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Abstract

Theever growingsizeof datasetsresultingfromindus-
trial andscientificsimulationsandmeasurementshavecre-
ated an enormousneedfor analysistools allowing inter-
activevisualization.A promisinghierarchical approach in
theareaof numericalsimulationis calledsparsegrids. We
presenttwomajorvisualizationalgorithmsworkingdirectly
on the sparsegrid representationof the data set. Oneof
themis interactiveparticle tracing, which continuesto be
an importantutility for evaluatingCFD simulations. The
otheroneis volumeraycasting, which is of interestin many
areasdealingwith three-dimensionalscalardata.Addition-
ally we havebeenable to employtexture hardware sup-
port for the necessaryfunction interpolation. Hence, we
are able to performvolumevisualizationmethodson com-
presseddata setsat interactive framerates,which is not
possiblewith other methodslike waveletsor fractal com-
pression.In particular, weare able to handlesparsegrids
of level 13, which correspondto regular volumesof 81933

voxels.

1. Intr oduction

The sparsegrid idea was developedin the 1960sby
Babenko [1] andSmolyak[23]. They showed that a spe-
cial tensor product techniqueof constructinghigher di-
mensionalquadratureformulasand approximationopera-
tors from correspondingone-dimensionalobjectsleadsto
almostoptimalerrorrates.In 1990sparsegridswereintro-
ducedto thefield of numericalcomputationby Zenger[31].
By meansof sparsegrids, it is possibleto reducethe total
amountof datapointsor the numberof unknowns in dis-
cretepartial differentialequations.Due to thesebenefits,
sparsegrids aremoreandmoreusedin numericalsimula-
tions[2, 3, 10, 11].

On the otherhand,it is ratherdifficult to visualizethe
resultsof the simulationprocessdirectly on sparsegrids,
sinceevaluationandinterpolationof functionvaluesis quite
complicated.Becauseof this, theresultsof numericalsim-
ulationson sparsegrids areusually interpolatedto the as-
sociatedfull grid. Thereafter, all well known visualization
algorithmsworking on regulargrids canbe used,e.g.par-
ticle tracing,iso-surfaceextraction,andvolumerendering.
However, amajordrawbackof thisprocedureis thefactthat
theadvantageof low memoryconsumptionof sparsegrids
comesto nothingusingtheassociatedfull grid for thevisu-
alizationstep.

Therefore,visualizationtoolsworkingdirectlyonsparse
gridsareanimportanttopicof research.HeußerandRumpf
presentedanalgorithmfor iso-surfaceextractionon sparse
grids[14]. In a previouswork, we introducedparticletrac-
ing [26] andvolumevisualization[27] on uniform sparse
grids.

The goal of this paperis to give insight into both the
difficultiesandchancesof thesparsegrid techniqueandto
presentanoverview overanimportantfacetof thewidefield
of hierarchicalmethodsfor visualizationpurposes.

2. Mathematical Foundations

In this sectiona brief summaryof the basic ideasof
sparsegrids is given. For a detailedsurvey of sparsegrids
we refer to [2, 31]. In order to make this overview easier
to understandandto reducethe numberof indices,we de-
scribeonly three-dimensionalgrids, whereasthe sketches
alwaysrevealthetwo-dimensionalsituation.

2.1. SparseGrids

Let f : � 0 � 1� 3 ��� R beasmoothfunctiondefinedon the
unit cubein R3 with valuesin R. Furthermore,f should
vanish on the boundaryof the cube. This condition is
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Figure 1. Examples of basis functions, b � 1	1 and b � 2	1 on

the left and b � 1 
 2	1 
 1 and b � 1 
 2	1 
 2 on the right hand side.

not a strongrestrictionbut it is just helpful for an elegant
description. Of course,the algorithmscan handlethree-
dimensionalfunctionsandeven vectorfields without zero
boundaryconditions. If sucha function f is usedin a nu-
mericalcomputationit hasto be discretized,which means
thatonly functionvaluesatcertainpositionsof aspatialgrid
arestored.Thesimplestof thesegrid structuresis auniform
mesh,which canberepresentedasa three-dimensionalar-
ray.

