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Abstract

Wepresentthe�rst, view-independentcell projectionalgorithmfor
off-the-shelfprogrammablegraphicshardware. Our implementa-
tion performsall computationsfor theprojectionandscanconver-
sion of a setof tetrahedraon the graphicshardwareand is there-
fore compatiblewith many of the hardware-acceleratedoptimiza-
tions for polygonalgraphics,e.g.OpenGLvertex arraysanddis-
play lists. Apart from our actualimplementation,we discusspo-
tential improvementson future, more �e xible graphicshardware
andapplicationsto interactivevolumevisualizationof unstructured
meshes.

CR Categories: I.3.3 [Computer Graphics]: Picture/Image
Generation—Bitmapand framebuffer operations,Display algo-
rithms; I.3.7 [ComputerGraphics]: Three-DimensionalGraphics
andRealism—Color, shading,shadowing, andtexture,Raytracing

Keywords: cell projection,pixel shading,programmablegraph-
icshardware,ray tracing,tetrahedralmeshes,unstructuredmeshes,
volumerendering,volumevisualization

1 Intro duction

Without doubtthereis a predominanceof polygonsin interactive,
three-dimensionalcomputergraphics.But evenmoreimportantly,
thedevelopmentof new mass-marketgraphicshardwareis — apart
from very few exceptions— driven by the needsof fastpolygon-
basedrendering; thus, the performancegap betweenpolygonal
graphicsandalternativeapproaches,e.g.volumegraphics,is in fact
wideningdespiterecentprogressesin volumegraphics. This de-
velopmentis not only a seriouschallengefor the volumevisual-
izationcommunity, but alsooffersgreatopportunitiesfor technical
advancesin volumerendering— providedthatthepotentialof new
hardwarefeaturesis successfullyexploitedfor volumegraphics.

Our ultimategoalarevolumetricgraphicsprimitivesthatareas
well supportedby graphicshardware as polygonalprimitives are
today. Givensuchprimitives,renderingof complex volumescanbe
performedby decomposingtheminto tetrahedraandscanconvert
eachcell in thesamemannerascomplex surfacesaredecomposed
into singletrianglesfor rasterizationby thegraphicshardware. In
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fact, it wasdemonstratedin [8] thathardware-supportedscancon-
versionof tetrahedralprimitiveswould dramaticallyaccelerateun-
structuredvolumerendering.Theprimaryadvantageof hardware-
basedrasterizationof tetrahedralcells is the possibility to exploit
graphicshardwareoptimizations,e.g.OpenGLdisplaylists,vertex
arrays,etc. More generallyspoken,theamountof transferreddata
is reducedandhighertransferratesareachievedasthemainCPU
maysendsetsof tetrahedralprimitivesto thegraphicsboardwith-
out any preprocessing— at the samerateaspolygonalprimitives
aresent.

However, insteadof proposingyet anotherhardwaresystemfor
volumerendering,wepresentatetrahedralcell projectionalgorithm
that is suitablefor off-the-shelfprogrammablegraphicshardware,
in particularnVidia's GeForce3graphicschip. Our algorithm is
“view-independent”in the sensethat the very sameper-pixel op-
erationsare performedindependentlyof the viewing parameters,
which is a crucial requirementfor an implementationon today's
programmablegraphicshardware. Therefore,all thecomputations
requiredfor theprojectionandscanconversionof tetrahedralcells
areperformedonthegraphicsboardandtheonly remainingtaskof
the main CPU is to transferthe view-independentdataspecifying
thetetrahedrato thegraphicssubsystem.In thecaseof asmallnum-
berof tetrahedra,thisdatamayactuallybebufferedonthegraphics
board,suchthat the renderingperformanceis not limited by the
bandwidthof thegraphicsbus.

Thus, our approachpromisesto overcomeseveral limitations
of previouslypublished,hardware-acceleratedcell projectionalgo-
rithms, which are brie�y reviewed in Section2. A detailedde-
scriptionof our algorithm is given in Section3 beforeits imple-
mentationis presentedin Section4. Due to limitations of today's
programmablegraphicshardware,wewereforcedto designseveral
workarounds,which arealsodescribedin detailasthey arepartof
the currentimplementation.Basedon integrationof differentop-
tical modelsdemonstratedin Section5, we discusstheapplication
of our approachto volumevisualizationof unstructuredmeshesin
Section6 andreportperformanceresultsin Section7. Futurework,
in particularwith respectto futuregraphicshardware,is discussed
in Section8.

2 Previous Work

Cell projectionis a well-known volumevisualizationtechniquefor
unstructuredmeshes.More preciselyspoken,a scalar�eld is visu-
alized,which is speci�edby scalarvaluesat all verticesof a mesh.
Of particularinterestaretetrahedralmeshes,sincethescalarvalues
may be linearly interpolatedwithin tetrahedralcells. Usually, the
scalar�eld is mappedto colorsandopacitiesby transferfunctions.

Early cell projectionalgorithms,e.g.by Max et al. [13], did not
employ any graphicshardwarebut relied on a rasterizationof the
cells in software.This approachis still of interest,seefor example
Fariaset al. [5], becauseof its �e xibility andits suitability for par-
allelisation;however, hardware-acceleratedalgorithmsturnedout
to beconsiderablyfasterundermostcircumstances.In thepast,al-
mostall of thesealgorithmswerebasedontheProjectedTetrahedra
(PT)algorithm,whichwas�rst publishedin [15].



The algorithm by Shirley and Tuchman exploits hardware-
acceleratedtriangle scan conversion by decomposingprojected
tetrahedrainto trianglesandrasterizingthesetriangles.Thecorrect
color andopacityarecomputedby ray integrationalongthe view
directionaccordingto someopticalmodel,e.g. thevolumedensity
modelby Williams andMax [17,12,18]. While thevolumerender-
ing integral is evaluatedcorrectlyat thetrianglevertices,thecolors
and opacitiesof all remainingpixels have to be interpolatedlin-
early, which causesratherstrongartifacts.Moreover, the triangles
aresemi-transparent;thus,they have to be renderedin the correct
visibility order, i.e. thetetrahedralmeshhasto besorted.

