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Abstract
We proposea novel approachfor a densetexture-based
visualizationof vector�elds oncurvedsurfaces.Ourtex-
ture advectionmechanismrelieson a Lagrangianparti-
cle tracingthat is simultaneouslycomputedin thephys-
ical spaceof the object and in the device spaceof the
imageplane. This approachretainsthe bene�ts of pre-
vious image-spacetechniques,suchas output sensitiv-
ity, independencefrom surfaceparameterizationor mesh
connectivity, andsupportfor dynamicsurfaces. At the
sametime, frame-to-framecoherenceis achieved even
when the cameraposition is changed,and potential in-
�o w issuesat silhouettelines are overcome. Noise in-
put for texture advection is modeledasa solid 3D tex-
ture and constantspatialnoisefrequency on the image
planeis achieved in a memory-ef�cient way by appro-
priatelyscalingthenoisein physicalspace.For the�nal
rendering,we proposecolor schemesto effectively com-
bine thevisualizationof surfaceshapeand�o w. Hybrid
physical/device-spacetextureadvectioncanbeef�ciently
implementedon GPUsandthereforesupportsinteractive
vector�eld visualization.Finally, we show someexam-
plesfor typicalapplicationsin scienti�c visualization.

Key words: Flow visualization,vector�eld visualization,
surfacevisualization,textures,GPUprogramming.

1 Intr oduction

Vector�eld visualizationplaysanimportantrole in com-
putergraphicsand in variousscienti�c andengineering
disciplinesalike. For example,theanalysisof CFD(com-
putational�uid dynamics)simulationsin the aerospace
andautomotive industriesrelieson effective visual rep-
resentations. Another �eld of applicationis the visu-
alization of surface shapeby emphasizingthe princi-
pal curvaturevector �elds [5]; hatchinglines are often
guidedby theprincipalcurvaturedirectionsfor thenon-
photorealisticrenderingof pen-and-inkdrawings.

In this paper, we focus on vector—or �o w—
visualization techniquesthat compute the motion of
masslessparticlesadvectedalongthevelocity �eld to ob-
tain characteristicstructureslike streamlinesor streak-

Figure1: Flow visualizationon a curvedsurfacefor an
automotive CFDsimulation.

lines. The fundamentalproblemof �nding appropriate
initial seedpointscanbeovercomeby a denserepresen-
tation,i.e., by denselycoveringthedomainwith particle
traces.Thisapproachgivesgoodresultsfor planar2Ddo-
mains,but hasintrinsicproblemsof clutterandocclusion
in 3D [8]. Flow visualizationoncurved2D hypersurfaces
throughthecomplete3D dataset,however, avoidsmost
of the occlusionproblemsandprovidesa more �e xible
representationthanon planarslices.Interesting�uid be-
havior oftenoccursin thedirectneighborhoodof acurved
boundaryandcanbedisplayedby this 2.5Dapproach.A
typicalexampleis thevisualizationof theair �o w around
anaircraftwing or anautomobile(seeFigure1).

Texture-basedvisualizationtechniquesfor 2D planar
�o w canbe extendedto 2.5D by consideringa C-space
(computationalspace)approach.Here,a parameteriza-
tion of thesurfacehasto beknown, andall computations
take placein theCartesian2D coordinatesystem.How-
ever, many surfacesarenot equippedwith a parameter-
ization andthusdo not allow for a direct applicationof
C-spacemethods.

In this paper, we ratherfollow anapproachguidedby
image-spacecomputations.Ourtechniqueis inspiredand
strongly in�uenced by the recentwork by Larameeet
al. [11] andVanWijk [21], who apply textureadvection
andimage-based�o w visualizationon the imageplane.



Theimage-spaceapproachhasanumberof importantad-
vantages:Neither the parameterizationnor the connec-
tivity information of a surfacemeshare required; it is
well supportedby the GPU (GraphicsProcessingUnit);
it doesnotneedsophisticateddatastructuresandis rather
simple to implement;the main part of the algorithm—
advectionandblending—isoutput-sensitive, i.e., theper-
formanceis determinedby the viewport size. Unfortu-
nately, therestrictionto pureimage-spacetextureadvec-
tion alsocausessomedisadvantages:Frame-to-frameco-
herencecannotbe guaranteedwhenthecameraposition
is changed;silhouettelinesarein�o w regionson theim-
ageplane,andit is dif�cult to maintainconstantcontrast
in thesein�o w areas;silhouettelineshaveto beidenti�ed
by animage-spaceedgedetector;only anexponential�l-
ter kernelis supportedfor Line IntegralConvolution.