Now let Gi1 
 i2 
 i3 bea uniform grid with respective mesh
widths hi j � 2� i j , j � 1 � 2 � 3 and L̂n be the function space
of the piecewise tri-linear functionsdefinedon Gn 
 n 
 n and
vanishingon theboundary. Additionally, considerthesub-
spacesSi1 
 i2 
 i3 of L̂n with 1 
 i j 
 n, j � 1 � 2 � 3, which con-
sistof thepiecewise tri-linear functionsdefinedon Gi1 
 i2 
 i3
andvanishingon thegrid pointsof all coarsergrids,with

L̂n � n�
i1 � 1

n�
i2 � 1

n�
i3 � 1

Si1 
 i2 
 i3 � (1)

Hence, we have found a hierarchical basis decomposi-
tion of the functionspaceL̂n wherepiecewise tri-linear fi-
nite elementsareusedasbasisfunctionsin eachsubspace
Si1 
 i2 
 i3. Thesebasisfunctionsaredefinedasfollows (com-
pareFig. 1):

b � i1 � � � 3 	k1 � � � 3 � x1 � � � 3 � : � 3

∏
j � 1

wi j � x j
� � 2k j

� 1��� hi j �
with wi � x� : �

��� �� hi � x
hi

: � hi 
 x 
 0
hi � x

hi
: 0 
 x 
 hi

0 : else .

Sincewe are interestedin estimationsof the interpolation
error, we look at f̂n � L̂n, the interpolatedfunction on the
grid Gn 
 � � � 
 n, which is givenby

f̂n � n

∑
i1 � 1

n

∑
i2 � 1

n

∑
i3 � 1

fi1 
 i2 
 i3 � where (2)

fi1 
 i2 
 i3 � 2i1 � 1

∑
k1 � 1

2i2 � 1

∑
k2 � 1

2i3 � 1

∑
k3 � 1

c � i1 
 i2 
 i3 	k1 
 k2 
 k3 � b � i1 
 i2 
 i3 	k1 
 k2 
 k3 � (3)

Thevaluesc � i1 
 i2 
 i3 	k1 
 k2 
 k3
arecalledcontribution coefficientsand

fi1 
 i2 
 i3 � Si1 
 i2 
 i3 is a linear combinationof the basisfunc-
tions of the appropriatesubspace. It can be shown that
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Figure 2. A two-dimensional hierarchical subspace de-
composition is shown on the left hand side, the respec-
tive sparse grid is sketched on the right hand side.

the following estimationshold with regard to the L2 or
L∞ norms(compare[2, pp.13]):�

fi1 
 i2 
 i3 � 
 C �!    
∂6 f

∂x2
1∂x2

2∂x2
3
    � h2

i1h
2
i2h2

i3 � (4)

  f � f̂n   
 O � h2
n � � (5)

So far we have just dealt with regular uniform meshes,
whicharenamedfull grids.Now let usturn to sparsegrids.
Equation(4) shows that

�
fi1 
 i2 
 i3 � hasa contribution of the

sameorderof magnitude,namelyO � 2 � 2 � const � for all sub-
spaceswith i1 " i2 " i3 � const. Additionally, thesesub-
spaceshave the samenumberof basisfunctions,namely
2const � 3. Sincethenumberof basisfunctionsis equivalent
to thenumberof storedgrid pointsandbecauseof thecon-
tributionargumentaswell, it seemsto beagoodideato de-
fineasparsegrid spacẽLn asfollows(comparealsoFig. 2):

L̃n : � �
i1 � i2 � i3 # n� 2

Si1 
 i2 
 i3 � (6)

Now theinterpolatedfunction f̃n � L̃n is givenby

f̃n � ∑
i1 � i2 � i3 # n� 2

fi1 
 i2 
 i3 (7)

andtheinterpolationerrorwith regardto theL2 or L∞ norm
is givenby (compare[2, pp.23])

  f � f̃n   
 O $ h2
n � log2 � h � 1

n �%� 2 & � (8)

Thisestimationshowsthatthesparsegrid interpolatedfunc-
tion f̃n isnearlyasgoodasthefull grid interpolatedfunction
f̂n (compareEq.(5) with Eq. (8)).

Now we considerthedimensionsof thefunctionspaces
L̂n andL̃n, which correspondto thenumberof nodesof the
underlyinggrids. Obviously, thedimensionof thefull grid
spaceis givenby

dim � L̂n � � O � 23n � � O � h� 3
n � � (9)

For thesparsegrid thefollowing relationholds:

dim � L̃n � � O � 2nn2 � � O $ h � 1
n � log2 � h� 1

n �%� 2 & � (10)
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level 6 7 8 9 10 11
full grid size 653 1293 2573 5133 10253 20493

full grid 1 MB 8 MB 64MB 512MB 4 GB 32GB
sparsegrid 15kB 35 kB 83kB 200kB 450kB 1 MB

Table 1. Memory consumption of sparse grids

Therefore,a tremendousamountof memorycanbesavedif
sparsegridsareusedinsteadof full grids. Table1 demon-
stratesthisbenefitlisting thememoryconsumptionfor vari-
ousgrid levelsontheassumptionthatscalarsingleprecision
floatingpointvaluesaregivenateachgrid node.Obviously,
sparsegridsarealsoverysuitablefor compressinghugereg-
ular datasets.This opensup thepotentialto visualizethem
evenon workstationswith a limited amountof mainmem-
ory.

