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Abstract. Wepresentanew downsamplingmethodfor structuredvolumegrids,
whichpreservesmuchmoreof thetopologyof ascalarfield thanexistingdown-
samplingmethodsby preferablyselectingscalarvaluesof critical points.In par-
ticular, many critical pointscanbepreservedwhicharelostby traditionaldown-
samplingmethods.Our methodis named“topology-guideddownsampling”as
topology-preservingdownsamplingis impossiblein general.However, we show
that even an approximatepreservation of topologyis highly desirableif isosur-
facesareextractedfrom the downsampledvolumegrid, e.g.for interactive pre-
viewing, becausemany topologicalfeaturesof the isosurfaces,e.g.the number
of components,tunnels,andholes,are preserved. We illustrate the benefitsof
our methodwith examplesfrom medicalandtechnicalapplicationsof volume
visualization.

1 Introduction

Interactivevisualizationof largevolumegridsis still a challengingtaskbecauseof the
increasingsizeof datasetsin medical,technical,andscientificapplications.However,
interactive changesof thepoint of view, anisovalue,a transferfunction,or a clipping
geometrygreatlyimprovestheusabilityandacceptanceof visualizationtoolsandare
thereforeoftenrequiredby users.

Onecommonapproachto providea high degreeof interactivity evenfor largevol-
umemeshesis to visualizea coarse,simplifiedmeshwhile theuserinteractswith the
visualizationtool andto switchbackto thefine meshassoonastheuserstopsto inter-
act.For structuredgridsthesimplificationis usuallydoneby downsamplingin orderto
generatea coarsegrid with thestructureof theoriginalgrid. Thus,thesamevisualiza-
tion algorithmscanbeemployedfor bothgrids.

However, traditionaldownsamplingmethodsignoreandthereforedestroy thetopol-
ogy of the original scalarfield, in particularits critical points.Thus,the topologyof
isosurfacesextractedfrom downsampledgrids will usuallydeviate strongly from the
topologyof theoriginal isosurfaces,i.e. thenumberof disconnectedcomponents,tun-
nels,andholeswill stronglydiffer.

Unfortunately, in many casesthe topologyof an isosurfaceis its most important
featureas it allows the userto navigate in a volume,to identify noisein a dataset,
or to estimatethequality andplausibility of extractedshapesor structures.Therefore,



it is necessaryto usetopology-preservingsimplificationtechniquesin orderto extract
isosurfaceswith thecorrecttopologyevenfrom coarsemeshes.However, existing ap-
proachesarelimited to unstructuredmeshesandthereforenot suitedto visualization
algorithmsfor structuredgrids.

Topology-guideddownsampling,the methodpresentedin this paper, fills this gap
by providing a simple algorithm for downsamplingstructuredgrids without blindly
destroying thetopologyof thescalarfield.This is achievedby calculatingcritical points
anddeterminingthedatavaluesof thedownsampledgrid from thisclassification.

Therestof thispaperis organizedasfollows:Section2 reviewspreviousworkabout
downsamplingandtopologypreservation in direct andindirect volumevisualization.
Our new downsamplingalgorithmis presentedin Sect.3. Applicationsof this method
to medicaland technicalvolume datasetsare discussedin Sect.4, which compares
our resultswith averagingdownsamplingandclearlydemonstratesthe importanceof
(approximate)topologypreservation.Ourconclusionsaresummarizedin Sect.5.

2 Related Work

Many algorithmsfor volumevisualizationhave beenacceleratedby employing down-
sampledgrids,e.g.ray casting[4,9], splatting[8], andisosurfaceextraction[7,13,11,
14]. For all thesetechniquesdownsamplingis anessentialpreprocessingstep.

Downsamplingitself canbeimplementedby subsampling,i.e.successivelydeleting
vertices,but is more often achieved by replacinga group of vertices(for structured
volumegridsusually ��������� ) by onevertex with theaveragedatavalueassuggested
for 2D mip mapsby Williams in [15] andfor 3D mip mapsby Levoy andWhitaker in
[9]. The generalizationof this methodis to filter a grid beforesamplingit at a lower
resolution;for a recentapplicationsee[7].