The ideaof this paperis to combinethe image-space
methodswith someaspectsof object-spacemethods.The
main contributionsare: First, a hybrid Lagrangianpar-
ticle tracing in physical and device spacesthat retains
all aforementionedbene�tsof theimage-spaceapproach
andavoids its disadvantages.Second,a solid texturing
of the input 3D noisewhich �x es the noisestructurein
objectspaceandthusguaranteestemporalcoherenceun-
der cameramotion while, at the sametime, a constant
spatialnoisefrequency is maintainedontheimageplane.
Third, anapproachto effectively combinethevisualiza-
tion of surfaceshapeand�o w by usingappropriatecolor
schemes.Fourth, a mappingof our algorithmto GPUs,
which leadsto interactive rendering.Finally, we demon-
stratehow this approachcanbeusedfor typical applica-
tionsin scienti�c visualization.

2 PreviousWork

A large body of researchhasbeenpublishedon noise-
basedand densevector �eld visualization. For a com-
prehensivepresentationwereferto thereview articlesby
Sannaet al. [17] andHauseret al. [6]. Spotnoise[19]
andLine IntegralConvolution(LIC) [2] areearlytexture-
synthesistechniquesfor dense�o w representations,and
serve asthe basisfor many subsequentpapersthat pro-
vide a variety of extensionsand improvementsto these
original methods.Many recenttechniquesfor unsteady
2D �o w arebasedon thecloselyrelatedconceptof tex-
ture advection,the basicideaof which is to representa
densecollectionof particlesin atextureandtransportthis
texture alongthe vector�eld [16]. Lagrangian-Eulerian
Advection(LEA) [10] visualizesunsteady�o wsby aLa-
grangianintegrationof particlepositionsanda Eulerian
advectionof particlecolors. ImageBasedFlow Visual-
ization (IBFV) [20] is a variantof 2D texture advection
in which a secondtexture is blendedinto the advected

textureateachtimestep.
Since dense representationsneed a large number

of computations,graphicshardware can often be ex-
ploitedto increasevisualizationperformance.For exam-
ple, GPU-basedimplementationsare known for steady
�o w LIC [7], for different techniquesfor unsteady2D
�o ws [9, 20, 23], andfor 3D vector�elds [13, 18, 24].

The �rst techniquesfor dense�o w visualizationon
curved surfaces were basedon 2D curvilinear grids,
which directly provide a parameterizationthat can be
usedfor particle tracing in C-space.For example,LIC
can be applied in this fashionon curvilinear grids [3].
The effects of different cell sizesin suchgrids can be
compensatedby usingmulti-granularityinputnoise[14].
An arbitrarysurfacecanalwaysbeapproximatedby tri-
angulationand,therefore,visualizationongenericcurved
surfacesusuallyrelieson a trianglemeshrepresentation.
Battke et al. [1] describea steady�o w LIC technique
for triangle surfacesthat usesthe meshconnectivity to
tracea particlepathfrom onetriangleto anadjacentone
andthat builds a packingof trianglesinto texture mem-
ory. Maoet al. [15] avoid this trianglepackingby tightly
connectingthe LIC computationin texture spacewith
theview-dependentrenderingof themesh;however, they
alsoneedthe connectivity informationfor particle trac-
ing. As alreadymentionedin the introductorysection,
VanWijk [21] andLarameeetal. [11] proposeanimage-
spaceapproachfor textureadvectionon curvedsurfaces
which hasdirectly in�uencedthedevelopmentof our vi-
sualizationtechnique.

3 Lagrangian Particle Tracing on Surfaces

In thispaper, aLagrangianapproachto particletracingis
adopted.Eachsingleparticlecanbe identi�ed individu-
ally andthepropertiesof eachparticledependon time t.
The pathof a singlemasslessparticle is determinedby
theordinarydifferentialequation

dr(t)
dt

= u(r (t);t) ; (1)

wherer(t) describesthe positionof the particleat time
t andu(r ;t) denotesthe time-dependentvector�eld. In
thecaseof a �at 2D or 3D domain,thepointsor vectors
(markedasboldfaceletters)are2D or 3D, respectively.