Finally, recallingthat thesparsegrid spaceL̃n is thedi-
rectsumof all subspacesSi 
 j 
 k with i " j " k 
 n " 2,wede-
fine the level of a subspaceasthenumbern � i " j " k � 2
andthe level of the sparsegrid spaceasthe direct sumof
all subspacesof the samelevel of subspaces.Hence,L̃n is
thedirectsumof its first n levelsandis calleda sparsegrid
of leveln.

2.2. Adaptive Evaluation of SparseGrids

In orderto improve on the rathertime consumingstan-
dardsparsegrid interpolationasdescribedabove,anadap-
tiveapproachfor thefunctionevaluationis presentedin this
subsection.

First of all, it is importantto distinguishbetweenactual
adaptivesparsegridsandanadaptiveway of functioneval-
uation, i.e. an adaptive traversalof ordinary sparsegrids.
Adaptivesparsegridswereintroducedto thefield of numer-
ical simulationsby Bungartz[2] in 1992.Roughlyspoken,
theideaof adaptivesparsegridsis to storecontributionval-
uesonly if their normis greaterthanagivenerrorcriterion.
Theresultingmemorysavingsareinvestedin calculatinga
furtherlevel of thenumericalsparsegrid simulation.In [2]
it wasshownthatadaptivesparsegridsleadto slightlybetter
numericalresultsthanplainsparsegrids.

However, in oursituationanupperboundof theaccuracy
is givenby the input data. Thus,we do not needadaptive
sparsegrids to improve accuracy. On the otherhand,us-
ing sparsegrids insteadof full grids resultsin sucha great
advantageof memorysaving that thebenefitof employing
adaptive sparsegrids insteadof plain sparsegrids is negli-
gible.

Sinceour goal is to decreasethe computingtime of the
sparsegrid interpolation,we introduceanadaptivetraversal
of thestandardsparsegrid in orderto computefunctionval-
ues.Again theideais to omit contributioncoefficientswith

a norm below a given error criterion during the interpola-
tion process.Here,wehaveto distinguishbetweenadaptiv-
ity with regardto the L2 andthe L∞ norm. Although they
generatethesamesparsegrid, thesenormsleadto slightly
differentadaptiveapproaches.

Analyzingthesituationwith respectto theL∞ norm,we
find that thecontribution of onebasiselementof subspace
Si1 
 i2 
 i3 to thefunctionvalueis givenby (compareEq.(3))

   c � i1 � � � 3 	k1 � � � 3 b � i1 � � � 3 	k1 � � � 3    ∞ �(''' c � i1 � � � 3 	k1 � � � 3 ''' �    b � i1 � � � 3 	k1 � � � 3    ∞ �)''' c � i1 � � � 3 	k1 � � � 3 '''
andthemaximumcontributionof subspaceSi1 
 i2 
 i3 is

max
k1 � � � 3 ''' c � i1 � � � 3 	k1 � � � 3 ''' with 1 
 k j 
 2i j � 1 � (11)

For vectorfieldstheabsolutevalue * � * hasto bereplacedby
anappropriatenormof theEuclideanspaceRm andwe ap-
ply themaximumnormof Rm in orderto ensuremaximum
accuracy for all componentsof thevectorfield.

The actualconceptof the adaptive grid traversalis that
basisfunctions,which have contribution coefficientswith
an absolutevalue below a given error bound,are left out
during the interpolationprocess.This resultsin a function
evaluationthatconsidersthelocal structureof thedataset.

As a secondmodificationof the plain sparsegrid algo-
rithm, wehaveintegratedapreprocessingstep,whichcom-
putesand storesthe maximumcontribution of eachsub-
space(seeEq. (11)). This kind of adaptive grid traversal
leadsto a functionevaluationwith directiondependentac-
curacy, becausedifferentsubspacesof the samelevel ex-
hibit differentresolutionsin thethreecoordinatedirections
(reconsiderthehierarchicalsubspacedecompositionon the
left handsideof Fig. 2).

Now let usdiscusstheadaptiveapproachbasedontheL2

norm. A straightforwardcalculationshows that thecontri-
bution of onebasiselementof subspaceSi1 
 i2 
 i3 to thefunc-
tion valueis givenby

   c � i1 
 i2 
 i3 	k1 
 k2 
 k3 � b � i1 
 i2 
 i3 	k1 
 k2 
 k3    2 � ''' c � i1 
 i2 
 i3 	k1 
 k2 
 k3 ''' �    b � i1 
 i2 
 i3 	k1 
 k2 
 k3    2� ''' c � i1 
 i2 
 i3 	k1 
 k2 
 k3 ''' �,+ � 3 � 2i1 � i2 � i3 � 1 � � 3 �
Since i1 " i2 " i3 � 1 � n " 1 with n denotingthe current
level, the square-rootterm only dependson the level and
is, therefore,constantfor all subspacesof the samelevel.
Hence,this termis alsoa factorof themaximumcontribu-
tion of thecorrespondingsubspaces.

