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Abstract

Wepresentanew solutionto thewell-known problemsof edgecol-
lapsesin nonconvex tetrahedralmeshes.Additionally, our method
is ableto handlemesheswith topologicallynon-trivial boundaries
andtocontrolthemodificationof thetopologyof themesh’sbound-
ary.

1 Intr oduction

In orderto visualizetoday’s hugedatasets,hierarchicalrepresen-
tationsareoftenemployed.Theproductionof suchrepresentations
of tetrahedralvolumemeshesrequiresa simplificationof theorig-
inal mesh. Oneway of performingthis simplificationis to apply
a sequenceof edgecollapses,which arediscussedin somedetail
in section2 with anemphasison theproblemsof edgecollapsesin
nonconvex meshes.

Our solutionto theseproblemsconsistsof two parts:A prepro-
cessingstep—originallysuggestedby PeterWilliams in thecontext
of sortingnonconvex meshes—isbriefly describedin section3.

Thesecondpart—edgecollapsesin theresultantmeshes—isdis-
cussedin section4 with specialattentionbeingpaid to modifica-
tionsof thetopologyof themesh’s boundary.

Section5 presentsour conclusionsandplansfor futurework on
thissubject.

2 Backgr ound and Related Work

2.1 Edge Collapses

In the following we will discussedgecollapsesin fair tetrahedral
meshes,i.e.eachfaceof atetrahedralcell iseitherpartof thebound-
ary of the meshor sharedby (at most)two cells. Intersectionsof
cellsarenotallowed;in factavoiding themis ourprimaryconcern.
As edgecollapsesin triangularmeshesin two dimensionsarevery
similarto thethree-dimensionalcaseof tetrahedralmeshes,wewill
illustrateour methodwith triangularmeshesin Figures1-8 before
presentingthemethodin threedimensionsin Figures9-13.

It is usefulfor thedescriptionof our methodto definesomepar-
ticular terms. We call a tetrahedrona vertex neighborof a vertex
if thevertex is sharedby thetetrahedron.A tetrahedronis anedge
neighborof anedgeif theedgeis shared,anda vertex neighborof
anedgeif oneof theverticesof theedgeis shared.Finally, a tetra-
hedronis a faceneighborof anothertetrahedronif the tetrahedra
shareoneface. The definitionsof vertex andedge neighbors can
alsobeappliedto trianglesin triangularmeshes.

The effect of an edge collapse (see Figure 1 for a two-
dimensionalexample)is to remove all edgeneighborsof the col-
lapsingedgeandto join thetwo verticesof thecollapsingedgein a
new vertex. Figure1 alsoindicatesthe inverseoperation,which is
calledavertex split.
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Figure1: An edgecollapseandtheinversevertex split.

Edgecollapsesare oneof the mostpowerful tools to simplify
triangularor tetrahedralmeshes.They canbeemployedto remove
verticesor edges(see[4]) andalsoto removetrianglesor tetrahedra
by successive edgecollapses(see[5]).

Moreover, a sequenceof edgecollapsescanbeusedto produce
hierarchicalrepresentationsof triangularandtetrahedralmeshesas
demonstratedin many publications,for example[3, 4, 5].

2.2 Avoiding Inter sections of Cells

As demonstratedin Figure2 an edgecollapsecancausean inter-
sectionof cellsin atriangularor tetrahedralmesh.In orderto avoid
suchself-intersectionsof a mesh,edgecollapsesaretestedbefore
they areperformed(see[4, 5]).
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Figure2: An edgecollapse,which causesseveral intersectionsof
cellsandoneinversionof acell (darkgray).

In convex meshes,i.e.meshestheboundaryof whichareconvex
polytopes,the testfor intersectionsis particularlysimplebecause
any intersectionof cells is accompaniedby an inversionof at least
onecell, i.e.asignflip of thesignedvolumeof acell. (Theinverted
cell is marked gray in Figure2.) Therefore,it is sufficient to test
all vertex neighborsof a collapsingedgefor inversionsin orderto
avoid self-intersections.This testis local asonly vertex neighbors
areinvolved.

However, if a collapsingedgein a nonconvex meshhasvertex
neighborsthatarecellsat theboundary(i.e. oneof thefacesof the
cell is partof theboundaryof themesh)thentheedgecollapsecan
causeself-intersectionsof themeshwithoutcausinganinversionof
acell asshown in Figures3 and10.



4 SIMPLIFICATION OFCONVEXIFIED MESHES 2

edge

collapse

Figure 3: An edgecollapse,whichcausesan intersectionof two
cellswithoutcausinganinversionof any cell.

A naive procedureto avoid suchintersectionsis to testthever-
tex neighborsof thecollapsingedgefor intersectionswith all other
cellsof themesh.As thetimecomplexity of thisglobaltestdepends
linearly on thenumberof cells in thewholemesh,it is usuallytoo
expensive to beperformedwithout additionalauxiliary datastruc-
tures.A moreelaboratedimplementationof this testis discussedin
[4] while thesystemdescribedin [5] triesto preserve theboundary
of thetetrahedralmesh.