In this paper, we focus on domainsthat can be rep-
resentedas 2D curved manifoldsembeddedin �at 3D
space. Curved nD manifoldsareoften describedby an
atlas,which is the collectionof charts;a chart consists
of a coordinatesystemthat is a subsetof the Cartesian
spaceRn, andof a mappingfrom themanifoldto theco-
ordinatesystem.Findinganappropriatesetof charts—a
setof parameterizations—foranarbitrary2D manifoldis



a formidableandexpensive task that is part of ongoing
research(see,for example,the papers[5, 12]). We do
not want to assumeor constructa parameterizationand
thereforechooseanotherrepresentationfor the embed-
dedmanifold: just the setof pointsr in R3 that belong
to thesurface.To build a tangentialvector�eld, thenor-
mal component(alongthenormaldirectionof thehyper-
surface)of the 3D vectoru hasto vanish. A tangential
vector �eld caneithercomefrom a direct construction,
suchasa�uid �o w computationonasurface,or from the
projectionof a non-tangential3D vector�eld. For a tan-
gentialvector �eld, Eq. (1) leadsto curves that stayon
thesurface.

Sofar, thevectorandpoint quantitiesweregivenwith
respectto physicalspace(P-space).Along therendering
pipelineof computergraphics,however, a large number
of additionalcoordinatesystemsis used. In GPU-based
interactive rendering,a vertex of the input geometryis
usually transformedfrom its original objectcoordinates
into subsequentworld, eye, andclip coordinatesby re-
spective af�ne or projective transformations.After ras-
terization,a fragmentundergoesthetransformationfrom
clip spaceinto normalizeddevice coordinates,via a ho-
mogeneousdivision by thew clip coordinate.In this pa-
per, theview frustumis assumedto be[0;1]3 in normal-
izeddevicespace(D-space).

In this notation,P-spacecoordinatesare identical to
their objectcoordinates.For a stationarysurfacegeome-
try, P-spaceandworld coordinatesarerelatedby a con-
stantaf�ne transformationthatis describedby themodel
matrix. On the one hand,a P-spaceapproachis well-
suited for representingeverything that shouldbe �x ed
with respectto objectcoordinates:For example,thenoise
input for LIC-lik e convolution (moredetailson specify-
ing suchanoisetexturearegivenin Section4) shouldbe
modeledin P-space;in thisway, a frame-to-framecoher-
ent displayof the input noiseis automaticallyachieved
even when the virtual camerais moved. On the other
hand,D-spaceis thenaturalrepresentationfor everything
that is directly relatedto, or governedby aspectsof, the
imageplane.For example,adensevector�eld visualiza-
tion is ideallycomputedonaper-pixel basiswith respect
to theimageplanein orderto achieveanoutput-sensitive
algorithmandauniformdensityon theimageplane.

Thebasicideaof our algorithmis to combinethead-
vantagesof P-spaceandD-spacerepresentationsby com-
puting particlepathsin both spacessimultaneouslyand
tightly connectingthesetwo pointsof view. Figure2 il-
lustratesthe coupledP/D-spaceapproach.The starting
point is Eq.(1), which is solvedby explicit numericalin-
tegration.A �rst-order explicit Eulerschemeis employed
in our current implementation,but other, higher-order
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Figure2: CoupledD-space(left) andP-space(right) rep-
resentationsof thesamescene.They axesareleft out to
simplify theillustration.

schemes(e.g.,Runge-Kutta)couldbeusedaswell. The
numericalsolver workswith P-spacecoordinatesr P ´ r
andtheoriginal tangentialvectorsuP ´ u. After eachin-
tegrationstep,the correspondingposition in D-spaceis
computedby applying the model,view, projection,and
homogeneousdivisionoperations,TMVPH:

rD = TMVPH(rP) : (2)

An importantpoint is that the vector �eld is no longer
given on a P-spacebut a D-spacedomain,i.e., we have
different representationsfor the vectorcomponentsand
the associatedpoint on the surface. This alternative de-
scriptionwith respectto D-spaceis givenby vP(rD; t) =
uP(T¡ 1

MVPH(rD);t). The differential equationthen be-
comes

drP(t)
dt

= vP(rD(t);t) ; (3)

in combinationwith Eq.(2).
Thecrucialstepin makingtheintegrationprocessef�-

cient is to reducethe3D representationof thequantities
thatdependon rD to a 2D representationwith respectto
the xD andyD componentsof rD. Sincethe �o w �elds
areassumedto live on opaquesurfaces,only theclosest
surfacelayer is consideredandthe zD componentof rD
(i.e., thedepthcomponent)canbeneglected.