Therefore,subsequentresearchwasmainly focusedontheprob-
lem of ef�ciently sorting unstructuredmeshes[13, 19, 1, 20], in
particularnon-convex meshes[16, 2] andcyclic meshes[9]. Con-
siderablyfewer publications,e.g.Stein et al. [16] and Röttgeret
al. [14], wereconcernedwith a moreaccuratebut still hardware-
accerelatedevaluationof thevolumerenderingintegral.

Recently, agraphicshardwarearchitecturewasproposedby Wit-
tenbrink[21] togetherwith King et al. [8], which permitsto raster-
ize and sort tetrahedralmeshesin hardware. Unfortunately, this
hardwarearchitecturewasnotbuilt yet.

3 Scan Conversion of Tetrahedra

As mentioned in the introduction, a hardware-based,view-
independentscanconversionof tetrahedrawould enableus to em-
ploy optimizationtechniques,suchasOpenGLdisplaylists or ver-
tex arrays. Thesecannotbe usedin the PT algorithm,sincethere
areseveralcasesof theShirley-Tuchmandecomposition,of which
onehasto beselecteddependingon theview parameters.

In contrastto this,ourapproachmovesall view-dependentcom-
putationsto thegraphicsboardandachievesview-independency by
a rasterizationtechniquesimilar to raycasting.

3.1 View-indep endent Cell Projection

In orderto computeoneray for eachpixel coveredby theprojected
tetrahedron,we renderits front faceswith thescalarvaluesof the
volumespeci�edasvertex colors.Notethat,althoughwe areonly
interestedin thevisible faces,view-dependentdatais not required
sincewe canassurethatonly front facesarerasterizedby employ-
ing OpenGLbackfaceculling.

As suggestedin [14], we usea texturemapto accuratelyevalu-
atetheray integral within thetetrahedronallowing arbitrarytrans-
fer functions.Thevariablesrequiredastexturecoordinatesarethe
scalarvaluesf attheentrypoint,thescalarvaluesb attheexit point,
andthelengthl of theviewing raywithin thecell; seeFigure1.
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Figure1: Intersectinga tetrahedralcell with a viewing ray. sf and
sb arethe scalarvalueson the front andbackfacerespectively; l
denotesthethicknessof thecell for this ray.

As we setthevertex colorsto thescalarvaluesof themesh,the
linearinterpolationof vertex colorsperformedby thegraphicshard-
wareprovidesthescalarvaluesf on theentry(front) faceperfrag-
ment. The only remainingeffectively unknown parameteris the
thicknessl of thecell for theviewing ray, sincethethird parameter
sb canbeeasilycomputedfrom sf andl usingthegradient~g of the
scalar�eld within this tetrahedronandthe normalizeddirection ~d
of theviewing ray:

sb = sf + (~g� ~d)l : (1)

Thus, the remainingproblemis to determinethe correctper-
fragmentthicknessof thecell l , which is equivalentto theproblem
of �nding thedistanceatwhichaviewing rayexits thetetrahedron.

We will �rst describethe idea in generalwithout considering
limitationsof currentgraphicshardware.

3.2 Computation of Exit Points

In thissectionwewill assume,thatany per-tetrahedrondataisavail-
ableat eachfragment,in particularthefacenormalsandthescalar
�eld' sgradient.Also, thecoordinatesof theentrypoint,whichcor-
respondsto thefragment,haveto beknown. Thelattercaneasilybe
achievedby eitherexplicitly de�ning thevertex positonastexture
coordinatesor usingautomatictexture coordinategenerationwith
anappropriateparametrization.

The task of determiningthe length of the viewing ray inside
a tetrahedronis quite similar to the problemof clipping a three-
dimensionalline againstaconvex polyhedron,which in thiscaseis
a tetrahedron.However, we areonly interestedin theexit point,as
theentrypoint is alreadyknown. Thetwo-dimensionalanalogueis
depictedin Figure2. Let~v betheentrypoint correspondingto the
fragmentunderconsideration.Thetetrahedronis boundedby four
planeswith eachplanenormal~ni perpendicularto facefi .
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Figure 2: Illustration of per-fragmentray casting. We show the
analoguesituationin 2D. A viewing ray startingat theentrypoint
~v, which correspondsto the fragmentof the (blue) front face, is
intersectedwith all facesof thecell.

We adapt the well-known idea of parametricalline clipping
against convex polyhedraas proposedamongstothersby Cyrus
andBeck [3]: Testthe line with every faceof thepolyhedronand
computeline parametersfor the intersectionpoints. Using a clas-
si�cation of eachintersectionaspotentiallyenteringor potentially
leaving, the exit point we are looking for is given by the leaving
intersectionwith thesmallestparametervalue.

As theconsideredray startson a face,we only have to take into
accountthethreeremainingfacesof thetetrahedron.We assumea
parametricde�nition of theviewing ray:

~r = ~v+ t~d ; (2)



wherein the caseof perspective projection~d is the normalized
vectorfrom theview point to theentrypoint correspondingto the
fragment. For orthographicprojection, ~d is the normalizedview
vector, which canbe extractedfrom the cameraparameters.With
ai denotingthe constantterm in the planeequationof face f i , the
rayparameterti for theintersectionwith facefi canbecomputedas

ti =
(~v�~ni) � ai

(~d �~ni)
: (3)

Theclassi�cationof intersectionsis slightly simplerthanin the
generalline clippingalgorithm.Thereasonis indicatedin Figure3:
Accordingto thedirectionof ~n1, face f1 mustbeclassi�ed aspo-
tentially entering. However, as the ray startsat the correctentry
point, which is the maximumof all potentialentry points,the ray
parametersfor additionalenteringintersectionsarenecessarilyneg-
ative. All positive ray parametersti > 0 arepotentiallyleaving and
the minimum of all positive parameterscorrespondsto the actual
exit point. Furthermore,asthefacenormalsandtheview direction
areconsideredto benormalized,theminimumpositiveti is alsothe
thicknessl of thecell alongtheviewing ray, which is requiredfor
ray integration.
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Figure 3: Potentiallyenteringintersectionscan be eliminatedby
consideringthesignof thecorrespondingray parameter. Entering
intersectionsbesidesthe actualentry point correspondto negative
rayparameters.

