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Abstract

We presentnew solutionto thewell-known problemsof edgecol-

lapsesn noncownex tetrahedrameshes Additionally, our method
is ableto handlemesheswith topologicallynon-trivial boundaries
andto controlthemodificationof thetopologyof themeshs bound-
ary.

1 Introduction

In orderto visualizetodays hugedatasets,hierarchicalrepresen-
tationsareoftenemplgyed. The productionof suchrepresentations
of tetrahedral/olume meshesequiresa simplificationof the orig-
inal mesh. Oneway of performingthis simplificationis to apply
a sequenc®f edgecollapseswhich are discussedn somedetail
in section2 with anemphasi®n the problemsof edgecollapsesn
noncomwex meshes.

Our solutionto theseproblemsconsistsof two parts: A prepro-
cessingstep—originallysuggestetly PeteWilliams in thecontext
of sortingnoncowex meshes—iriefly describedn section3.

Thesecongart—edgeollapsesn theresultanmeshes—islis-
cussedn section4 with specialattentionbeing paid to modifica-
tionsof thetopologyof the meshs boundary

Section5 present®ur conclusionsandplansfor futurework on
this subject.

2 Background and Related Work

2.1 Edge Collapses

In the following we will discussedgecollapsedn fair tetrahedral
meshesi,e.eachfaceof atetrahedratell is eitherpartof thebound-
ary of the meshor sharedby (at most)two cells. Intersectionf
cellsarenotallowed;in factavoiding themis our primaryconcern.
As edgecollapsesn triangularmeshesn two dimensionsarevery
similarto thethree-dimensionalaseof tetrahedrameshesywe will
illustrate our methodwith triangularmeshesn Figures1-8 before
presentinghe methodin threedimensionsn Figures9-13.

It is usefulfor the descriptiorof our methodto definesomepar
ticular terms. We call a tetrahedrora vertex neighborof a vertex
if thevertex is sharedby thetetrahedronA tetrahedrorns anedge
neighborof anedgeif the edgeis sharedanda vertex neighborof
anedgeif oneof theverticesof the edgeis shared Finally, atetra-
hedronis a face neighborof anothertetrahedrorif the tetrahedra
shareoneface. The definitionsof vertex and edge neighbos can
alsobeappliedto trianglesin triangularmeshes.

The effect of an edge collapse (see Figure 1 for a two-
dimensionalkexample)is to remove all edgeneighborsof the col-
lapsingedgeandto join thetwo verticesof the collapsingedgein a
new vertex. Figurel alsoindicatesthe inverseoperationwhichis
calledavertex split.
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Figurel: An edgecollapseandtheinversevertex split.

Edgecollapsesare one of the most powerful tools to simplify
triangularor tetrahedraimeshesThey canbe emplg/edto remove
verticesor edgeqse€[4]) andalsoto remove trianglesor tetrahedra
by successie edgecollapsegsee[5]).

Moreover, a sequencef edgecollapsesanbe usedto produce
hierarchicarepresentationsf triangularandtetrahedrameshess
demonstrateth mary publicationsfor example[3, 4, 5].

2.2 Avoiding Intersections of Cells

As demonstrateih Figure 2 an edgecollapsecancausean inter-
sectionof cellsin atriangularor tetrahedramesh.In orderto avoid
suchself-intersection®f a mesh,edgecollapsesaretestedbefore
they areperformed(see[4, 5)).
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Figure2: An edgecollapse which causeseveral intersectionf
cellsandoneinversionof a cell (darkgray).

In corvex meshesi.e. meshesheboundaryof which areconvex
polytopes the testfor intersectionds particularlysimple because
ary intersectiorof cellsis accompaniedby aninversion of atleast
onecell,i.e.asignflip of thesignedvolumeof acell. (Theinverted
cell is marled gray in Figure2.) Therefore,it is sufiicient to test
all vertex neighborsof a collapsingedgefor inversionsin orderto
avoid self-intersectionsThis testis local asonly vertex neighbors
areinvolved.

However, if a collapsingedgein a noncowex meshhasvertex
neighborghatarecellsattheboundary(i.e. oneof thefacesof the
cellis partof theboundaryof the mesh)thenthe edgecollapsecan
causeself-intersectionsf the meshwithout causinganinversionof
acellasshavn in Figures3 and10.



4  SIMPLIFICATION OF CONVEXIFIED MESHES

edge
collapse

Figure 3: An edgecollapse,whichcausesan intersectionof two
cellswithout causinganinversionof ary cell.

A nawe procedurdgo avoid suchintersectionss to testthe ver-
tex neighborsf the collapsingedgefor intersectionsvith all other
cellsof themesh.As thetime compleity of thisglobaltestdepends
linearly onthe numberof cellsin thewhole meshiit is usuallytoo
expensve to be performedwithout additionalauxiliary datastruc-
tures.A moreelaboratedmplementatiorof thistestis discussedh
[4] while thesystemdescribedn [5] triesto presere theboundary
of thetetrahedramesh.