Thegoalof all LIC-orientedtechniquesis to generate
a texture I by startingparticle tracesat eachtexel and
computingthe convolution integral along thesetraces.
This texture can be parameterizedby 2D device coor-
dinatesbecauseonly the visible surfacepartsareof in-
terest. Sinceeachparticle tracecanbe uniquely identi-
�ed by its correspondingseedpoint at the startingtime
t0, the P-spacepositionsalonga pathcanbe labeledby
thex andy device coordinatesof theseedpoint (x0

D;y0
D):

rP(t ¡ t0;x0
D;y0

D). Finally, thevector�eld with respectto



// Initialize the2D texture for vP(rD):
while rendering the surface with attached vector �eld:

make vectors tangential
transform vectors to device coordinates
! write result into tex2D vP(x0

D;y0
D)

// Setthe2D texture for theinitial positionsr P:
render surface and write rP into 2D texture tex2D rP(x0

D;y0
D)

// Initialize theconvolutiontexture:
tex2D I(x0

D;y0
D) Ã 0

// Iterateexplicit solveruntil maximumlengthis reached:
for i=1 to imax

for each visible texel (x0
D;y0

D):
// TransformfromP-spaceto D-space
(xD;yD) Ã TMVPH(tex2D rP(x0

D;y0
D))

// SingleEuler integrationstep:
tex2D rP(x0

D;y0
D) Ã tex2D rP(x0

D;y0
D)

+ Dt tex2D vP(xD;yD)
accumulate convolution in tex2D I(x0

D;y0
D), based on

P-space noise tex3D noise(tex2D r P(x0
D;y0

D))
endfor

endfor

Figure 3: Pseudocodefor the iterative computationof
surfaceparticlepaths.

2D devicecoordinates,vP(x0
D;y0

D; t), canbecomputedby
projectingthesurfacegeometryontotheimageplane.In
summary, all quantitiesthat areneededto solve Eq. (3)
canbestoredin 2D textureswith respectto thetexel po-
sitions(x0

D;y0
D).

Figure3 shows thecompletepseudocodefor texture-
basedLagrangianparticletracingon surfaces.Thealgo-
rithm is split in two major parts. In the �rst part, the
2D textures for rP and vP are initialized by rendering
the meshrepresentationof the hypersurface. The clos-
est depthlayer is extractedby the z test. The P-space
positionsaresetaccordingto thesurface's objectcoordi-
nates(i.e., thestandardvertex coordinates);interpolation
duringscanlineconversionprovidesthepositionswithin
thetriangles.Similarly, thevector�eld textureis �lled by
vP, which eithercomesfrom slicing througha 3D vector
�eld textureor from vectordataattachedto theverticesof
thesurface.If thevector�eld is not tangentialfrom con-
struction,it is madetangentialby removing the normal
component,which is computedaccordingto the normal
vectorsof the surfacemesh. In the secondpart, Eq. (3)
is solved by iteratingEuler integrationsteps. This part
workson the2D sub-domainof D-space;it successively
updatesthecoordinatetexturer P alongtheparticletraces,
while simultaneouslyaccumulatingthe contribution of
theconvolution integral in textureI . A contribution from
backwardparticletracescanbecomputedby additionally
executingthecompletealgorithmwith negatedstepsize.

Thealgorithmin Figure3 supportsonly steadyvector
�elds. In thecaseof atime-dependent�o w, theprojection

Figure4: Demonstratingthetreatmentof silhouettelines
andobjectboundariesfor surface�o w ona teapot.

of thevectordatahasto beperformedwithin theintegra-
tion loop. Notethatthedetailsof thenoiseaccumulation
steparecoveredin thefollowing section.