As mentioned,thesedownsamplingmethodsusuallydestroy the topologyof the
scalarfield definedon the mesh.Unfortunately, thereis no uniquedefinition of the
topologyof a scalarfield; relatedconceptsarethe contour tree [3], the (hyper) Reeb
graph [5], and the topology graph [1]. However, thesemethodsareall basedon the
conceptof critical points of a scalarfield. Therefore,topologypreservationof a scalar
field is definedas the preservation of all critical points; seefor example[2,6]. The
theoreticalframework for thisdefinitionis providedby Morsetheory, see[10].

Topology-preservingandcontrolledtopologysimplificationof mesheshavebecome
importanttechniquesfor unstructuredmeshes[2,6]. In orderto utilize thesetechniques
andconceptsin the context of structuredgrids, we presentthe methodof topology-
guideddownsamplingin thefollowing section.

3 Downsampling with Approximate Topology Preservation

As topology-guideddownsamplingis possiblein two dimensionsaswell as in three
dimensions,wewill illustrateouralgorithmwith thehelpof thetwo-dimensionalscalar
field �
	���
���� depictedin Fig.1a,which is definedby a bilinear interpolationbetween
scalarvaluesat theverticesof a two-dimensionalcartesiangrid. Isolinesareextracted
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Fig. 1. (a) A two-dimensionalscalar(height)field. (b) Piecewiselinearapproximationto aniso-
line in thescalarfield of (a)

Fig. 2. The critical points of the field of Fig.1a. Maxima are marked with dottedcircles ( � ),
minimawith disks( � ), andsaddlepointswith emptycircles( � )

from this grid by a decompositioninto triangularcellsandslicing theresultantheight
field with ahorizontalplaneasshown in Fig.1b.

In order to (approximately)preserve the topology of this scalarfield, its critical
pointshave to bepreserved.Thefirst stepis thereforeto identify critical pointsin two-
andthree-dimensionalstructuredgrids.

3.1 Critical Points in Two Dimensions

Critical pointsarelocal maxima,local minima,andsaddlepoints.They indicatepoints
whereanisolineor isosurfacechangesits numberof componentsor its genus.It is an
importantadvantageof simplicialmeshes,i.e. triangularmeshesin two dimensionsand
tetrahedralmeshesin threedimensions,that all critical pointsareat vertex positions.
Therefore,two-dimensionalstructuredgrids are usually decomposedinto simplicial
meshesasshown in Figs.1b and2 for our example.We emphasizethat this decompo-
sition is only virtual, i.e. it is notstoredin any datastructuresbut performedon-the-fly
whenever it is required.

In orderto handleverticesat theboundaryof thegrid, we (virtually) generatethe
missingneighborsby mirroring neighboringverticesacrossthe boundary(see[6]).
With this in mind, thedecompositioninto trianglesemployed in Fig.2 generatesonly



(a) (b)

Fig. 3. Thesurroundingpolygon(thick line) of avertex ( � ) with (a) four neighborsand(b) eight
neighbors

two kindsof vertex neighborhoods:onewith four neighborsshown in Fig.3aandan-
otherwith eightneighborsshown in Fig.3b.

In analogyto [6] we definethecorrespondingsurrounding polygon of a vertex by
theboundaryof theadjacenttriangles.Thesurroundingpolygondefinesanedgegraph,
which will beusedin orderto classifythesurroundedvertex asa regularpoint, local
maximum,localminimum,or saddlepoint.

This classificationis achieved by markingeachnodeof the edgegraph,i.e. each
vertex neighborof thesurroundingpolygonof a vertex. A neighboris markedwith a�

if its datavalueis greaterthanthevalueat thesurroundedvertex, anda � otherwise.
Thenall edgesbetweena

�
nodeanda � nodearedeletedandthenumberof remaining

connectedcomponentsof the edgegraphis counted.If this numberis one, thenthe
point is an extremum;if it is two, thenthe point is regular; otherwisethe point is a
saddlepoint. The resultsof this classificationfor eachvertex of the grid of Fig.1a is
shown in Fig.2.Notethatthisclassificationignoresany degeneracies.Thisis legitimate
asweareonly concernedwith anapproximatepreservationof critical points.

