X]� [0; : : : ;Y]� [0; : : : ;Z] ! R+ thatassignsto
eachpoint p 2 [0; : : : ;X] � [0; : : :;Y] � [0; : : : ;Z] � Z3

anon-negativescalarI (p). Thepair (p; I (p)) is called
voxel.

4 GENERATING DELAUNAY TETRAHEDRAL
MESHES FROM STRUCTURED VOLUMET-
RIC DATA

As mentionedabove, our method �rst generatesa
tetrahedralizationthatrespectsadesiredfeatureof the
volumetricdata.In our case,we intendto generatea
meshwhosetetrahedrado not crossdifferentregions
of thevolume,thatis,eachtetrahedronshouldbecon-
tained in only one homogeneousregion of the vol-
ume.Then,apartitionof thismeshinto homogeneous
sub-meshes.We describebelow thesetwo processes
in detail.

4.1 Generatingthemesh
Let T bethesetof tetrahedraof a DelaunaymeshM
whoseverticesarepointsof a regular volumeI and
E : T ! R+ be a function that associatesan error
measureto eachtetrahedronin T. In fact, functionE
measureshow gooda tetrahedronis regardinga spe-
ci�c property, that is, E enablesto decidewhetheror
not a tetrahedronmust belongto the tetrahedraliza-
tion. Dif ferent strategies have beenproposedto de-
�ne the functionE, which usuallyrely on evaluating
E by traversingall voxelsinsidea tetrahedront soas
to decide,basedon somecharacteristicof the image,
whetheror not t is a suitabletetrahedron.In general,
whenE indicatesthatt is abadtetrahedron,themesh
is updatedby insertingnew pointswithin t (Garland
andHeckbert1995).Althoughwidely employed,this
strategy presentstwo maindrawbacks.Traversingall
voxelswithin a tetrahedronmaydemanda highcom-
putationaleffort, as every time the meshis updated
all new tetrahedramust be scannedin order to re-
evaluateE. Anotherproblemarisesduring the inser-
tion of new points,which,whennothandledproperly,
canresultin anaccumulationof pointsaroundalready
existing vertices.To avoid this we adoptan strategy
basedon themediansof thetetrahedrato evaluateE.
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Traversingonly mediansonecanreducethe compu-
tationaleffort while beingeffective in detectingtetra-
hedrathatcrossdifferentregionsof thevolume.

Let h1;h2;h3;h4 be the four mediansof a tetrahe-
dront 2 M, E bea high-pass�lter andcE beanuser
de�ned scalar. Considerthesetof points

Pt
j = f p 2 h j j E(p) � cEg for j = 1; : : : ;4:

andlet Pt =
S 4

j= 1Pt
j . Then,Pt is the setof high fre-

quency points(detectedby E) of a tetrahedront. In
ourexperimentsweusedtheSobel3D operatorasthe
�lter E.

Let A � R3 be a �nite andnon emptyset.We de-
�ne thedistancebetweensomepoint p 2 R3 andA as
D(p;A) := minf d2(p;a) j a 2 Ag, whered(�; �) is the
Euclideandistance.Note that, sinceA is a �nite set,
9a� 2 A suchthatd2(p;a� ) = D(p;A).

Let wt bethecircumcenterof t 2 M. ConsiderPt 6=
/0. As Pt is �nite, we have that, therealways exists
somept

� 2 Pt suchthatd2(wt ; pt
� ) = D(wt ;Pt). Let V

bede setof verticesof M. Fromthesede�nitions de
errorfunctionE canbestatedas:

E(t) =
�

0 if Pt = /0
D(pt

� ;V) if Pt 6= /0

As pt
� is a high frequency point, it is supposedto

beon theboundaryof differentregionsof thevolume
I . Therefore,D(pt

� ;V) measureshow mucha tetrahe-
dront invadesaregionof thevolume.Thus,valuesof
E(t) closeto zeroindicatethatt is well �tted within a
region containedin thevolume.Therefore,a tetrahe-
dront is consideredunsuitableif E(t) > cE, wherecE
is anuserde�ned scalar. An unsuitabletetrahedront
is eliminatedby insertingpt

� in M.
It is a well known fact that circumcentersaredis-

tant pointsof the verticesof a Delaunaytetrahedral-
ization.Sincethepoint pt

� , in a tetrahedront, is cho-
sento betheclosestpoint to a circumcenterwt , then
pt

� is, in general,adistantpointof theverticesof aDe-
launaymeshM. Therefore,the problemof accumu-
lating pointsaroundalreadyexisting verticesis also
reduced.