By restricting the device coordinatesto the image
planeduring the texture lookup in the 2D vector �eld,
we essentiallyimitate the behavior of the image-space
techniques[11, 21], i.e., thevelocityvaluesareevaluated
only at the surfaceand not at arbitrary 3D points. On
theotherhand,thepositionsin P-spacearenot projected
onto the hypersurface. This is onecrucial differenceto
the image-spacemethods.In this way, we avoid the in-
�o w boundariesthataregeneratedby silhouettelineson
the imageplaneand that causesomeof the artifactsin
[11, 21]. Moreover, the P-spacerepresentationprovides
abetternumericalrepresentationof positionsin thevicin-
ity of silhouettelinesby takinginto accountthreecoordi-
natesinsteadof only two. Finally, thefull 3D representa-
tion of P-spacepointsallowsusto distinguishtwo objects
that touch eachother in imagespace,but are at differ-
entdepths.Therefore,it is automaticallyguaranteedthat
�o w structuresdo not extend acrossobject boundaries.
Figure4 shows that the �o w structureis correctlygen-
eratedat silhouettelinesandboundaries.Evendisconti-
nuitiesof thetangentialvector�eld arewell represented.
Figure5 illustratesa uniform vertical3D �o w projected



Figure5: Vertical�o w projectedontotwo tori: LIC visu-
alization(left) vs. representationof themagnitudeof the
vectors(right).

onto two tori. The LIC approach(left image)normal-
izestheprojectedvector�eld to unit lengthandtherefore
producesa discontinuityof the �o w on the top andbot-
tom ringsof thetorus. Eventheseproblematicpartscan
betreatedby our approach.Theright imagein Figure5
showsthesamevector�eld withoutnormalizationto unit
length.Thestreaksareshorterat thetop of thetorusdue
to thesmallmagnitudeof thetangentialvector�eld. We
recommendto view theaccompanying electronicvideos
on our webpage[22] becausetheframe-to-framecoher-
enceprovidedby ourapproachbecomesapparentonly in
animations.

4 Visual Mapping and NoiseInjection

So far, the focushasbeenon the computationof parti-
cle paths.But how canthesepathsserve asthebasisfor
generatingeffective images?

For dense�o w visualization,we adopttheideaof LIC
on2D planarsurfaces[2] to producepatternsof different
colorsor gray-scalevalues.Thebasisis anoiseinput im-
age. By computingtheconvolution alongthecharacter-
istic curves,high correlationis achievedalongthe lines,
but noor only little correlationperpendicularto thelines.
GeneralizingtheLIC ideato 3D andtakinginto account
time-dependentnoiseinput similarly to IBFV [20], we
obtain

I (x0
D;y0

D) =

¥Z

¡ ¥

k(t ¡ t0)N(rP(t ¡ t0;x0
D;y0

D);t) dt; (4)

whererP(t ¡ t0;x0
D;y0

D) describesthe particlepathstart-
ing at point (x0

D;y0
D) at time t0, k is the �lter kernel,and

N(rP; t) is thetime-dependent3D noiseinput. After dis-

cretizingtheintegral,weobtain

I (x0
D;y0

D) = å
i

kiNi(r i
P(x0

D;y0
D)) Dt ; (5)

where the superscriptsi indicate the time dependency.
Sinceproceduralnoiseis (not yet) supportedby GPUs,
we model all texturesas sampledtextures. In a naive
implementation,thespacetimenoiseNi with its four di-
mensionswould requirea largeamountof texturemem-
ory. By adoptingthetimerepresentationfrom IBFV [20],
the temporaldimensionis replacedby a randomtempo-
ral phaseper texel. Furthermore,thememoryfor there-
mainingthreespatialdimensionscanbe reducedby pe-
riodically repeatingthe 3D texture along the main axes
(i.e., texture wrapping). From experience,noisetexture
sizesof 643 or 1283 areappropriatefor typical applica-
tions. Repeatingnoisestructuresmay becomeapparent
only for planarslices—aslong asthe surfaceis at least
slightly curved,texturewrappingleadsto goodresults.