3.2 Automatic Look-Up Table Generation

In orderto speedup the classificationof pointsdiscussedabove, precalculatedlook-
up tablesareemployed.This is doneby numberingall nodesof the edgegraph.The
numberof eachnodecorrespondsto a bit position,which holds the mark � or

�
of

thecorrespondingnode.Theresultantbit patternis interpretedasanintegerindex into
a look-up tablewhich containsa classificationcodefor eachindex. For example,the
bit patternfor a local maximumwill only consistof � s, i.e. the index will be � . Thus,
thefirst entry in the look-uptablewill betheclassificationcodefor a local maximum.
Similarly, thebit patternfor a local minimumwill only consistof

�
s, i.e. thelastentry

in thelook-uptablewill betheclassificationcodefor a localminimum.
We note that local maximaandminima areeasily identified; therefore,only one

bit perentry in thelook-uptableis neededin orderto distinguishbetweenregularand
saddlepoints, thus the minimal table size for the surroundingpolygon of Fig.3a is
only �����������! #"%$�&(' . Thesizeof thecorrespondinglook-uptablefor thesurrounding
polygonof Fig.3b is �*)+�����-,.�/ #"%$�&+' .
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Fig. 4. Surroundingpolyhedraof a vertex: (a) six neighborsdefineanoctahedron.(b) 18 neigh-
borsdefinea triangulatedcubeoctahedron

3.3 Critical Points in Three Dimensions

Thefirst problemin threedimensionsis to find a suitabletetrahedralizationof a struc-
tured hexahedralgrid. In [3] Carr et al. discussvariousdecompositionschemesfor
three-dimensionalstructuredgrids and choosea subdivision of eachhexahedralcell
into face-centeredsquarepyramidsalthoughthisrequiresthatnew datapointsareinter-
polated.We decidedto avoid new datapointsandthereforesubdivideeachhexahedron
into five tetrahedra.As notedin [3], this decompositionis not symmetricalasit gen-
eratestwo kinds of vertex neighborhoods.Also note that the decompositionis only
virtual, i.e. it is performedon-the-fly.

In analogyto the two-dimensionalcasewe definethe correspondingsurrounding
polyhedron of a vertex by the boundaryof the adjacenttetrahedra(see[6]). For the
decompositionof hexahedralcells into five tetrahedrathis generatestwo polyhedra:
an octahedronanda triangulatedcubeoctahedron;seeFigs.4a and4b. However, the
approximativenatureof ouralgorithmallowsusto relaxtheneedfor acorrectsimplicial
decomposition.Thus,we usethesamesurroundingpolyhedronfor all vertices.As the
triangulatedcubeoctahedrongeneratedbetterresultsin our experiments,we employed
it for all examplesin Sect.4.

The classificationof verticesas regular points, local maxima,local minima, and
saddlepoints is donein a similar way as in the two-dimensionalcase.In particular,
nodesof theedgegraphsdefinedby thesurroundingpolyhedraaremarkedin thesame
way: Nodeswith a datavaluegreaterthanthedatavalueat thesurroundedvertex with
a
�
, otherwisewith a � . All marksarecollectedin abit pattern,whichis usedto index a

precomputedlook-uptablecontainingtheclassificationbit for thevertex asdiscussed
above.Thetablesizeis �.01)+���2�3,.�%4�5.�6 #".$7&(' for thetriangulatedcubeoctahedronand
�98+�9���:�6 #"%$�&+' for theoctahedron.

3.4 Preservation of Critical Points

Oneof the resultsof Morse theory is, that we have to preserve all critical pointsof
a scalarfield, in order to preserve the topologyof all its isosurfaces.However, it is



Fig. 5. The partitioningof the grid of Fig.1a employed for downsampling.Critical pointsare
markedasin Fig.2

(a) (b)

Fig. 6. (a) Thescalarfield obtainedby averagingdownsamplingof thegrid of Fig.1a.(b) Piece-
wiselinearapproximationto anisolinein thefield of (a) for thesameisovalueasin Fig.1b

not necessaryto preserve theexactgeometricpositionof thecritical points.Nonethe-
less,thescalarvaluesat all critical pointshave to bepreservedexactly. Otherwise,the
topologyof isosurfacesfor isovaluesin theinterval betweentheold andthenew scalar
valueat a critical point is changed.For example,if a local maximumis preservedbut
its scalarvalue ;�<6=�> is decreasedto ;%?<6=1>A@ ;�<6=�> , all isosurfacesfor isovaluesin the
interval B ;#?<6=�> 
1;�<6=�>+C will be modifiedtopologically. This is what usuallyhappensto
localextremawith thetraditionalcombinationof filtering anddownsampling.