In the next section, we presentour current implementation,
whichemploysacombinationof vertex programsandfragmentop-
erations.In Section8, we will discussimprovementsof theimple-
mentationfor futurehardware.

4 Implementation

Althoughtheper-fragmentcomputationpresentedin Section3.2 is
not very complex, it cannotbe performedon a per-fragmentba-
sison currentgraphicshardware. For example,nVidia's fragment
pipelineof theGeForce3chip series,consistingof textureshaders
andregistercombiners[7], requiresall texturelookupsto takeplace
beforeany arithmeticalfragmentoperation. Our approach,how-
ever, requiresadependenttexturelookupafterseveralper-fragment
computations.TheATI fragmentshaderextensionallows to inter-
leavearithmeticaloperationswith texturelookups,but thecurrently
availableATI RadeonR200chip supportsonly eight suchopera-
tions beforethe last texture lookup, which is insuf�cient for our
purposes.However, by limiting us to orthographicprojection,we
can implementthe sameideausingmainly per-vertex operations,
which canbeperformedview-independentlyby thegraphicshard-
wareusingvertex programs(see[7]).

For othographicprojections,the view direction is constantfor
every fragment; thus, the intersectionparametersti vary linearly
for all fragmentsof a certainfront face. We canexploit this fact
by computingtheparametersonly for theverticesof thefront face
andrely on the graphicshardwareto interpolatethe ti parameters
correctlyperfragment.

4.1 Per-Fragment Computations

As the ray parametersareprovided aslinearly interpolatedvertex
attributes,the only remainingper-fragmentoperationis the selec-
tion of thepositive minimumof the threeray parameters.We use
texture coordinatesto storethe threeti at eachvertex sincethey
mustnot be clampedto [0;1], which is the casefor color compo-
nents.Therearetwo methodsfor computingtheminimum: A se-
quenceof “conditionalset” instructionscanbeusedif includedin
thesetof availablefragmentoperations,asit is thecasefor theATI
RadeonR200graphicschip.

In our currentimplementationfor the nVidia Geforce3graph-
ics chip,however, we usea 3D texturemapto determinethemini-
mumof thethreetexturecoordinates(r;s;t) with 0 � r;s;t � 1. Un-
fortunately, whencomputingtheti accordingto Equation3 values
greaterthan1 arelikely to occur. We avoid this by “normalizing”
eachtetrahedronsuchthatthegreatestpossiblethicknessis 1.

This can be achieved by storing the maximumedgelength of
the tetrahedronin the homogeneoustexture coordinateq. We use
thehomogeneouscoordinateinsteadof dividing thetexturecoordi-
natesby themaximumedgelength,sincetheformerallowsamore
accurateinterpolationduring rasterization,as the division by the
homogeneouscoordinateq is performedontheinterpolatedtexture
coordinates.

Although ti may still be greaterthan1 after the normalization,
the correctminimum is guaranteedto be lessthan1; thus,values
greaterthan 1 may simply be clampedfor the lookup using the
OpenGLCLAMPTOEDGEtextureenvironment.Clampingcanalso
beemployedto preventnegativevalues,whichcorrespondto poten-
tially enteringintersections,from beingconsideredby overwriting
negative rayparametersby a largepositivevalue.

Notethataccurateshadingdependsheavily on theresolutionof
theminimumtexture.This is especiallyanissuefor stretchedtetra-
hedrasince,dueto thenormalization,they useonly partsof thetex-
turealongtheshortedges.However, largetexturesimposea large
memoryoverhead.We considerusinga resolutionof 1283, which
takes4 MB for a luminancealphatexturemap,agoodcompromise
betweenimagequalityandmemoryrequirements.

4.2 Per-Vertex Computations

As we have statedbefore,our goal is the view-independentscan
conversionof tetrahedra.Therefore,the requiredper-vertex pro-
cessingis not performedby the CPU but with the help of pro-
grammablevertex transformationas provided by the nVidia ver-
tex programextension[7]. This extensionreplacesthe standard
OpenGLtransformandlighting calculationsby a vertex program,
which may consistof a sequenceof up to 128 �oating-point vec-
tor instructions.The programis calledfor eachvertex in orderto
transformtheprovidedsetof vertex attributesto outputattributes,
which arethe input to the rasterizationunit. An additionaladvan-
tageof vertex programsis the relatively largesetof �oating-point
4-componentregistersto operateon anda largesetof constantin-
put registersto provide additionalinput requiredby thevertex pro-
gram. This functionalrangeallows us to de�ne view-independent
meshprimitivessinceall operationsrequiredfor thecell projection
canbeperformedby thevertex programdiscussedin theremainder
of this section.



The crucial partsof the vertex programare the view transfor-
mationof the verticesandthe computationof the ray parameters
accordingto Equation3. As theformulationof bothis straightfor-
ward with the availablesetof vertex programinstructions,we do
notpresentparticularcodefragmentshere.However, wewouldlike
to mentionthattheOpenGLfeedbackmodeserveswell for testing
vertex programs.

As explainedin Section3.2,we have to computetheray param-
etersti of the intersectionpoint of the ray with threefacesof the
tetrahedron.Conceptually, this would requirethe planeequations
of all threefacesasparametersfor eachvertex, sincevertex pro-
gramscannotshareany information betweenvertices. However,
thiswould increasethenumberof vertex attributessigni�cantly.