4.2 Partitioning
Supposethat a meshM hasalreadybeenpartitioned
in n sub-meshesM1;M2; : : : ;Mn, n > k, wherek is the
target numberof partitions.Thus,n � k sub-meshes
mustbe mergedin orderto get a k-partitioning.The
mergeoperationaimsat gluing themostsimilar sub-
meshes,wheresimilarity is measuredfrom a set of
propertiesextractedfrom thesub-meshes.

Voxel informationaswell astopologicalandgeo-
metricalpropertiescanbe consideredwhencompar-
ing sub-meshes.Let SI (Mi;M j) andSTG(Mi;M j) be

Figure 1: Partitioned mesh obtainedfor the Knee
datasetandits respectivevolumerendering(top).Vol-
ume renderingof the meshesobtainedfor the Foot
andEnginedatasets(bottom).

functionsthatmeasuresimilarity regardingvoxel in-
formation and topological/geometricalpropertiesof
Mi and M j respectively. From SI and STG we can
de�ne a generalsimilarity function as S(Mi;M j ) =
w1SI (Mi;M j) + w2STG(Mi;M j), w1 + w2 = 1; 0 �
w1;w2 � 1, wheretheweightsw1 andw2 areusedto
adjusttherelevancy of voxel informationandtopolog-
ical/geometricpropertiesin thesimilarity measure.

Function SI comparesan array of characteristics
extracted from the voxels in Mi and M j , assign-
ing a value between0 and 1. In our context, val-
ues close to zero meanhighly similar sub-meshes
whereasvaluescloseto oneindicatenot similar sub-
meshes.A simpleway to de�ne SI , which hasbeen
adoptedin our implementation,is comparethe av-
erage of voxels values from each sub-mesh,that
is, SI (Mi;M j) = jH(Mi) � H(M j)j=jH(Mi) + H(M j)j,
whereH(Mk) is afunctionthatassociatesto eachsub-
meshMk; k = i; j the averageof voxel values.In or-
der to avoid to scanevery voxel in a new sub-mesh
generatedfrom the merge operation,we compute
H(t) = 1

nt
å p2t I (p) for eachtetrahedront, wherent

is thenumberof voxelsin t, beforestartingthemesh
segmentationprocess.From the value of H in each
tetrahedron,we canestimateH(Mk) asthe weighted
averageof H in the tetrahedra,that is, H(Mk) =
å t2Mk

Vol(t)H(t)=å t2Mk
Vol(t), whereVol(t) is the

volumeof tetrahedront. It is worth notingthatat the
beginning eachtetrahedronis consideredas a sub-
mesh.

STG is concernedwith topologicalandgeometrical
propertiesto comparetwo sub-meshes.Aiming at fa-
voring the merging of “small” neighborsub-meshes
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into thelargestones,wede�ne STG asfollows:

STG(Mi;M j) =

(
minf Vol(Mi );Vol(M j )g
maxf Vol(Mi );Vol(M j )g

if Mi \ M j 6= /0
1 if Mi \ M j = /0

Therefore, STG(Mi ;M j) assumessmaller values
whenMi andM j areneighborsub-meshes(Mi \ M j 6=
/0) andthevolumesareverydifferent.

Using a priority queuesorted by S we can re-
cover themostsimilar sub-meshesin a very ef�cient
way. Thus,thesub-mesheswith highestpriority (the
smallestvalue of S(Mi;M j)) are merged up to a k-
partitioningis reached.

Figure 1 (top-left) shows an example of a seg-
mentedmeshgeneratedwith thisprocess.Noticethat
multiple structuresaremeshedsimultaneouslywith-
outpre-processingtheoriginaldata.

5 RENDERING OF SEGMENTED TETRAHE-
DRAL MESHES

We adaptedour single-passray-casterfor tetrahedral
grids(TejadaandErtl 2005)to exploit thecharacter-
isticsof themeshesgeneratedwith the approachde-
scribedin Section4,namelythesegmentationandthe
fact that the scalarvalue is constantwithin a tetra-
hedron.Also, sincethe meshis convex, no convexi-
�cation pre-processingor re-entryhandlingmustbe
performed.