An exampleis givenin Figs.1, 5, and6. Thescalarfield of Fig.1ais downsampled
by averagingthe scalarvalues,i.e. heights,over groupsof four (or less)verticesas
indicatedin Fig.5 (for now ignore the marksof the critical vertices).Eachgroupof
verticescorrespondsto onenew vertex of the downsampledgrid depictedin Fig.6a.
Becauseof the averagingthe height of both maximais decreasedin the new field.
Therefore,theisolinesfor thesameisovaluearetopologicallydifferentfor theoriginal
field andits downsampledversionasshown in Figs.1band6b,respectively.

Our goal is to avoid thesechangeswhenever possible;therefore,we have to avoid
linearfiltering. Thus,our downsamplingprincipleis to selectandtherebypreserve the
scalarvaluesof critical points.Although this selectiondoesnot guaranteethe preser-
vation of critical points, the preservation of the selectedscalarvaluesis a necessary
conditionfor thepreservationof critical points.



(a) (b)

Fig. 7. (a) SameasFig.6a for topology-guideddownsampling.(b) SameasFig.6b for thefield
in (a)

Theselectionis illustratedin Fig.5, whereall critical pointsaremarked.In thisex-
ampleeachgroupof verticescontainsexactlyonecriticalpoint.Thescalarvalueof each
critical point is thenusedfor downsamplinginsteadof theaverageheightof thegroup
of vertices.Theresultantdownsampledgrid is depictedin Fig.7a.Figure7bshowsthat
the topologyof the isoline of Fig.1b is preservedwith this downsamplingtechnique.
Thefollowing sectiondescribesourmethodin moredetailfor three-dimensionalgrids.

3.5 Downsampling Algorithm

Ourdownsamplingmethodreducesthenumberof verticesof athree-dimensionalstruc-
turedgridwith evendimensionsby afactorof eightby replacinggroupsof �6�D�E�D�F�:�
verticesby onevertex. For eachdisjointgroupof 8 verticesthefollowing stepsareper-
formedin orderto determinethescalarvalueof thenew vertex. (If notgivenimplicitly,
thepositionof thenew vertex is determinedby theaveragepositionof the8 vertices.)

1. For eachvertex of thegroup,computewhetherit is a regularpoint,a saddlepoint,
or anextremum.Also, computetheaveragescalarvalueof thesevertices.

2. If thereis nocritical point, theaveragescalarvalueis theresult.
3. If thereis only onecritical point, its scalarvalueis theresult.
4. If therearemultiple saddlepointsbut no extremum,thescalarvalueof thesaddle

pointwith thelargestabsolutedistanceto theaveragescalarvalueis theresult.
5. If thereare(multiple)saddlepointsbut only oneextremum,thescalarvalueof the

extremumis theresult.
6. Otherwise,the scalarvalueof the extremumwith the largestabsolutedistanceto

theaveragescalarvalueis theresult.

Steps1. to 3. aremotivatedby the considerationsdescribedabove. Steps4. to 6.
reflectour interestin the most“important” critical points,assaddlepointsare likely
to dependon neighboringextrema,anddistantcritical pointsarelikely to have more
influenceon thetopologyof isosurfacesthancritical pointscloseto theaveragescalar
value.
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Fig. 8. (a)An isosurfaceextractedfrom a GIH(JLKMGIHNJLKPO(Q CTA volumedataset.(b) Sameisosur-
faceextractedfrom a grid downsampledto dimensionsR+H�K2RSH!KTGVU with averagingdownsam-
pling. (c) Sameas(b) with topology-guideddownsampling

This downsamplingprocedurecanbeappliedrepeatedly—eachtime reducingthe
numberof verticesby afactorof 8.However, in comparisontoaveragingdownsampling
methods,muchmoreof thetopologicalinformationis preservedby ouralgorithmaswe
will demonstratewith thehelpof severalexamplesin thefollowing section.