Fortunately, thenumberof parameterscanbereducedby thefol-
lowing argument.Considertheintersectionof a ray with a tetrahe-
dronillustratedin Figure4.
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Figure4: Nomenclaturefor tetrahedra.

Let thehighlightedface f0 of the tetrahedronoppositeto v0 be
the front faceto be rendered.In this casethe potentialexit faces
are f1, f2, and f3. Thus, the ray parameterst1, t2, and t3 must
beinterpolatedfor every fragmentof f0 andthereforecomputedat
the verticesv1, v2, andv3. Note that for v1 we alreadyknow the
correctt2 withoutany computation,sincev1 is partof facef2; thus,
t2 mustbe0. Thesameappliesto t3, which is also0, asv1 is part
of f3. In fact,we have to evaluateEquation3 only for t1; thus,we
only requiretheplaneequationof f1 asvertex parameterfor v1. In
general,we needtheplaneequationfor fi asvertex parameterfor
vi .

De�ning a planeequationasvertex parameterusually requires
four �oat values,a normal vector with three componentsand a
planeoffsetasadditionalparameter. Reducingthis numberof pa-
rametersis a worthy goal sinceevery additionalvaluethat hasto
betransferredto thegraphicsadapterdecreasestheoverall perfor-
manceor reducesthemaximumnumberof cellsof anunstructured
meshbufferedonthegraphicschip. Therefore,it is worthmention-
ing thatthesameinformationcanbeprovidedusingonly three�oat
values.As theplanenormalhasto bea unit vector, we candeduce
thethird componentfrom the�rst andsecondusing:

~n = (n0;n1;n2) = (n0;n1;
q

1� n2
0 � n2

1); for n2 > 0: (4)

Thus,wemaycomputethethird componentwith thehelpof only
a few vertex programinstructions.However, Equation4 only holds
for positive n2. Fortunately, ~n and� ~n leadsto the sameresultof
Equation3; thus,we canhandlethis problemby simply negating
thenormalvectorif thethird componentis lessthan0.

Note that at eachvertex only one ray parameterti is actually
computedby the vertex program. However, all verticesof a face
mustagreeon theorderingin which thethreerequiredray param-
etersti arestoredin the texture coordinatesr, s, andt, suchthat
they areconsistentlyinterpolatedduringrasterization.We achieve

this by explicitly providing theindex of thetexturecoordinatethat
shouldbeusedfor storingti . An index of 0 denotesr, while s and
t aredenotedby 1 and2, respectively. Using vertex programin-
structionswe have found two differentwaysof storinga scalarin
a certaincomponentof an outputvector. The correspondingcode
fragmentsaregivenin Figure5 andFigure6. See[7] for adetailed
de�nition of vertex programsyntaxandsemantics.

# c[8] = {1, 2, 3, 0}
# c[9] = {0, 1, 2, 0}
# R3.x = computed ray parameter
SLT R1, v[TEX0].z, c[8];
SGER2, v[TEX0].z, c[9];
MULR0, R1, R2;

MULR4, R3.x, R0;
ADDo[TEX0], R4;

Figure5: Mappingthecomputedrayparameterti to aspeci�c com-
ponentof the texture coordinateswith conditionalset instructions
“setonlessthan”(SLT) and“setongreaterequal”(SGE).Thecom-
ponentis speci�ed asan index i (0 � i � 2) by thet-texturecoor-
dinateof thevertex input attributes(v[TEX0].z ). Multiplying the
outputof a STL anda SGEoperationwith the de�ned constants
resultsin avectorwith 1 atpositioni and0 elsewhere.Wemultiply
this vectorwith theray parameterandaddit to the texturecoordi-
nates.

# c[18] = {1, 0, 0, 0}
# c[19] = {0, 1, 0, 0}
# c[20] = {0, 0, 1, 0}
# R1.x = computed ray parameter

ARL A0.x, v[TEX0].z;
MULR0, R1.x, c[A0.x + 18];
ADDo[TEX0], R0;

Figure6: Mappingthecomputedray parameterto a speci�c com-
ponentof the texturecoordinatesusingthe“addressregisterload”
(ARL) instruction.Thecomponentis speci�edby thet-textureco-
ordinateof thevertex input attributes(v[TEX0].z ). TheARL in-
structionmapstheindex i to oneof thevectorsc[18] , c[19] , and
c[20] provided asconstantprogramattributes. We multiply this
vectorwith therayparameterandaddit to thetexturecoordinates.

4.3 Edge Artifacts

Usingtheray parameterscomputedat thevertex positionsfor tex-
ture coordinatesasdescribedin the previous sectionleadsto arti-
factsatedgesof thetetrahedronascanbeobservedontheleft-hand
sideof Figure7. Note that the thicknessof the cell is mappedto
intensityin the�gure. Theinsetshows a darkseamalongtheedge
representinga thicknessof zero,which is obviouslywrong.

The reasonfor theseartifacts lies in the texture coordinates
shown on the right-handside of Figure 7. When renderingface
f1 ther coordinaterepresentsthedistanceto face f0. It is obvious
thatthisdistanceis negative. In otherwords,theintersectionof the
viewing ray with face f0 is a potentiallyenteringintersectionpoint
andshouldnot be consideredfor the exit point search.For most
fragmentson facef1 this is thecase,sincethehandlingof negative
ray parametersdescribedin Section4.2will guaranteethatt0 does
not in�uence theminimumsearch.
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Figure7: Identifying theminimumof the interpolatedray param-
eterswith the thicknessof the cell leadsto artifactsalong edges
betweenvisible faces. They result from assuminga zero thick-
nessalong the edge. In the presentedvisualizationthe thickness
is mappedto intensity, thustheartifactsshow up asclearlyvisible
darklines.