In contrastto the L∞ norm, the L2 norm generatesan
adaptionstrategy thatconsidersnot only theabsolutevalue
but alsothelevel of acontributioncoefficient. Contribution
coefficientsof higher levels aremore likely to be omitted
thancoefficientsof lower levels.
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Figure 3. A two-dimensional sparse grid of level 3 can
be reconstructed by linear combination of five full grids
of low resolution.

2.3. The Combination Technique

Sinceboth thestandardandtheadaptive sparsegrid in-
terpolationof function valuesare quite complicatedand
rathertime consuming,we have alsoimplementedthe so-
called combinationtechnique,which was introducedby
Griebel, Schneider, and Zenger in 1992 [11]. Actually,
the combinationmethodhasbeenusedin numericalsim-
ulationsin orderto combinepartial solutionscomputedon
smaller, suitablefull grids to the desiredsparsegrid solu-
tion. However, we startwith a datasetgiven on a sparse
grid anddecomposethegrid suchthat thedatasetis repre-
sentedon certainuniform full gridsof low resolution.Now
thefastandsimpletri-linear interpolationcanbeperformed
oneachof thesefull grids.Theresultingvalueis computed
by linearcombinationof thetri-linear interpolatedfull grid
results.

Specifically, it canbeproventhat the three-dimensional
interpolatedfunction f̃n � L̃n is givenby

f̃n � ∑
i1 � i2 � i3 � n� 2

f c
i1 
 i2 
 i3 � 2 � ∑

i1 � i2 � i3 � n� 1
f c
i1 
 i2 
 i3

" ∑
i1 � i2 � i3 � n

f c
i1 
 i2 
 i3 (12)

where f c
i1 
 i2 
 i3 denotesthetri-linear interpolationof function

valueson therespective full grid. Figure3 revealsthetwo-
dimensionalsituation,which alsoshows that the usedfull
gridsconsistof thesamenodesasthecorrespondingsparse
grid.

Investigatingthe benefitsof thecombinationtechnique,
we find that thetotal numberof summandsof thestandard
sparsegrid interpolationon a three-dimensionalsparsegrid
of level n is givenby

n

∑
i � 1

i � i " 1�
2 � 1

6
n � n " 1� � n " 2� (13)

(compareEq. (7)), whereasthe total numberof tri-linear
interpolationsof thecombinationmethodaddsup to

n

∑
i � n � 2

i � i " 1�
2 � 3

2
n � n � 1�-" 1 (14)

in the three-dimensionalcase(see Eq. (12)). That is,
the numberof tri-linear interpolationsof the combination
methodis oneorderof magnitudelower thanthenumberof
summandsof thestandardinterpolation.

However, thecombinationmethodoutperformsthestan-
dardmethodin termsof basicarithmeticaloperationsonly
for levels above 50, for which computerswill not have
enoughmainmemorypresumablyfor thenext few decades.
Despitethis, the main advantageof the combinationtech-
niqueis thefact thatuniform full gridsareused.Thus,it is
possibleto implementthe interpolationroutinein termsof
tight for-loops,which makes the combinationtechnique
an order of magnitudefasterthan the standardapproach
evenfor the lower levels. Additionally, it is possibleto ex-
ploit thetexturehardwaresupportof graphicsworkstations
for theinterpolationof functionvalues(seeSect.4.2).

Finally, we have to commenton memoryconsumption
of the combinationmethod. Since here somepoints of
the actualsparsegrid are storedseveral times, the mem-
ory consumptionof the combinationmethodis aboutfour
to five timeshigherthantheoneof thestandardsparsegrid
method.However, comparedto full gridstherequiredstor-
ageis still negligible.

3. Particle Tracing

Flow visualization tools basedupon particle methods
continueto be an important topic of research. Lagrange
visualizationtechniquesof vectorfieldsarebaseduponthe
numericalsolutionof an initial valueproblemfor the fol-
lowing ordinarydifferentialequation:

dx
dt � v � x � t � � x � t0 � � x0 � (15)

wherev denotesthe velocity vectorfield, x the position,t
thetimevariableandx0 thestartvalueat theinitial time t0.