However, performanceissuesarenot theonly problemof edge
collapsesin nonconvex meshes.Additional problemsoccurin dis-
connectedmeshesasedgecollapsesareobviously not ableto join
clustersof disconnectedmeshesin orderto simplify them. More
generallyspoken, it is desirableto modify the topology of the
mesh’s boundaryin a controlledway whenperformingedgecol-
lapses.

Beforepresentingour approachto solve theseproblemsin sec-
tion 4, we describethenecessarypreprocessingstepin thefollow-
ing section.

3 Convexification of Noncon vex Meshes

More thaneight yearsagoPeterWilliams proposedin [6] to con-
vertnonconvex meshesto convex meshesby triangulatingall voids
andcavitiesandmarkingthecellsgeneratedby thistriangulationas
imaginary. (Virtual is today’s morefashionableword for thesame
idea.)

Figure4: A step-by-stepconvexification of themeshshown in the
left-handsideof Figure3. Fromleft to right: theconvex hull (thick
line), thenonconvex polygon(thick line) betweenthe convex hull
andthe boundaryof themesh,andthemeshtogetherwith imagi-
narycells (white) generatedby the triangulationof thenonconvex
polygon.

Figures4 and 11 summarizethe basic stepsof this process.
Firstly, theconvex hull of themeshis computed;thenall voidsand
cavities areidentifiedandtriangulated;finally, the new imaginary
cellsareattachedto the existing mesh. (As will be shown in sec-
tion 4 thenumberof imaginarycellsgeneratedby thetriangulation
is not relevant in the context of edgecollapses.An optimal algo-
rithm (with respectto the numberof generatedtetrahedra)for the
tetrahedralizationof nonconvex polyhedrawaspublishedin [1].)

Wecall thispreprocessingstepaconvexificationof anonconvex
meshasit allowsusto apply(slightly modified)algorithmsfor con-
vex meshesto anonconvex mesh.(In thissensetheconvexification
might be calleda meta-algorithm.) The following sectionshows
how to overcomeproblemsof edgecollapsesintroducedby non-
convexities (includingnon-trivial topologiesof theboundary)with
thehelpof thispreprocessingstep.

4 Simplification of Convexified Meshes

4.1 Geometric Tests

As mentionedin section2 andshown in Figure3, edgecollapsesin
nonconvex meshescancauseintersectionsof cellswithout causing
aninversionof any cell. In convexified meshes,however, suchedge
collapseswill alwayscausean inversionof at leastoneimaginary
cell asshown in Figure5 for thesameedgecollapseasin Figure3
in aconvexified versionof thesametriangularmesh.
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Figure5: The edgecollapseof Figure3 in the convexified mesh
from Figure4 causesaninversionof animaginarycell (darkgray).
(Comparealsowith Figure2.)

Therefore, convexified meshesallow us to test for self-
intersectionsof cells by simply testingall vertex neighbors(in-
cludingimaginarycells)of thecollapsingedgefor signflips of the
signedcell volume,which is a local, geometrictestasin thecase
of convex meshes.Thus,the total numberof new imaginarycells
generatedby theconvexification is not relevantfor theefficiency of
this test.

4.2 Preser vation of the Convex Hull

Notonlyareedgecollapsesin nonconvex meshesmorecomplicated
thanin convex meshes,they canalsotransformaconvex meshinto
anonconvex mesh.
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Figure6: An edgecollapse,which could generatea nonconvex-
ity. Two new imaginarycellsareinsertedin orderto preserve the
originalconvex hull.

An exampleis depictedin Figure6, which alsoshows our solu-
tion: Insteadof recomputingtheconvex hull (a globaloperationif
implementednaively), we insert imaginarycells betweenthe new
vertex andtheconvex hull in orderto preserve theoriginal convex
hull. (Theeffect canalsobeseenat thebottomof Figure12.)
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This is an efficient, local operation. However, it will also in-
sertsome� new edges;therefore,a simplificationprocessmight run
into anendlessloopby collapsingedgeswhichareinstantlyrecon-
structedby the insertionof imaginarycells. In orderto avoid this
problem,a simple test for edgecollapseshasto be added. Edge
collapsesareavoidedif thefollowing threeconditionsaremet: All
edgeneighborsof thecollapsingedgeareimaginary, onevertex is
part of the boundaryof the mesh,andall vertex neighborsof this
vertex are imaginary. (For an exampleseethe edgebetweenthe
new imaginarycellsin theright-handsideof Figure6.)