Since the scalaris constantwithin a tetrahedron
the accumulatedassociatedcolor eCk andopacityak
for the ray segmentbetweenthe entry point xi

k and
exit point xo

k of the k-th tetrahedront (k) intersected
by the ray can be calculatedas eCk = c̃(H(t (k)))ak

andak = 1� exp(� t (H(t (k)))d(xi
k;x

o
k)) respectively,

whereH(t (k)) is the scalarvalue at tetrahedront (k)

and c̃ and t are transferfunctionsfor color andex-
tinctiondensitiesrespectively. Therefore,approxima-
tion improvementapproachessuchaspre-integrated
volumerendering(Engel,Kraus,andErtl 2001)are
not necessary. The ray-integral is then accumulated
as usualas eCacc = eC0

k� 1 + (1 � a 0
k� 1) eCk and aacc =

a 0
k� 1 + (1� ak� 1)ak, whereeC0

k� 1 = eCacc anda 0
k� 1 =

aacc arethe accumulatedassociatedcolor andopac-
ity afterthe(k� 1)-th intersectedtetrahedronrespec-
tively. Renderingsobtainedusing this modi�ed ray-
casterareshown in Figure1.

Another consequenceof having constantscalars
within the tetrahedrais that the gradientwithin it
becomeszero. However a rough way to obtain a
non-zero gradient within each tetrahedronis set-
ting the scalar value s(vi) at vertex vi as s(vi) =
å ti2St(vi) H(ti)Vol(ti)=å ti2St(vi) Vol(ti), whereSt(vi) is
thestarof vi . Thus,aconstantgradientpertetrahedron
is computedas done in previous work (Tejadaand
Ertl 2005).Sincethegradientis alsoconstantwithin

eachtetrahedron,two-dimensionaltransferfunctions
indexedby scalarandgradientmagnitudecanbeused
(Fig. 2:bottom-left).

The segmentationof the grid can be exploited
by focus-and-context techniques.Also,theboundaries
betweenthe sub-meshescan be highlightedby ren-
deringthemastranslucentsurfacesduringray-casting
(Fig.2:bottom-right).This is accomplishedby simply
storinga further scalarfor eachfaceof the tetrahe-
dra and fetching it during ray-traversal for the cur-
rent tetrahedron.This scalaris the identi�er of the
boundaryto which the face belongs.If the face is
not a boundaryface,a negative value is set. In or-
der to interactively supportcolor and opacity pick-
ing for theboundaries,theboundaryidenti�er is used
to fetch the correspondingcolor andopacity from a
one-dimensionalcolor table.Thefetchedcolorcs

k and
opacitya s

k arethenaccumulatedas eC0
k = eC0

acc+ (1�
a 0

acc)a
s
kcs

k and a 0
k = a 0

acc+ (1 � a 0
acc)a

s
k (assuming

thatcs
k is a non-associatedcolor).

6 RESULTS
The testsperformedwere carriedout on a standard
PC with a 3.20 GHz 64-bitsprocessorand2 GB of
RAMandanNVidia 7800GTX graphicsboard.

In Table1 performanceresultsareshown.In theta-
ble we also presentratiosbetweenthe size in bytes
of thetetrahedralmeshstoredin a formatwe de�ned
(detailedbelow) andthe original volumestoredasa
stackof PGM �les. The format we usedfor storing
thetetrahedralmeshis asfollows:

KeyWordSub meshes #Sub-meshes
List of Sub-meshes IDs

KeyWordPoints #Points
X-Coord. Y-Coord. Z-Coord. Scalar Type*
...

Keyword Tetrahedra #Tetrahedra
ID-Vertex0 ID-Vertex1 ID-Vertex2 ID-Vertex3
Scalar ID-Sub-mesh
...

* Type is used to classify the vertex as boundary vertex or internal vertex.

Results concerning the performance of the
hardware-implementationof the ray-casterare also
presentedin Table1. It is importantto mentionthat
the ray-traversal included the boundariessurface
checkperformedfor eachtetrahedronintersectedby
the ray and that two-dimensionaltransferfunctions
wereusedin all cases.