Usually, anumericalintegrationmethodis usedto obtain
a solution. All suchmethodshave in commonthat they
haveto evaluatethevectorfield v atcertainpositions,which
arein generalnot at grid points. Therefore,the valueof v
at sucha positionhasto be interpolated.As mentionedin
Subsect.2.1, the interpolationon sparsegrids is different
from theoneon full grids,whereasmostotherpartsof the
particle tracingalgorithmcan remainunchanged.Further
exceptionsaretheroutinesrequiredfor handlingcurvilinear
grids(seeSubsect.3.4).

Our particle tracing module implementsthe samefea-
tures,e.g. coloredstreaklines, ribbons, tubes,balls, and
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tetrahedra(seeFigs.5 to 7), asour previous full grid par-
ticle tracing tool, which is partially describedin [12] and
[13]. For comparison,we have implementedseveral inter-
polationtechniquesusingsparsegrids,whicharedescribed
below.

3.1. Uniform SparseGrids

In contrastto tri-linearfull grid interpolation,sparsegrid
interpolationdoesnot operatelocally, becauseone basis
functionin eachsubspacecontributesto thefunctionvalue.
Sincethetri-linearinterpolationisoneof themosttimecon-
sumingoperationsduringtheparticletracingprocessonfull
grids[15], thecomplicatedsparsegrid interpolationis even
moretimeconsuming.Therefore,it is importantto perform
theinterpolationasfastaspossible.

Thecontribution coefficientsof thesparsegrid areusu-
ally storedin a binary tree[2, 3, 14]. In this case,a rather
slow recursive treetraversalis necessaryfor the interpola-
tion of function values. Although cachingstrategies can
increasethe efficiency of the traversal[14], the computa-
tion remainsrathertime consuming.In orderto avoid the
tree traversaland to acceleratethe accessto the contribu-
tion coefficients,we have developeda new, very efficient
datastructurebaseduponarrays,whichcanbeaccesseddi-
rectly.

Thesedatastructuresandtheassociatedaccessmethods
areimplementedby meansof a particularC++ classhier-
archy. Thebaseclasscontainsa stackof n levels. Further-
more,eachlevel comprisesthe respective numberof sub-
spaces( � n " 1� n . 2). Thesubspacesthemselfcontainanar-
ray of thesize2n � 1 timesthedatadimensioneach,holding
thecontributioncoefficients.

The function valueat an arbitrarypositionis computed
accordingto Eq. (7) by invoking an interpolationmethod.
This methodsendsa methodcall to eachlevel to accumu-
late the contributions to the resultingvalue. Here it per-
formsa loop over all subspacesof thecurrentlevel. In this
loop,therequiredbasisfunctionis determinedfrom theco-
ordinatesof the working position. Recallingthatonly one
basisfunction per subspaceis unequalto zeroat a certain
positionbecauseall basisfunctionsarehat-functionswith
disjunctsupports,wecaneasilydeterminetherequiredcon-
tribution value. Now the ‘height’ over the currentposition
in thetri-linear hat-functionis computedandmultiplied by
the contribution value. Thus,we obtainthe total contribu-
tion of thissubspaceto thefunctionvalue.Additionally, we
computetheJacobianin this loopby lookingup thecorrect
‘height’ of thederivativeof thehat-function,whichis asim-
ple box-function. TheJacobianis neededto determinethe
local rotationof the flow for displayingstreambandsand
streamtetrahedra.

3.2. AdaptiveGrid Traversal

In order to perform an adaptive grid traversal as de-
scribedin Subsect.2.2,theloophadto beenhancedin such
a way that contribution valuessmaller than a given error
boundareomittedin the function valueinterpolationpro-
cess.In addition,the initialization methodhadto bemod-
ified, which is called in the preprocessingstepwhen the
actualsparsegrid is created.During this processthecontri-
bution coefficientsarecomputedfrom ananalyticfunction
or a full grid dataset,or they arereaddirectly from asparse
grid dataset. Sincewe often dealwith vectorfields, each
basisfunction doesnot only containa singlecontribution
coefficient but an arrayof coefficients. For the purposeof
adaptive functionevaluation,thementionedarrayhasbeen
extendedby onecomponentin orderto storethemaximum
absolutevalueof thecontributioncoefficients.Moreover, a
variablehasbeenaddedto eachsubspacefor storing the
maximumcontribution coefficient of the entire subspace.
Of course,all theseadditionalvariablesstoringmaximum
contribution coefficientsareinitialized during the creation
of thesparsegrid. Keepingin mind thatthemaximumcon-
tributioncoefficientsaretheonesaccordingto theL∞ norm,
theerrorcriterionhasto bemodified,if theL2 normis used
(compareSubsect.2.2).