However, the interpolationweight for v0 is zeroalongtheedge
from v2 to v3; therefore,welosetheclassi�cationstoredin t0. Thus,
the intersectionof the viewing ray with face f0 is misinterpreted
as enteringpoint and the texture lookup for the minimal texture
coordinateerroneouslyreturnszero.Theproblemcouldbeavoided,
if a minimal interpolationweight could be speci�ed. In this case,
we would usea small offset for the interpolationandcompensate
thisby biasingthetexturecoordinatesbeforethelookupor by using
asmallbiasin ourminimumtexturemap.

Notethaterroneouslyclassi�edfragmentsareanadditionalrea-
son,why our useof vertex programsis restrictedto orthographic
projections.We like to point out oncemorethat theseartifactsare
solely introducedby theworkaroundof usingper-vertex computa-
tionsinsteadof per-fragmentoperations.With per-fragmentopera-
tions,theclassi�cationcanalwaysbecorrectlyevaluatedresulting
in thecorrectcell thickness.

However, we canalsoavoid thedefectsin a per-vertex manner.
We only have to guaranteethatat leastonevertex on theedgehas
thecorrectclassi�cationof thesecondfacesharingtheedge.Dur-
ing rasterizationthis classi�cationaffectsthewholeedge.We uti-
lize thecounterclockwisede�nition of thefacestode�ne adirection
for every edgeper face. Doing so,every vertex of the facecanbe
consideredas the start of oneof the threeedges. We supply the
normal of the adjacentfaceas vertex attribute to the start vertex
of eachedge.Similarly to thehandlingof negative ray parameters
describedin Section4.2,thevertex programcheckswhetherthead-
jacentfaceis potentiallyenteringandsetsthecorrespondingtexture
coordinateto a largepositivevalueinsteadof 0.

Consideringface f1 in the exampledepictedin Figure7, v3 is
thestartvertex of theedgefrom v3 to v2 andwouldsetther texture
coordinateto somelarge positive value. The r texture coordinate
of v2 will not be changedfor renderingface f1. In face f0 vertex
v2 is thestartvertex of theedgefrom v2 to v3 andwill modify its
r componentsincefacef1, whichcorrespondsto therayparameter
t1 atv1, is potentiallyenteringfor all fragmentsof facef0.

Using this scheme,oneendpointof the edgeis still being left
“unclassi�ed”. However, in orderto computethefull classi�cation,
eachvertex of thefacewouldneedthenormalsof all threeremain-
ing faces,which would requireeven moreper-vertex parameters.
We deal imagequality for transferrate,sincewe have found this
problemto benegligible. Theremainingclassi�cationmistakesoc-
cur at singularpositions,thusat mostonepixel per tetrahedronis
incorrectlycoloredandin mostcasesnopixel is in�uencedatall.

5 Optical Mo dels and Ray Integration

Our approachof view-independentcell projection conceptually
computesone ray segment of a viewing ray through a tetrahe-
dron for eachpixel. In order to determinethe color and opacity
contribution, we applypre-integratedclassi�cationfor cell projec-
tion [14, 4]. We usethescalarvalueon thefront facesf , thescalar
valueon the backfacesb, andthe thicknessl resultingfrom scan
converting the tetrahedronastexture coordinatesfor a 3D texture
mapstoringthevaluesof thevolumeray integral in dependency of
l , sf , andsb.

The lookup in this texture map hasto be performedbasedon
the resultof the lookup in the minimum texture describedin Sec-
tion 4.1. The setupfor the 3D dependenttexture lookup using
the nVidia texture shaderextension[7] is depictedin Figure 8.
If the optical model only requiresa 2D texture lookup a simi-
lar setupcan be constructedby simply replacingstage2 by a
DOTPRODUCTTEXTURE2D NVoperation.
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stage 0
TEXTURE_3D

stage 1
DOT_PRODUCT_NV
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Figure8: Textureshadersetupfor a3D dependentlookupusingthe
minimumrayparameterfrom theminimumtexture.

Thelookupin theminimumtexture is performedwith thecom-
putedrayparameters,whichare“normalized”usingthefourth tex-
turecoordinate.Thescalarproductin thesecondstagereconstructs
the scalarvalueon the backfacewith the help of the gradientin
view directiongd andthescalaron thefront facesf . Notethatwe
employ a luminancealphatexture mapasminimum texture with
the alphachannelsetto 1 in orderto allow for the additionof sf .
The third stageonly suppliessf as a texture coordinateand the
fourth stageemploys the “denormalized”ray parametergenerated
by multiplying the scaledlengthl=w with the scalingfactorw to-
getherwith sf andsb to look up the color andopacityaccording
to eachray segment. We provide suitabletexture coordinatesfor
thesecondto fourth textureshaderstagevia thevertex programin
order to combineall necessaryparametersfor the �nal lookup in
stage3.

5.1 Direct Volume Rendering

With the color and opacity contribution storedin a texture map,
differentshadingtechniquescanbeimplemented.However, for un-
sortedcell projectiononly thoseopticalmodelsarepossible,which
leadto a commutative blendfunction,i.e. allow thecompositingin
arbitraryorder. Among thesemodelsaremaximumintensitypro-
jection andrestrictionsof the full volumedensitymodel to either
the sourceterm or the absorptionterm. For all thesemodels,the
texturelookupallowsusto applyarbitrarytransferfunctions,which
only affect thegenerationof thetexturemap.



Figure9: Theimage showsa renderingof theblunt�n datasetdecomposedinto 225Ktetrahedra. We demonstrateour view-independentcell
projectionmethodusingemissiveprojectionwith anappropriatetransferfunctionapplied.

For maximumintensity projection, for example,a 2D texture
mapcontainsthemaximumof the transferfunction in the interval
[min(sf ;sb);max(sf ;sb)] at position(sf , sb). Moreover, we have to
useablackbackgroundandthemaximumblendingfunctionof the
OpenGLblendminmaxextension.