As discussedbefore,the segmentationcanbe ex-
ploited,notonly for renderingpurposes,but for appli-
cationswheredifferentmaterialspresentin themesh
mustbe identi�ed. An exampleof this is volumede-
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Figure 2: Mesh generatedfor the Visible Male Foot dataset(left). Volume renderingof the mesh(middle-
left). Visualizationusingtwo-dimensionaltransferfunctions(middle-right)andcombinedvolumeandsurface
renderingusingthesegmentedmesh(right).

Figure3: Renderingsof a Delaunaytetrahedralmeshextractedfrom theVisible HumanHeadregularvolume
with our approach.From left to right: wireframeof the extractedmesh,volumerendering,combinedvolume
renderingandsurfacerendering(for theboundarybetweentwo sub-meshes),renderingwith one-dimensional
transferfunctionandrenderingwith two-dimensionaltransferfunction.

formation,wheretetrahedralgridshave provento be
moresuitablethanregular grids anddifferentmate-
rial properties,e.g.stiffnessparameter, aredesirable
for differentpartsof the mesh(SeeFig. 4 extracted
from thework by TejadaandErtl (2005)).

Figure4: Meshgeneratedwith ouralgorithmfrom the
Foot dataset suffering a physically-baseddeforma-
tion.

7 CONCLUSION
We have shown that the meshesgeneratedby our
strategy aresuitablefor volumevisualization.In fact,
the storageof a scalar representingthe averageof
thevoxel valuesin eachtetrahedronallows theusage
of multi-dimensionaltransferfunctionsin the hard-
ware implementationof the ray-casterwhilst avoid-
ing pre-integration.Thequalityof thevolumerender-
ing carriedout on the tetrahedralmeshgeneratedby
our methodis comparablewith the traditional regu-

lar grid volumevisualization.However, thegenerated
tetrahedralmeshescan also be usedin applications
otherthanvisualization,suchasphysically-basedde-
formation.

However, it is necessaryto point out that our ap-
proachdoesnot generatetetrahedralmeshessuitable
for all kindsof numericalsimulation,sincethe tetra-
hedradonotpresentahighqualityshape.A technique
devotedto improvethequalityof thetetrahedrawhilst
preservingthe alignmentof the meshwith the vol-
umeis currentlybeing implemented.This technique
shouldturn themeshessuitablefor a largersetof nu-
mericalapplications.

Anotherpoint thatdeservessomecommentsis the
meshsegmentationstrategy. Although very simple,
themeshsegmentationschemepresentedgoodresults
in mostof thetestswecarriedout,but its performance
is notsatisfactoryin somecases.Aiming atimproving
the resultsobtained,we areadaptinga powerful sta-
tisticalsegmentationstrategy to work with tetrahedral
meshes.Weseesuchstatisticalapproachasapromis-
ing tool.

Finally, concerningthe renderingalgorithm, the
most critical problemthat must be addressedarises
dueto theconstantgradientwithin eachtetrahedron,
which affectstherenderingfor largetetrahedrawhen
two-dimensionaltransferfunctionsdependentof the
gradientareusedor whennon-polygonaliso-surfaces
arerendered.Interpolationtechniquesarebeeninves-
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Dataset Processingtime [sec] Volumesize Meshsize Sizeratio Renderingtime [fps]
Meshgeneration Scalarvalues Segmentation Total [voxels] [tetrahedra] [bytes] 640� 480 1600� 1200

Knee 802.80 22.45 4.48 829.72 26471255 258600 0.218 3.76 0.80
Visible malehead 961.14 28.79 3.75 993.68 77070336 389060 0.122 2.92 0.63
Visible malefoot 218.32 6.08 1.24 225.65 4944354 101932 0.297 4.46 0.93

Foot 84.47 16.06 3.16 103.69 16777216 258600 0.256 3.41 0.74
Engine 264.37 7.40 1.38 273.15 8388608 122910 0.275 4.24 0.89

Table1: Resultsobtainedfor the meshgenerationalgorithmandmodi�ed single-passray-caster. Processing
timesin seconds,inputvolumesize,generatedmeshsizeandcompressionratio in bytesareshown for themesh
generationmethod.Performanceresultsfor theray-castermodi�ed for thetetrahedralmeshesgeneratedfor two
differentviewport sizesareshown in framespersecond.

tigatedin orderto sortout thisproblem.
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