3.3. Combination Technique

Equation(12) determinesthe interpolationprocessfor
the combinationtechnique,which combinesfull grids of
low resolutionto a resultingsparsegrid. Sincethesefull
gridsareuniformgrids,thefunctionvaluescanbestoredin
three-dimensionalarraysandderived by tri-linear interpo-
lation. Thus,the interpolationmethodof theappropriately
derived classcanaddressthe necessaryfunction valuesin
a tight loop. This fact makes the combinationtechnique
anorderof magnitudefasterthanthe previously described
sparsegrid interpolationevenfor low levels.

Thecombinationtechniquecanbeacceleratedby using
thetexturehardwareof moderngraphicssubsystems.How-
ever, this methodcanonly be usedefficiently for volume
visualizationandnot for particletracing.Thereasonis, that
for particle tracing only a single function valuehasto be
interpolatedat a given time step,whereasan entireplane
of valuesis requiredfor volumerendering.Subsection4.2
givesadetaileddescriptionof employing texturehardware.

3.4. Curvilinear SparseGrids

Theunderlyingconceptof curvilinearsparsegridsis the
sameas for curvilinear full grids. In the caseof uniform
full grids, only the function valuesarestoredin an array,
whereasin caseof curvilineargrids,thefunctionvaluesand
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Figure 4. Relationship between computational and
physical space.

the coordinatesof the grid points as well are saved. If a
curvilinearsparsegrid is considered,thecontribution coef-
ficientsof the coordinatesof the grid pointsarestoredas
additionalcomponentsof thebasisfunctions.For thecom-
bination technique,the coordinatesof the grid points are
storedin thearraysof thesmallfull gridsaccordingly.

The coordinatesgiven on grid pointsof the sparsegrid
can be interpretedas a discreteversionof the coordinate
functionϕ, which relatespointsof thecomputationalspace
(C-space)to points in the physical space(P-space)(see
Fig. 4).

Particle tracing in arbitrarynon-uniformgrids requires
the so-calledpoint location to be performedfor eachinte-
grationstep,in order to find the cell containingthe actual
particleposition.Only thenthevelocityat thatpositioncan
be accuratelyinterpolatedfrom the valuesat the cell ver-
tices.

For the caseof curvilinear grids, particle tracing algo-
rithmscanbedividedinto P-spaceandC-spacemethods.A
C-spacealgorithmcalculatesthe particlepathin computa-
tionalspacewherepoint locationis assimpleasfor uniform
grids. However, tri-interpolationin C-spacerequirestheP-
velocitiesat theverticesto betransformedinto C-spaceby
meansof the Jacobianand the back-transformationof the
path positionsinto P-spacefor visualization. In contrast,
a P-spacemethodcomputesthe particle tracedirectly in
the physicaldomain,which saves the transformationsbut
leadsto a morecomplex point location and interpolation.
Sadarjoenet al. [21] showed that P-spacealgorithmsare
in generalpreferableto C-spacemethods.Hence,we have
implementedaP-spacealgorithmappropriatelyadaptedfor
sparsegrids. Working directly in P-space,the stencilwalk
algorithmintroducedby Buning [4] is usuallyusedfor the
point location.

First of all, we initialize thedesiredC-spacepositionr c

by startingin thecenterof our volumein C-space.In order
to improve this guess,the C-spacepositionis transformed

into P-space.This is doneby asparsegrid interpolationus-
ing eitherplain sparsegrids, adaptive sparsegrids, or the
combinationtechnique.If thedifferenceof thetransformed
guessandthe currentpositionin P-spaceis small enough,
we acceptthe C-spaceposition. Otherwisethe difference
is transformedback into C-spacevia the inverseJacobian
andthenaddedto the previousguess.Thereafter, the pro-
cedureis iterateduntil the appropriatepositionin C-space
is located.On full grids,thestencilwalk algorithmusually
needslessthan five iterationsto find the correctC-space
position.

As yet, the modificationsof the stencilwalk algorithm
seemto bevery moderate.But themainquestionis how to
calculatetheinverseJacobian.Onfull grids,this is doneon
the fly by tri-linear interpolationof the eight Jacobiansat
theverticesof thecurrentcell andsubsequentmatrix inver-
sion. The Jacobiansat the verticesarecomputedby finite
differences.However, tri-linear interpolationis notpossible
on sparsegrids. Thus,we have to usesparsegrid interpo-
lation andwe have to storetheinverseJacobian,i.e. there-
spectivecontributioncoefficients,at eachsparsegrid point.
This memoryoverheadcanonly be justified with the fact
thatsparsegridsthemselvesareverystorageefficient.