A pureemissive renderingof theunstructuredmesh,asdemon-
stratedin Figure9, simply addsthe contribution of eachtetrahe-
dron. In this casea 2D texture mapis suf�cient, sincethe depen-
dency of thecolor contribution on the lengthof theray segmentis
linear andcanbe integratedby modulatingthe resultof the shad-
ing lookupwith theresultof theminimumtexturelookup. We use
theregistercombinersextension[7] to multiply theresultof texture
stage2 with the r coordinateof texture stage0. The texture map
employed in stage2 containsthe integral of the transferfunction
for theinterval [min(sf ;sb);max(sf ;sb)] at position(sf , sb).

In contrastto thepreviousmentionedmodels,a restrictionto the
absorptiontermof thevolumedensitymodelrequiresa 3D texture
mapcontainingthe integral of theabsorptioncoef�cient alongthe
viewing raysegment.

All theseopticalmodelsmaybeextendedwith intensitydepth-
cuing [6] asdemonstratedin Figure11. Combiningour approach
with any cell sortingalgorithm(seeSection6), wecanaswell sim-
ulatetheoriginalPTalgorithmor integrateany publishedimprove-
ment, e.g. the appoachesof Stein et al. [16] or more recentlyof
Röttgeretal. [14] basedon texturemaps.

5.2 Isosurfaces

We arealsoableto rendermultiple �at shadedopaqueisosurfaces
without visibility orderingof thecells. A texturemapasdepicted
in Figure10 (seealso[14]) is usedto extract isosurfacefragments
from therenderedfaces.Thecorrectocclusionof isosurfacefrag-
mentscanbe guaranteedeven without sortingthe cells of the un-
structuredmeshbyacombinationof thealphatestwith theOpenGL
z-test.

The basic idea is quite obvious. Whenever the viewing ray
within a tetrahedronhits the isosurface,the inequalitiessf < siso
and sb > siso or vice versahold. In thesecasesthe texture map
lookupresultsin theambientmaterialcolor of the isosurface.The
texture mapsetsthe alphachannelto 0 whenever no isosurfaceis
present;thus,we canusethealphatestto renderonly fragmentsof
the isosurface. As mentionedin [14], we have to slightly modify
the texture map,effectively “thickening” the isosurfaces,in order

to avoid gapsbetweenisosurfacepatchesin adjacenttetrahedra.
Figure 10b shows an example for a texture map for multiple

isosurfaces. The “visibility ordering” is easyto understand:For
sf < sb we arelooking alongthegradientof thescalar�eld; thus,
isosurfacesfor smallerisovaluesoccludethosefor greaterisoval-
uesandvice versa.Renderingmultiple isosurfaceswe canassign
differentmaterialcolorsfor eachisovalueasdepictedin Figure12.

As our approachdoesnot provide interpolatedgradientswe are
limited to �at shadedisosurfaces.Therefore,thecompletelighting
maybecalculatedby thevertex program.Wecanrenderavirtually
arbitrarynumberof directionallights (seeFigure13),aseachlight
requirestwo entriesin thevertex program'sattributevector— light
directionin objectcoordinatesanddiffuselight color — andthree
vertex programoperations.
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0.5

1.0
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siso
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0
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Figure 10: (a) A 2D texture map for renderingisosurfaceswith
view-independentcell projection. Texels correspondingto isosur-
facefragmentsare coloredwith the diffuse materialcolor of the
isosurface.Thealphachannelis 0 in theabsenseof an isosurface.
(b) A texturemapfor threeopaqueisosurfaces.

6 Cell Projection of Tetrahedral Meshes

Apartfrom theprojectionof singletetrahedratherenderingof tetra-
hedralmeshesby cell projectionincludesmoretasks,e.g.visibility
sortingandthe transferof largeamountsof tetrahedra,which will
bediscussedin thissection.

Today, most of the volume renderersfor unstructuredmeshes
thatarebasedon theprojectedtetrahedraalgorithmcannotexploit
thepeekperformanceof moderngraphicsadapters[8]. Thereason



Figure11: In both images we showthe sameorbital-like arti�cial data set consistingof 150K tetrahedra. Different optical modelsare
demonstrated. In the left image an isosurfaceis rendered,whereasfor the right image a restrictionof the full volumedensitymodelto the
source termis used.We canapplyarbitrary transferfunctionsto enhancefeaturesof thedataset.Intensitydepth-cuingis usedto enhance
theperceptionof depth.Notetheartifactsin theright image resultingfromthelimited framebuffer resolutionof 8 bit.

is twofold: Firstly, dueto theoverheadof elementsorting,current
algorithmsarenotableto supplyordered,decomposedPTtriangles
at a suf�cient rate. A secondlimiting factor is the datatransfer
betweentheCPUandthegraphicsboard,especiallyfor PCgraphics
hardware. Thepeekperformanceof theAGPbus is only achieved
if datais transferredin largeblocksusingburst transfer. Note that
bursttransferhasagreatpotentialfor improving theperformanceof
volumerenderersfor unstructuredmeshes.Accordingto [8], there
is a possiblespeedupof factor20. However, PT basedalgorithms
produceacontinousstreamof triangles,whichcannotbecombined
to blockswithoutsigni�cant overhead.

The motivation for our approachof view-independentcell pro-
jection is to overcomethis bottleneckof datatransferbetweenthe
CPUandthegraphicsboard.With a view-independentdescription
of theunstructuredmesh,we areableto build a �x edsetof datain
a preprocessingstep,which is reusedin every frame. This allows
many optimizations,e.g.cachingor pre-compilationof thedatafor

Figure12: Individual materialcolorscanbeassignedto eachiso-
valuewhenrenderingmultiple isosurfaces.

optimizedtransfer. In this context, standardOpenGLprovidestwo
mechanismsfor optimization:displaylistsandvertex arrays[22].