However, oneproblemis introducedby oursolidnoise
texture: A constantspatialfrequency in physical space
leadsto different frequenciesafter perspective projec-
tion to imagespace. We overcomeassociatedaliasing
issuesby appropriatelyscalingthenoisetexturein physi-
cal spaceandthuscompensatingthe effectsof perspec-
tive projection. Mao et al. [15] usea uniform scaling
thatis basedon thedistanceof thesurfacefrom thecam-
era,which is appropriatefor generatinga non-animated
LIC imageof anobjectwith limited depthrange.Weadd
thefollowing two featuresto allow for temporallycoher-
ent, animatedvisualizationsof large objects. First, the
scalingfactoris computedfor eachparticleseedpoint in-
dependentlyto ensurea constantimage-spacefrequency
for objectswith largedepthranges.Second,thenoiseis
only scaledwith discretizedscalingfactorsandsnapped
to �x ed positionsto achieve frame-to-framecoherence
undercameramotions.

Weassumeamodelin whichnoisewith all spatialfre-
quencies,Ñ, is constructedby the sumof band-pass�l-
terednoise:

Ñ(r ) =
¥

å
i= 0

Nband(2ir ) ; (6)

whereNband serves as role model for the noiseand the
multiplicationby 2i resultsanincreaseof thespatialfre-
quenciesby 2i . Whena band-pass�lter is appliedto Ñ,
low andhigh frequenciesareremoved andthereforethe
in�nite sumis reducedto a�nite sumof Nband(2ir ) terms.
As an approximation,we assumea rathernarrow band
�lter and consideronly the linear superpositionof two



(a) (b) (c) (d)

Figure6: Differentshadingapproachesfor objectand�o w rendering:(a) gray-scale�o w visualizationwithout addi-
tional surfaceshading,(b) gray-scale�o w modulatedwith illuminatedgrayobject,(c) yellow/blue�o w visualization
modulatedwith illuminatedgrayobject,and(d) gray-scale�o w modulatedwith cool/warmshadedsurface.

neighboringfrequency bands,

N�ltered (r ) =
iscale+ 1

å
i= iscale

a iNband(2ir ) : (7)

Thetwo discretescalingfactorsaredeterminedby iscale,
which is computedfrom thedistanced betweenparticle
seedpoint andcamera(by usinglog2d). Theweightsa i
providea linearinterpolationbasedon thefractionalpart
of log2d. This model candirectly be realizedby sam-
pled texturesin combinationwith a fragmentprogram:
A singlecopy of Nband is storedas3D texture, themea-
sureiscale is computedfor eachseedpoint, two texture
lookupswith scalings2iscale and2(iscale+ 1) areperformed,
and�nally thesevaluesarelinearly interpolated.

Sincethe noisefrequency spectrumis variablein P-
space,the stepsizeof Lagrangianintegrationshouldbe
aswell. We changethestepsizein a similar way asfor
thenoise.In thiscase,however, wedonotneedthesnap-
ping to discretescalingfactors,but candirectly usethe
distanced asmeasure.

5 EffectiveObject and Flow Rendering

For the �nal rendering,both the LIC-lik e texture that
representsthe �o w, and the shapeand orientation of
the hypersurface should be taken into account. That
is, two types of information need to be visualizedat
the sametime: object shapeand �o w structure. Fig-
ure 6 (a) demonstratesthat the geometryof the surface
is extremelyhardto recognizeif the �o w texture is pro-
jectedontotheimageplanewithoutany modi�cations.

Sincewe are restrictedto displayingthe imageon a
2D imageplane,visual cuesare essentialto allow the
userto recognizeshapeandstructure.We think thatcol-
ors play a crucial role becauseshaperecognitionheav-
ily dependson the color variationsintroducedby illu-
mination. Figure6 (b) shows a straightforward way of

combiningcolors from the illumination with the struc-
ture from the �o w texture: Gray-scalevaluesare com-
putedaccordingto the diffuse illumination of the gray
objectsurfaceandthenmodulated(i.e., multiplied) with
the gray-scalevaluesfrom the LIC-lik e texture. This
imagegivesa good impressionof both �o w andobject
shape. However, both aspectsarecodedonly by lumi-
nancevariationsand, therefore,other color dimensions
arenot used.Basedon the tristimulustheory, colorsare
givenwith respectto a three-dimensionalspace.Accord-
ing to perception-orientedcolorsystems,luminance,hue,
andsaturationcanbedistinguishedasthreedimensions.
From this point of view, the approachof Figure 6 (b)
completelyneglectshue and saturation. Therefore,we
proposean alternative method: The LIC-lik e texture is
�rst mappedfrom gray-scalevariationsto eitherhueor
saturationvariations. Afterwards,the transformed�o w
texture is modulatedwith the illuminated gray surface.
Figure6 (c) demonstratesamappingto huevariationsbe-
tweenblue andyellow. From our experience,we prefer
huegradientsbecausethey result in a bettervisual con-
trastthansaturationgradients.