As the datasetsusually do not contain the Jacobians
explicitly, the Jacobiansandtheir inversematriceshave to
becalculatedaswell astheir contribution coefficientsdur-
ing initialization. We have modifiedthemethodsin sucha
way that in a first passthe contribution coefficientsof the
functionvaluesandtheinverseJacobiansarecomputedand
storedin thesparsegrid structure.In asecondpass,thecon-
tributioncoefficientsof theinverseJacobiansarecomputed
andstoredovertheoriginalcomponentsof theinverseJaco-
bians.Thesecondpasstraversesthe levelsbeginningwith
thehighestlevel andendingwith level 1, becausethecon-
tribution coefficients only dependon the current function
valueandon the functionvaluesof lower levels. This fact
canbe deducedfrom Eqs.(2) and(3). Hence,it is possi-
ble to overwrite theoriginal componentsof the inverseJa-
cobianssuccessively. Notice that level 0 is not part of the
mentionedsecondpassbecausein level 0 contribution val-
uesandfunctionvaluescoincide.

3.5. Examplesand Results

In orderto compareoursparsegrid particletracingmod-
ule with full grid particle tracers,two datasetshave been
used. The first one is a cavity flow dataset (seeFig. 5)
on a full grid of 1293 nodes,which correspondsto level
7 in sparsegrid terminology. The datasetcontainsveloc-
ity, pressure,andtemperaturedataat eachvertex requiring
morethan40 MB. The samedatasetwith a resolutionof
2573 (level 8) would needmore than 320 MB, which is
probably too much for most workstations. On the other
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Figure 5. Streak tubes in
a cavity flow computed
on a full grid and sparse
grids of level 3, 5, and 7.

Figure 6. Colored
streak balls and
tetrahedra in a vortex
flow.

Figure 7. Streak bands in a vortex flow computed on
a full grid and sparse grids of level 0 (left), 1 (middle),
and 4 (right).

hand,this datasetstoredon a sparsegrid consumesonly
175kB for level 7 and415kB for level 8.

The seconddataset is a vortex flow (compareFigs. 6
and7) givenanalytically. Therefore,we areableto create
sparseandfull grids in any resolutiononly limited by the
mainmemoryof theusedmachine.

For eachexperimentnine streakribbonsconsistingof
about 500 particles were integrated using an adaptive
RK3(2) scheme(seeFig. 7). Time measurementshave
shown that interactive particle tracing is possibleeven on
sparsegrids of level 8. However, the drawbackof sparse
grid interpolationis that the computingtime risesat least
quadraticallyif the grid level is increased.In contrastto
this, the computingtime of the full grid module is only
growing slowly, sincein theory the time for particle trac-
ing on full grids is independentof the grid size. Investi-
gating the accuracy of sparsegrid particle tracing, theory
(seeEqs.(5)and(8)) tells us that the differenceshouldbe
rathersmall. Moreover, the integrationerror of RK3(2) is
on theorderof O � τ3 � whereτ denotesthecurrenttime step
(seethediscussionin [25]). In fact, the resultsof particle
tracingon the analyticdatasetconfirm theseestimations,
sincethe ribbonscomputedon full andsparsegrids coin-
cide on screenfor levels greaterthan3 (compareFig. 7).
However, for thederivationof thementionedupperbounds
for theinterpolationerrors,acertainsmoothnessof thedata
wasa prerequisite.Sincediscretedatasetsarenot smooth

Figure 8. Streak balls in the blunt fin data set, com-
puted on curvilinear sparse grids of level 2, 3 and 4.

at all, theseestimationsdo not hold in this case. Indeed,
for discretedataFig. 5 revealsthat theparticletracescom-
putedon sparsegridsconvergeratherslowly to thefull grid
solution. Nevertheless,due to the greatadvantageof low
memoryconsumption,it is possibleto usea sparsegrid of
asufficiently high level to overcomethis problem.

For theadaptivegrid traversal,severalexperimentshave
shown that it is importantwhetherthe L2 norm is usedfor
the adaptive traversalor the L∞ norm. Employing the L∞

norm leadsto a marginal decreasein computingtime but
to a significantlossin accuracy. However, by usingtheL2

norm,it is possibleto decreasecomputingtimeby about20
percentandto achievenearlythequalityof thecorrespond-
ing plain sparsegrid.

The next approachfor acceleratingparticle tracing on
sparsegrids is thecombinationtechnique.Thefirst advan-
tageof this techniquecomparedto adaptivegrid traversalis
thefactthatthereis no lossin accuracy at all. Combination
techniqueandplain sparsegrid interpolationcreateexactly
thesameparticlepath.Thesecondandmoreimportantben-
efit is that the combinationtechniqueis almostby a factor
of four fasterthanplain sparsegrid interpolation.