Thebasicideaof displaylistsis to cachetheOpenGLcommands
suchthatthesamegeometrycanbede�nedonceandrenderedmul-
tiple times by simply executingthe display list. Optimizedper-
formancecanbeachieved,sinceparticulargraphicshardwaremay
storedisplaylists in dedicatedmemoryor maystorethedatain an
optimizedform thatis morecompatiblewith thegraphicshardware
or software.

Vertex arraysweredesignedto reducethe numberof OpenGL
functioncallssincestoringall vertex relateddatain justafew arrays
allows theprogrammerto specifya lot of graphicalprimitiveswith
only onefunctioncall. Similarly to displaylists, vertex arrayscan
alsobecachedor pre-compiledfor moreef�cient rendering.Recent
extensions,e.g. the vertex array rangeextension[7], might even
allow to buffer vertex relateddatain local graphicsmemoryor at
leastto storevertex datain a dedicatedareaof the client address
spacein order to enablethe graphicshardware to pull the vertex
datavia Direct MemoryAccess(DMA) usingbursttransfer. Thus,
theOpenGLclienthasto passonly vertex indicesor thenumberof
primitivesto render.

Furthermore,vertex arraysallow for nonredundantprocessing
of sharedvertices. However, our currentimplementationrequires
individualvertex datafor eachfaceof thetetrahedraand,therefore,
cannotbene�t from optimizedprocessingof sharedvertices.

Accordingto ourmeasurements,displaylistshardlyimprovethe
performanceof our methodon currentPCgraphicsadaptersbased
for exampleon the nVidia GeForce3or ATI RadeonR200 chip.
Therefore,our implementationemploys vertex arrays. However,
thischoicehasafew unfavorableimplications.Renderingwith ver-
tex arraysallowsnodataperelementbut only per-vertex data;thus,
somedatareplicationis needed,e.g.to provideeachvertex with the
gradientof thescalar�eld thatis constantpertetrahedron.

As switchingto aninterleavedvertex arraydoesnotsigni�cantly
affect the performanceof our implementation,we decidedto use
four arraysof vertex data: a vertex array, a color array, a normal
array, andan arrayof texture coordinates.For eachfaceof each
tetrahedronwe needindividual vertex instances,i.e. insteadof us-
ing a trianglestrip of six verticesper tetrahedron,twelve vertices
arerequiredfor thefour triangularfacesof eachcell.

The per-vertex datanecessaryfor our approachsumsup to 15
�oat values.Thevertex positionis storedin thex, y, andz compo-



Figure13: Bothimagesshow�at shadedisosurfaceswith multiplelight sourcesusingour view-independentcell projection.In theleft image
ananalyticaldatasetof about150Ktetrahedra is renderedwith two isosurfaces.Althoughperspectiveprojectionis usedartifactsarehardly
visible due to a comparatively small �eld-of-view. The right image showsthe samemethodapplied to a �nite-elementmesh(heat-sink)
consistingof 120Ktetrahedra usingorthographicprojection.

nentsof thevertex array, while thew componentholdstheconstant
factorof theplaneequationfor theoppositeface,which is required
for the computationof the ray parameter. Note that we canabuse
thiscomponentfor ourpurpose,sincethevertex programcanover-
write thehomogeneouscoordinateof thevertex with 1 beforeper-
forming theview transformation.Two componentsof theopposite
facenormalarestoredin r ands of the texture coordinates.The
reconstructionof the third componentof the normalvector is de-
scribedin Section4.2. Thet texturecoordinateholdsthe index of
thecomponent,thevertex will storetheray parameterin; q stores
the maximaledgelengthof eachelementrequiredfor “normaliz-
ing” texturecoordinates(seeSection4.1).

We usethe four color componentsto specify the tetrahedon's
gradientandthescalarvalueof thevertex. We do not have to take
careof clamping,sinceall vertex datais provided assigned�oat
valuesto thevertex program.Finally, eachvertex is providedwith
thenormalof oneadjacentfacein orderto avoid edgeartifacts(see
Section4.3).

We rendera completeunstructuredmeshby a single call of
glDrawArrays . Thus,assumingthatvertex datamayresidein lo-
cal graphicsmemory, our approachideally limits the transferbe-
tweenCPUandthegraphicsadapterto a few bytesper frameand
the graphicschip canoperateat full capacitywithout waiting for
datato bedelivered.

However, as all elementsin the vertex arraysare de�ned in a
�x ed linear order, no visibility sortingcanbe applied,which lim-
its our choiceof opticalmodels.Our view-independentprojection
method,though,alsoallows us to renderin visibility order, using
thesamevertex arraydata. Insteadof a singleglDrawArray call,
onecall pertetrahedronmayaddresstheelementsin sortedorderby
just transferingtwo indicespercell to thegraphicshardware.Note
thatthesortingalgorithmneedsto provideonly thesortedlist of in-
dices.In thissense,ourapproachis compatiblewith any published
cell sortingalgorithm.

7 Results

Wehavetestedour implementationontwo systems:The�rst wasa
Linux PCwith anAthlon 1200MHz processorand512MB RAM.
However, thein�uence of theCPUis negligible sinceourapproach

movesmostof thecomputationto thegraphicsprocessor. Asgraph-
icsadapteraGeForce3with 64MB of localmemorywasused.

Table 1 shows the performanceof the GeForce3for different
datasetspresentedin the paper. Sphereand heat-sinkdenotethe
datasetsof Figure13, whereastheorbital datasetis shown in Fig-
ure 11. Note that the performanceis not affectedby a particular
opticalmodelor transferfunction,sincedifferentopticalmodelsor
transferfunctionsareimplementedby modifying the contentof a
2D texturemaponly. Eventhemoreexpensive 3D texture lookup
requiredfor theabsorptiononly opticalmodelperformscompara-
bly whichindicatesthatourimplementationis notrasterizationlim-
ited. Wepresenttheresultsfor renderingwithoutvisibility sorting.

no. cells fps tets/sec MB/sec
Blunt�n 224874 1.08 242K 174
Heat-sink 121668 2.01 244K 175
Orbital 148955 1.65 245K 177
Sphere 148955 1.65 245K 176

Table1: Performanceof our view-independentcell projectionfor
differentdatasetsusinga GeForce3graphicsadapter.