Building on the idea of using different color dimen-
sions for coding �o w and shapestructure,we propose
another, alternative techniquein which the rolesof hue
and luminanceare exchanged. Here, the LIC-lik e tex-
ture is representedby luminancevariationsandthe sur-
faceby huevariations.Cool/warmshading[4] is a well-
establishedhue-basedilluminationmodelthatleadsto an
intuitiverecognitionof shape.In Figure6 (d), cool/warm
shadingwith yellowish and bluish colors is modulated
with thegray-scaleLIC-lik e texture.

We think that the different approachesfrom Fig-
ure6 (b)–(d)havespeci�c advantagesanddisadvantages.
A puregray-scalerepresentation(b) allowsusto codead-
ditionalpropertiesin thehueandsaturationchannelsand
thusis usefulfor multivariateor multi-�eld visualization.



Furthermore,gray-scaleimagesare,of course,agoodba-
sis for black-and-whiteprinting. Sinceluminancevaria-
tions are a strongvisual cue for shaperecognition,the
techniquefrom Figure6 (c) providesa goodimpression
of the geometry. On the otherhand,the �o w texture is
hardto seein dimly illuminatedpartsof thesurface.Fi-
nally, cool/warmsurfaceshadingis excellentin showing
the�o w structurein all visible surfaceregions,but gives
aweaker impressionof thesurfacegeometry.

6 Implementation

Our implementationis basedon C++ and DirectX 9.0,
andwastestedon a Windows XP machinewith an ATI
Radeon9800Pro GPU (256 MB). GPU statesandpro-
grams(i.e.,vertex andpixel shaderprograms)arecon�g-
uredwithin effect �les. A changeof this con�guration
can be includedby changingthe clear-text effect �les,
without recompilingtheC++ code.All shaderprograms
areformulatedwith high-level shadinglanguage(HLSL)
to achieveacodethatis easyto readandmaintain.Since
the descriptionsof Lagrangianintegration in Section3
andnoiserepresentationin Section4 arealreadybased
on textures,mostpartsof our visualizationapproachcan
be readily mappedto the functionality of a DirectX 9.0
compliantGPU.A comparableimplementationshouldbe
feasiblewith OpenGLand its vertex and fragmentpro-
gramsupport.

An advantageof our approachis thatmostoperations
take placeon a texel-by-texel level. This essentiallyre-
ducesthe role of the surroundingC++ programto allo-
cating memory for the requiredtexturesand executing
the pixel shaderprogramsby drawing a singledomain-
�lling quadrilateral. The early z test allows us to skip
thepixel shaderprogramsfor thepixelsthatarenot cov-
eredby theprojectionof thesurfaceontotheimageplane.
Texturesareupdatedby usingtherender-to-texturefunc-
tionality of DirectX. As anexample,theHLSL codefor
a singleLagrangianparticle integrationstepis given in
Figure7, whichdemonstratesthatEqs.(2) and(3) canbe
readilytransferredinto acorrespondingpixel shaderpro-
gram. Similarly, theotherelementsof thealgorithmcan
bemappedto shaderprogramsin adirectway. Additional
technicalinformationandHLSL codescanbe found on
ourwebpage[22].

Someof thetextureshold datathat is replacedby new

Table1: Performancemeasurementsin fps.