However, performancdssuesare not the only problemof edge
collapsesn noncovex meshesAdditional problemsoccurin dis-
connectedneshessedgecollapsesareobviously not ableto join
clustersof disconnectedneshesn orderto simplify them. More
generallyspolen, it is desirableto modify the topology of the
meshs boundaryin a controlledway when performingedgecol-
lapses.

Before presentingour approacho solve theseproblemsin sec-
tion 4, we describethe necessarpreprocessingtepin the follow-
ing section.

3 Convexification of Noncon vex Meshes

More thaneightyearsago PeterWilliams proposedn [6] to con-
vertnoncorex mesheso corvex meshedy triangulatingall voids
andcavitiesandmarkingthecellsgeneratedy thistriangulationas
imaginary. (Mrtual is todays morefashionablavord for the same
idea.)

Figure4: A step-by-stegonvexification of the meshshavn in the
left-handsideof Figure3. Fromleft to right: theconvex hull (thick
line), the noncowex polygon(thick line) betweerthe convex hull
andthe boundaryof the mesh,andthe meshtogetherwith imagi-
nary cells (white) generatedby the triangulationof the noncomwex

polygon.

Figures4 and 11 summarizethe basic stepsof this process.
Firstly, theconvex hull of themeshis computedthenall voidsand
cavities areidentifiedandtriangulatedfinally, the new imaginary
cellsareattachedo the existing mesh. (As will be shavn in sec-
tion 4 the numberof imaginarycellsgeneratedby thetriangulation
is not relevantin the context of edgecollapses.An optimal algo-
rithm (with respecto the numberof generatedetrahedrajfor the
tetrahedralizationf noncowex polyhedravaspublishedn [1].)

We call this preprocessingtepa corvexification of anoncowex
meshasit allows usto apply(slightly modified)algorithmsfor con-
vex mesheso anoncowex mesh.(In this sensehe convexification
might be called a meta-algorith) The following sectionshaws
how to overcomeproblemsof edgecollapsesntroducedby non-
corvexities (includingnon-trivial topologiesof the boundary)with
thehelpof this preprocessingtep.

4 Simplification of Convexified Meshes

4.1 Geometric Tests

As mentionedn section2 andshavn in Figure3, edgecollapsesn

noncorex meshegancausentersection®f cellswithout causing
aninversionof ary cell. In corvexified mesheshowever, suchedge
collapseswill alwayscauseaninversionof at leastoneimaginary
cell asshavn in Figure5 for the sameedgecollapseasin Figure3

in acorvexified versionof the sametriangularmesh.
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Figure5: The edgecollapseof Figure 3 in the convexified mesh
from Figure4 causesninversionof animaginarycell (darkgray).
(Comparealsowith Figure2.)

Therefore, corvexified meshesallow us to test for self-
intersectionsof cells by simply testingall vertex neighbors(in-
cludingimaginarycells) of the collapsingedgefor signflips of the
signedcell volume,which is a local, geometrictestasin the case
of convex meshes.Thus,the total numberof new imaginarycells
generatedby the corvexificationis notrelevantfor the efficiency of
thistest.

4.2 Preservation of the Convex Hull

Notonly areedgecollapsesn noncowex meshesnorecomplicated
thanin corvex meshesthey canalsotransforma corvex meshinto
anoncorex mesh.
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Figure6: An edgecollapse,which could generatea noncomwex-
ity. Two new imaginarycellsareinsertedin orderto presere the
original corvex hull.

An exampleis depictedn Figure6, which alsoshavs our solu-
tion: Insteadof recomputinghe corvex hull (a global operationif
implementechavwely), we insertimaginarycells betweerthe nen
vertex andthe corvex hull in orderto presere the original corvex
hull. (Theeffectcanalsobe seenatthebottomof Figure12.)
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This is an efficient, local operation. However, it will alsoin-
sertsomenew edgestherefore a simplificationprocessmight run
into anendlesdoop by collapsingedgesvhich areinstantlyrecon-
structedby the insertionof imaginarycells. In orderto avoid this
problem,a simpletestfor edgecollapseshasto be added. Edge
collapsesareavoidedif thefollowing threeconditionsaremet: All
edgeneighborof the collapsingedgeareimaginary onevertex is
partof the boundaryof the mesh,andall vertex neighborsof this
vertex areimaginary (For an exampleseethe edgebetweenthe
nav imaginarycellsin theright-handsideof Figure6.)