4.3 Topology Preser vation

Edgecollapsesin convexified meshesareconsiderablymorepow-
erful thanedgecollapsesin theoriginal meshes.For example,dis-
connectedmeshescanbejoinedin orderto besimplified,tunnelsin
theboundaryof ameshcanbeclosed,bridgesbetweenmeshescan
bebroken,etc. (Figure12 shows a new connectionbetweenorig-
inally disconnectedpartsof themeshin thetop-rightcorneranda
disconnectionof cellsat thebottom.)

However, notall of thesefeaturesarealwayswelcome;instead,it
is moreappropriateto havefull controloverthemodificationsof the
topologyof themesh’s boundary. Herewepresenttwo verysimple
testsfor edgecollapsesin orderto avoid topologicalchangesof the
mesh. Both testsinvolve only vertex neighborsof the collapsing
edge.Beforepresentingthesetopologicaltests,we have to define
somebasicterms.

Def.: Thetypeof acell is eitherimaginaryor non-imaginary.

Def.: A cell ��� is connectedto acell �
	 of thesametypeif thecells
sharea vertex (direct connection),or if � � is connectedto a
third cell ��� of thesametypethatis connectedto �
	 (indirect
connection).

Def.: Two cellsaredisconnectedif they arenotconnected.
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Figure 7: An edgecollapse,which connectstwo non-imaginary
cells(gray).

Figure7 shows anexampleof anedgecollapsethatestablishes
anew connectionbetweentwo non-imaginarycells. In general,the
collapseof anedge
 betweentwo vertices��� and ��	 canconnect
two previously disconnectedcellsif all of thefollowing threecon-
ditionsaremet:All of theedgeneighborsof 
 areof thesametype�
; at leastoneof thevertex neighborsof ��� is not of type

�
; andat

leastoneof thevertex neighborsof � 	 is notof type
�
. Thisis anec-

essarycondition; therefore,it is sufficient to avoid edgecollapses
that fulfill it in orderto avoid new connectionsbetweencells. The
testis thesamefor triangularandtetrahedralmeshes.

Edgecollapsesarealsoableto disconnectcells; an exampleis
presentedin Figure8. In orderto formulatea testfor disconnecting
edgecollapses,weneedonemoredefinition:

Def.: An edgeneighbor� of type
�

of anedge
 is isolatedif none
of the facesof � that do not share 
 are sharedby a face
neighborof � of type

�
.
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Figure8: An edgecollapse,which disconnectstwo non-imaginary
cells(gray).

Using this definition we can statethat the collapseof an edge 

candisconnecttwo previouslyconnectedcellsif at leastoneof the
edgeneighborsof 
 is isolated.This is againanecessarycondition,
which works for triangularandtetrahedralmeshes.(Note that the
facesof a triangularcell areits edges.)

Thesetwo topologicaltestsallow us to avoid new connections
and/ordisconnectionssimplyby avoidingedgecollapsesthatfulfill
the conditionsstatedabove. An examplewith a topologicalnon-
trival meshis given in Figure13, which shouldbecomparedwith
Figure12,wherethesetestswerenotapplied.

5 Conc lusions and Future Work

An ideaof PeterWilliams to convertnonconvex intoconvex meshes
wassuccessfullyappliedto solve theproblemsof edgecollapsesin
nonconvex tetrahedralmesheswith topologicallynon-trival bound-
aries,whichmaybenon-manifolds.Intersectionsof cells,new non-
convexities of theboundary, andmodificationsof thetopologyare
identifiedandavoidedbyefficient,localtests.Therefore,thepartic-
ular problemsof simplifying nonconvex meshesby edgecollapses
arein principlesolved.

However, many problemsarestill open:anefficient androbust
computationof the convex hull of an arbitrary tetrahedralmesh;
an efficient androbust computationof the tetrahedralizationof an
arbitrarypolyhedron;moreelaborateddefinitionsof topologypre-
servingedgecollapses(see[2]); and,of course,applicationsto real-
world datasets.
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Figure 9: The nonconvex tetrahedral
meshthat is the startingpoint for the
calculationsdepictedin Figures10-13.

Figure10: Thetetrahedralmeshfrom Figure9 afteroneedgecollapse,which
causestwo self-intersectionsof themesh.Oneof theself-intersectionsis shown
in detail.

Figure11: (Intermediate)resultsof theconvexification of themeshshown in Figure9. Fromleft to right: theconvex hull of
themesh;thenonconvex polyhedronbetweentheconvex hull andtheboundaryof themesh,which hasto betetrahedralized;
andthemeshtogetherwith imaginarytetrahedrageneratedby thetetrahedralization(only edgesof imaginarycellsareshown).

Figure12: Theresultof a simplificationof theconvexified
meshdepictedin Figure11 without topologicaltests.The
geometrictestsguaranteethattherearenoself-intersections
andhamperfurtheredgecollapses.

Figure13: Topologicaltestsin asimplificationof themesh
from Figure11 guaranteethe preservation of the connec-
tivity. Therefore,thesimplificationprocessis haltedearlier
thanwithout thesetests.