Domainsize 6002 9502

Filter length 25 70 25 70

Teapot 26.2 10.1 13.1 5.1
Automobile 12.6 5.7 8.0 3.4

// Parameters:
�oat4x4 matMVP; // Model-view-projectionmatrix
�oat4 stepSize; // Integrationstepsize

struct VS Output f // Tex coordsfor viewport-�lling quad
�oat2 TexCoord: TEXCOORD0;

g;

struct PS Output f // HomogeneousP-spaceposition
�oat4 RGBA : COLOR0;

g;

// High-levelpixel shaderprogram
PS Output IntegratePS (VS Output In) f

PS Output Output;

// LookupcurrentP-spacepositionin texturePosTex
�oat4 posP = tex2D(PosTex, In.TexCoord);

// Oneintegrationstep,split into threeparts:
// (1) TransformfromP-spaceinto D-space
// Appliesmodel-view-projectionmatrix:
�oat4 posD = mul(posP, matMVP);
posD = posD / posD.w; // Homogeneousdivision
posD.x = .5 * posD.x + .5; // Mapsx from[-1,1] to [0,1]
posD.y = -.5 * posD.y + .5; // Mapsy from[1,-1] to [0,1]
// (2) GetP-spacevelocityfromthe2D texture
�oat3 velocity = tex2D(FlowField2dTex, (�oat2) posD);
// (3) Computenew P-spacepositionwith Euler integration
�oat3 posNew = posP + velocity * stepSize;

// Outputnew positionin homogeneousP-spacecoordinates
Output.RGBA = �oat4 (posNew, 1.0);

return Output;
g

Figure7: High-level pixel shadercodefor oneintegration
stepin hybrid P/D-spaceparticletracing.

valuesduring eachiteration step. For example, the P-
spacecoordinatesareupdated,basedon thecurrentposi-
tion. For sucha texture,ping-pongrenderingis applied:
Two copiesof the texture areused,oneas the destina-
tion texture (i.e., the rendertarget) andthe otheroneas
the datasource. The roles of the two texturesare ex-
changedafter eachiterationstep. To limit the required
texturememoryandmakefull useof theinternalmemory
bandwidthof the GPU, the depthof the color channels
in thetexturesshouldbereducedto thesmallestpossible
level. Fromourexperience,we�nd thefollowing choices
appropriate:32 bit �oating-point resolutionfor P-space
positions,16bit �x ed-pointnumbersfor theaccumulated
noisevalues,16bit �x ed-pointor �oating-point numbers
for the �o w data,and8 bit �x ed-pointnumbersfor the
inputnoiseandrandomphases.

Performancemeasurementsfor the aforementioned
hardware con�guration are shown in Table 1. Filter
lengthdescribesthenumberof integrationstepsto com-
pute the Line Integral Convolution. The teapotscene
from Figure4 is anexamplefor asurfacewith alow poly-
gon count, while the automobilescenefrom Figures1
and6 with its 1 143 796 trianglesand597 069 vertices



representsa realistic industrydataset. Pleasenote that
the performancenumbersfor the two scenesshouldnot
directly be comparedwith eachother becausethe two
scenescover different ratios of the domain; the car al-
mostcompletely�lls theviewport, while theteapotcov-
ersa smallerpercentage.However, thenumbersfor each
sceneshow that the complexity of the surfacegeometry
playsonly asmallroleandthattheperformancedepends
onthedomainsizeand�lter lengthin anearlylinearfash-
ion. Therefore,our implementationallows the user to
balancespeedagainstvisualizationquality by gradually
changingthe�lter lengthand/ortheviewport size.

7 Conclusionand Futur e Work

Wehavepresentedanovel approachfor texture-basedvi-
sualizationof vector�elds on curvedsurfaces.The tex-
ture advectionmechanismrelieson a simultaneousLa-
grangianparticle tracing in physical anddevice spaces.
Its built-in key featuresare: a high degree of output
sensitivity, independencefrom surfaceparameterization
andmeshconnectivity, frame-to-framecoherencein an-
imations,anda simpleandef�cient implementationon
GPUs. Noise input for texture advection is modeledas
a solid 3D texture, and a constantnoise frequency on
the imageplaneis achievedby appropriatelyscalingthe
noise in physical space. Finally, we have presenteda
numberof alternativestoeffectivelyconvey surfaceshape
and�o w structurein thesameimage.

In future work, it will be interestingandbene�cial to
introducedyeadvectionin our conceptof textureadvec-
tion. However, this will be a challengingtask because
dye needsa long history of its pathto be stored,which
might requireto extendthe2D representationbeyondthe
closestsurface.
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