4.3 Topology Preservation

Edgecollapsesn cornvexified meshesreconsiderablymore pow-
erful thanedgecollapsesn the original meshesFor example,dis-
connectednesheganbejoinedin orderto besimplified,tunnelsin
theboundaryof ameshcanbeclosed bridgesbetweermeshegan
be broken, etc. (Figure12 shawvs a new connectiorbetweenorig-
inally disconnectegbartsof the meshin thetop-rightcorneranda
disconnectiorof cellsatthebottom.)

However, notall of thesdeaturesarealwayswelcomejnsteadit
is moreappropriateo havefull controloverthemodificationsof the
topologyof the meshs boundary Herewe presentwo very simple
testsfor edgecollapsesn orderto avoid topologicalchange®f the
mesh. Both testsinvolve only vertex neighborsof the collapsing
edge.Beforepresentinghesetopologicaltests,we have to define
somebasicterms.

Def: Thetypeof acellis eitherimaginaryor non-imaginary

Def.: A cell Ty isconnectedo acell T» of thesametypeif thecells
sharea vertex (directconnection)or if Ty is connectedo a
third cell T5 of thesametypethatis connectedo 7> (indirect
connection).

Def.: Two cellsaredisconnectedf they arenotconnected.
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Figure 7: An edgecollapse,which connectstwo non-imaginary
cells(gray).

Figure7 shavs an exampleof an edgecollapsethat establishes
anew connectiorbetweerntwo non-imaginancells. In generalthe
collapseof anedgee betweentwo verticesv; andvs canconnect
two previously disconnectedellsif all of thefollowing threecon-
ditionsaremet: All of theedgeneighborof e areof the sametype
t; atleastoneof the vertex neighborsof v; is not of typet; andat
leastoneof thevertex neighborf v, is notof typet. Thisisanec-
essarycondition; therefore,it is sufiicient to avoid edgecollapses
thatfulfill it in orderto avoid new connectiondetweercells. The
testis the samefor triangularandtetrahedrameshes.

Edgecollapsesarealsoableto disconnectells; an exampleis
presentedh Figure8. In orderto formulateatestfor disconnecting
edgecollapseswe nheedonemoredefinition:

Def.: An edgeneighborT of typet of anedgee is isolatedif none
of the facesof T that do not sharee are sharedby a face
neighborof T of typet.
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Figure8: An edgecollapsewhich disconnect$wo non-imaginary
cells(gray).

Using this definition we can statethat the collapseof an edgee
candisconnectwo previously connectecellsif atleastoneof the
edgeneighborf e isisolated.Thisis againanecessargondition,
which works for triangularandtetrahedrameshes.(Note thatthe
facesof atriangularcell areits edges.)

Thesetwo topologicaltestsallow usto avoid nev connections
and/ordisconnectionsimply by avoiding edgecollapseghatfulfill
the conditionsstatedabore. An examplewith a topologicalnon-
trival meshis givenin Figure 13, which shouldbe comparedvith
Figure12,wherethesetestswerenotapplied.

5 Conclusions and Future Work

An ideaof Peteilliams to convertnoncomex into convex meshes
wassuccessfullyappliedto solve the problemsof edgecollapsesn
nonconex tetrahedrameshesvith topologicallynon-trival bound-
arieswhichmaybenon-manifoldsintersection®f cells,nenv non-
corvexities of the boundaryandmodificationsof thetopologyare
identifiedandavoidedby efficient,localtests. Thereforethepartic-
ular problemsof simplifying noncowex meshesy edgecollapses
arein principlesolved.

However, mary problemsarestill open: an efficient androbust
computationof the corvex hull of an arbitrary tetrahedraimesh;
an efficient androbust computationof the tetrahedralizatiorf an
arbitrarypolyhedron;moreelaboratediefinitionsof topologypre-
servingedgecollapsegsed2]); and,of courseapplicationgo real-
world datasets.
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Figure 9: The nonconex tetrahedral Figure10: The tetrahedrameshfrom Figure9 after oneedgecollapsewhich
meshthat is the starting point for the causeswo self-intersectionsf themesh.Oneof theself-intersectionis shavn
calculationdepictedn Figures10-13. in detail.

Figure11: (Intermediateyesultsof the corvexification of the meshshavn in Figure9. Fromleft to right: the corvex hull of
the mesh;the noncowex polyhedrorbetweerthe convex hull andthe boundaryof the mesh,which hasto be tetrahedralized,;
andthemeshtogethewith imaginarytetrahedrayeneratedby thetetrahedralizatiofonly edge<f imaginarycellsareshavn).

Figure13: Topologicaltestsin asimplificationof the mesh

meshdepictedin Figure 11 without topologicaltests. The from Figure 11 guarantedhe preseration of the connec-
geometridestsguarante¢hatthereareno self-intersections tivity. Thereforethe simplificationprocesss haltedearlier
andhamperfurtheredgecollapses. thanwithoutthesetests.

Figure12: Theresultof a simplificationof the convexified