4 Examples and Results

4.1 Blood Vessels

Ourfirst exampleis aCTA volumedatasetshowing bloodvesselsaroundananeurysm.
It is well suitedto demonstrateour algorithm as it containsnoiseand structuresof
very differentsizes.The resolutionof this dataset is

� �*�A� � �*�A�W5.� voxels and8
databits per voxel. In order to visualizeit, we will extract the isosurfacefor a fixed
isovaluewith asimplemarchingtetrahedraalgorithmafterdecomposingtheequidistant
grid into tetrahedraas explainedin Sect.3. Figure8a shows the resultantisosurface
of the original dataset.All isosurfacesare renderedusing flat shadingwith surface
normalscalculateddirectly from eachtriangle in order to emphasizethe underlying
grid structureevenfor veryfinegrids(seeFig.8a).

We will comparethedownsamplingresultsof our algorithmto a simpleaveraging
downsamplingwhich replaceseightverticesby onevertex with theaveragedatavalue
asemployed in [15,9,4]. More generalfiltering anddownsamplingmethods,e.g.[7],
suffer essentiallyfrom thesameproblemsfor acomparabledownsamplingrate.

Figure 8b shows the isosurfaceto the sameisovalue as in Fig.8a but extracted
from a downsampledvolumeof dimensions,%�A�W,%�A� �SX using traditionalaverag-
ing downsampling.In contrast,Fig.8cdepictstheresultfor thesamesettingsbut using
topology-guideddownsamplingasdescribedin Sect.3 with thecubeoctahedronbeing
the surroundingpolyhedronof all vertices.The compressionrate is ��Y[Z]\ �.^ 5L_ in
bothcases.Notethatnoneof the two downsamplingmethodsdependson a particular
isovalue,i.e. theusermaychooseanisovalueafterthedownsampling,which is only a
preprocessingstep.



(a) (b) (c)

Fig. 9. (a) Isosurfaceextractedfrom the original H(U(O�KAH+UNO�K`G(GVQ grid. (b) Sameisosurface
extractedfrom agrid of dimensionsO(a6K/O(a6KbHNJ obtainedby averagingdownsampling.(c) Same
as(b) but usingtopology-guideddownsampling

Obviously, the noisemanifestingitself in small disconnectedpartsof the original
isosurfacein Fig.8ais preservedwith ourdownsamplingmethodin Fig.8cbut is almost
completelylostwith averagingdownsamplingin Fig.8b. Moreimportantly, severalcru-
cial connectionsof bloodvesselsvisible in Fig.8abecomedisconnectedin Figs.8band
8c.However, our methodpreservesat leastpartsof thevesselswhile averagingdown-
samplingresultsin largergaps,or eventhecompletevanishingof partsof vessels,e.g.at
thetopof Fig.8b.

4.2 Engine Block

Our secondvolumedatasetdescribesanengineblock.This examplediffersconsider-
ably from thefirst: Insteadof a continuumof intensities,thereareonly threematerials,
i.e. air andtwo kinds of alloys. Due to noise,however, isosurfacescorrespondingto
isovaluesbetweenthe two materialvaluesarelikely to consistof many disconnected
componentsasshown in Fig.9a.

Thiscomplicatedtopologicalstructurecannotbepreservedby averagingdownsam-
pling (seeFig.9b),while topology-guideddownsamplingpreservesmany moreof the
componentsof a typical isosurface(seeFig.9c).Of course,preservationof noiseis not
alwaysdesirable.However, for thepurposeof previewing isosurfaces,which might be
distortedby noise,thepreservationof thesetopologicalfeaturesis veryuseful.

4.3 Bonsai

Our third andlast exampleis a CT scanof a bonsai,which featuresa sharpbut very
complex borderbetweenair andtheplantwith many finedetails.Figure10adepictsthe
wholeisosurface.Thegrid’s resolutionof � X 5��c� X 5d� � �9� verticesis high enoughto
reconstructsingleleaves.