The Geforce3 chip performed better than the also tested
GeForce3Ti200 chip with the sameamountof local memory. As
expected,theachievedframeratesarelinearin thenumberof cells.
Table1 shows that thenumberof tetrahedraprocessedpersecond
is almostconstant.

However, theaveragedatatransferrateof about175MByte/sec,
which canbe computedwith the productof verticesper element
(12), number of vertex attributes (15), and the size of a �oat
value, is signi�cantly below the theoreticalpeekperformanceof
1000MByte/secof a4� AGPconnection.

This hastwo reasons:First, at leaston theGeForce3,usingour
vertex programsobviously imposesa signi�cant overheadcom-
paredto standardOpenGLtransformand lighting. We were not
ableto transformmorethan6.4million verticeswith ourquitemod-
eratevertex programsof about30-50 instructions,dependingon
theopticalmodel. UsingstandardOpenGLtransformandlighting
our testsystemachieved ratesof up to 18 million vertices. Note,
thataverysimplevertex program,whichonly consistsof theview-



transformation,performscomparably.
However, the main bottleneckis not the vertex transformation

unit or therasterizationbut thedatatransfer. For datasetsof relevant
sizewe could not exploit the vertex arrayrangeextension,which
wehave foundout to be2-3 timesfasterthaneveryotherapproach.
This performanceis dueto the fact that vertex rangearraysallow
the vertex datato be cachedin the local memoryof the graphics
adapteror in a memoryareawhich canbeaccesseddirectly by the
graphicsadapterusingDMA pull. However, vertex rangearrays
are currently limited to vertex dataof lessthan 32 MB, even on
graphicsadapterswith 128MB of localmemory, whichwouldhave
restrictedusto roughly90K tetrahedra.Relyingonordinaryvertex
arraysthe bottleneckof our implementationis the bandwidthfor
themainmemoryaccess.This is demonstratedby Table2.

no. cells fps tets/sec MB/sec
Blunt�n 224874 1.67 375K 167
Heat-sink 121668 3.02 367K 163
Orbital 148955 2.53 377K 168
Sphere 148955 2.53 377K 168

Table2: Performanceof our view-independentcell projectionon a
GeForce3for different datasetsusingmainly short valuesinstead
of �oats asvertex data.

Herewehaveusedshortvalues,insteadof �oats for therequired
per-vertex datawhereverpossible.Therebywewereableto reduce
the memorybandwidthrequirementsfrom 720 bytesper tetrahe-
dron to 456bytesper-tetrahedron.It hasturnedout that theeffect
of the moreinaccuratedatarepresentationon the imagequality is
negligible. The tableshows almostthesamedatatransferratesas
Table1 but thenumberof tetrahedrapersecondwasincreasedcor-
respondinglyto thereductionof data.

OursecondtestsystemwasaLinux PCwith aGeForce4Ti with
128MB of localmemory, anAthlon XP 1800+,and512MB RAM.
On this graphicschip,we did not recognizea performancepenalty
for vertex programrendering,dueto thesecondvertex pipline. Ta-
ble 3 shows the performanceof the systemfor the samedatasets
with areducedamountof per-vertex data.Theframeratesareabout
50%higherthanon theGeForce3system.However, asour imple-
mentationis memorybandwidthlimited, thespeedupmainlyresults
from thefastermemoryaccessof thesecondtestsystemratherthan
thefastergraphicschip.

no. cells fps tets/sec MB/sec
Blunt�n 224874 2.13 479K 213
Heat-sink 121668 3.81 464K 207
Orbital 148955 3.23 481K 214
Sphere 148955 3.23 481K 214

Table3: Performanceof our approach for differentdatasetsusing
nVidia'sGeForce4chip.

8 Future Work

The next generationof programmablegraphicschips will proba-
bly implementDirectX 9 andin particularversion2.0 of the Pix-
elShaderlanguage.Accordingto Marshallin [11], thisversionwill
allow up to 32 texture lookupsandup to 64 arithmeticoperations,
includingthecomputationof reciprocals.Thus,we will beableto
implementour algorithmwith per-fragmentoperationsonly. This
will not only remove thecostlyvertex programbut alsotherestric-
tion to orthographicprojections. Furthermore,we will be ableto

employ texture lookupsto accessany meshdata,e.g.gradientsof
thescalar�eld or facenormals,andtherebydramaticallyreducethe
numberof requiredvertex parameters.Moreover, thiswill allow us
to reuseverticesof the meshfor multiple triangles;therefore,we
will beableto projecta tetrahedronby renderinga trianglestrip of
four triangles,i.e. with 6 verticesinsteadof 12 verticesin thecur-
rent implementation.The reduceddatawill alleviate the memory
bottleneckleadingto asigni�cant speedup.

A more �e xible fragmentpipelinewill alsoallow us to imple-
mentseveralinterestingextensionsto ouralgorithm,e.g.clip planes
for tetrahedra.

9 Conclusions

We have presentedthe �rst view-independentcell projectionalgo-
rithm suitablefor commercialoff-the-shelfgraphicshardware.Un-
fortunately, it turnedout thattoday's graphicshardwareis not �e x-
ible enoughfor anoptimalimplementation.Nonetheless,theview-
independency allows us to exploit important optimization tech-
niques,especiallyOpenGLvertex arrays.Therefore,our cell pro-
jection algorithmis likely to performsigni�cantly betterthanthe
traditional Shirley-Tuchmanprojection on future graphicshard-
ware.

Moreover, our algorithmis suitablefor architecturessupporting
order-independenttransparency as proposedby Wittenbrink [21]
andit may be employed aspart of a hardware implementationof
theraycastingalgorithmin unstructuredmeshes[10].
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