This way of representinga treeis relatedto shapemodelingtechniquesbasedon
voxelizedscenes(see[7]). Again, we will show that topology-guideddownsampling
preservesmoredetailsof theshapefor higherdownsamplingrates,which is crucialfor
thiskind of applications.
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Fig. 10. (a)An isosurfaceextractedfrom aCT scanof abonsai.(b) Sameisosurfacebut extracted
from agrid of dimensionsRSHeKMRSHeK2GVO obtainedwith averagingdownsampling.(c) Sameas(b)
with topology-guideddownsampling

Figures10b and 10c show the sameisosurfaceafter threedownsamplingsteps.
While the shapeis no longerrecognizableafter averagingdownsamplingin Fig.10b,
topology-guideddownsamplingpreservesacoarserepresentationof theoriginalshape,
asshown in Fig.10c.(Theisosurfacein Fig.10cwasclippedat thebordersof thevol-
ume;this resultedin two darkholes.)

This examplesuggeststhat topology-guideddownsamplingis not only useful for
scientificvolumevisualizationbut alsofor shapemodelingbasedon volumegraphics,
in particularif modelshave to berepresentedwith differentlevelsof detail.

5 Conclusions and Future Work

We presenteda new downsamplingmethod,called topology-guideddownsampling,
which preservesmuchmoreof the topologyof a scalarvolumefield thanaveraging
downsamplingmethods.As a consequence,isosurfacesextractedfrom the downsam-
pledgridswill betopologicallymuchmoresimilar to theoriginal isosurfacesthanwith
previouslypublisheddownsamplingmethods.

Visualizationapplicationsthatarealreadyusingvolumedownsamplingbeforeex-
tractinganisosurface,e.g.[14], couldimmediatelybenefitfromtopology-guideddown-
samplingsimplyby replacingthedownsamplingmethod.Otherapplicationsthatextract
isosurfacesfrom equidistantgrids,e.g.[12], couldeasilyintegrateour downsampling
methodin orderto show coarseapproximationsof isosurfacesfor previewing or in or-
der to acceleraterenderingof very large datasetswhile the useris interactingwith
theapplication.As wehavediscussedin Sect.4, shapemodellingapplicationscanalso
benefitfrom topology-guideddownsampling.

We did not discussour algorithm in the context of direct volume visualization,
which is an interestingtopic in itself andshouldbe investigatedin the future. Also,
we restrictedourselvesto isosurfaces,i.e. contoursin three-dimensions,sincewe be-
lievethatapplicationsin lowerdimensionsarelesslikely, asisosurfacesaremuchmore



frequentlyusedthanisolines.However, wealsobelievethattopology-guideddownsam-
pling couldbesuccessfullyappliedto higherdimensionalproblems.

As topology-guideddownsamplingis a preprocessingstep,we did not discussop-
timizationsof the algorithmbeyond look-up tablesfor the critical points.Apart from
optimizationsof the existing implementation,it would alsobe interestingto measure
the quality of the resultsquantitatively andto optimizethe algorithmwith respectto
suchmeasures,for exampleby analyzingthetopologyand/orBetti numbersof all iso-
surfacesafter a downsamplingstep.It might alsobe possibleto usetheseresultsto
improvethedownsampledgrid at run-time.
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Fig. 11. Comparisonof anisosurfaceextractedfrom a GIH(J�KTGVH(J�K2O(Q grid (left) with thesame
isosurfaceaftertwo averagingdownsamplingsteps(center) andaftertwo topology-guideddown-
samplingsteps(right)

Fig. 12. Comparisonof an isosurfaceextractedfrom a H(U(O�KfH(U(O�KgG(GVQ grid (left) with the
sameisosurfaceaftertwo averagingdownsamplingsteps(center) andaftertwo topology-guided
downsamplingsteps(right)

Fig. 13. Comparisonof anisosurfaceextractedfrom a H+UNO!KMH+UNOFK�GIHNJ grid (left) with thesame
isosurfaceafter threeaveragingdownsamplingsteps(center) and after threetopology-guided
downsamplingsteps(right)