Now let usturnto curvilinearsparsegrids.For afirst test
wehaveusedthewell-known blunt fin dataset(seeFig. 8).
Additionally, our modulehasbeenverifiedwith severalan-
alytic datasets.On theonehandsidethesetestshave con-
firmedthatsmoothdatasetsaremoreappropriatefor using
sparsegrid methodsthandiscontinuousdata.On theother
handthesetestshaverevealedthatparticletracescalculated
on curvilinear sparsegrids converge slower to the corre-
spondingfull grid trace. The reasonfor this declinein ac-
curacy mightbedueto alessaccuratepoint locationcaused
by an intensive useof sparsegrid interpolationin thesten-
cil walk algorithm.Finally, timemeasurementshaveshown
thatparticletracingon curvilinearsparsegridsis aboutfive
timesslower thantracingon uniform grids.This is roughly
thesamedecelerationason full grids. Nevertheless,inter-
activeparticletracingis possibleoncurvilinearsparsegrids
of level 7 by usingthecombinationtechnique.
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4. VolumeRendering

Three-dimensionalscalardatasetsresultingfrom mea-
surementor numericalsimulationcan be visualizedvery
well by volumerenderingtechniques.Direct volumeren-
deringtries to convey a visual impressionof the complete
datasetby assigningdifferentcolor andopacityvaluesto
differentobjectsor valuerangeswithin thevolume.There-
sultingimageis thencomputedby takinginto accounttheso
definedemissionandabsorptioneffectsasseenby an out-
sideviewer. The underlyingtheoryof the physicsof light
transportis simplified to thewell known volumerendering
integral in the caseof neglectingscatteringandfrequency
effects[16]. Giventheemissionq andtheabsorptionκ the
intensityI alongtheray scanbecomputedfrom:

I � s� �10 s

s0

q � s2 � e�43 s5
s κ � s5 5 	 ds5 5 ds2

Thediscretizationof this integral togetherwith theassump-
tion that themappingfrom scalarsto RGBA valuescanbe
describedby transferfunctionsresultsin the compositing
formulasfor computingtheintensitycontributionalongone
rayof sight:

I � n

∑
k� 1

Ck

k � 1

∏
i � 0
� 1 � αi �

Theemissionof thevoxelCk andits opacityαk arederived
from the transferfunctionsafter interpolationof the scalar
valuefrom thediscretesamplepoints.

The basic ray tracing idea [18] is to shoot a ray of
sightthrougheverypixel into thevolume,reconstructingthe
functionvalueat appropriatelychosensamplepointsalong
theray andblendingthemappedcolor andopacityvalues.
Variousvariantsof this techniqueexist. X-ray like images
aregeneratedby neglectingthe opacityand just summing
up all values.Theso-calledmaximumintensityprojection
method(MIP) determinesthe intensityof a pixel to be the
maximumfunction valueoccurringalong the correspond-
ing ray. Eveniso-surfacescanberenderedif anilluminated
pixel is displayedif the differenceof the currentfunction
valueandthe iso-valuechangessign. In this case,thesur-
facenormalneededfor the lighting computationcoincides
with thedirectionof thefunctiongradient.

Accelerationof this expensive techniqueis achievedby
adaptive sampling[9, 7], by exploiting coherence[17], by
parallelizingin imageandobjectspace,andby exploiting
hardware in graphicsworkstations[5] or in specialpur-
posearchitectures[20]. Relatedto ourwork areapproaches
wherevolumerenderingis performedon compresseddata
sets. Wavelet basedtechniques[28, 19] reconstructthe
functionvaluefrom a waveletdecompositioninsteadfrom
tri-linear interpolation,leaving the basicvolumerendering
algorithmunmodified.

4.1. SoftwareBasedInter polation

So far the only possibility to visualizedatagiven on a
sparsegrid wasto expandthesparsegrid to a full grid and
thento usethe traditional techniqueson the full grid. For
largersparsegridsthis approachis prohibitive,becausethe
full grid doesno longerfit into the main memoryof stan-
dardworkstations.Additionally, theprocessof expandinga
sparsegrid is extremelyslow.

Therefore,we follow the ideaof othercompressiondo-
main volume renderingtechniquesand use a traditional
ray castingalgorithmwith the tri-linear interpolationsub-
stituted by sparsegrid interpolation. Of coursewe em-
ploy the differentinterpolationtechniquespresentedin the
Sect.3. Specifically, we reusethe methodsencapsulated
in theC++ classesfor thestandardmethodandthecombi-
nationtechnique.Currently, curvilineargrids arenot sup-
ported,though. Thesegrids would requirea stencil walk
inside the innermostloop of the ray caster, which would
slow down theinterpolationprocesssignificantly.

Due to thenatureof volumevisualization,a hugenum-
berof samplingpointsis neededin theray castingprocess.
Even with the combinationtechnique,renderingtimesare
faraway from interactivity. However, in contrastto particle
tracing, the volumerenderingprocessaddressessampling
points in equidistantplanarslicesof the volume. This or-
der can be utilized to acceleratethe interpolationprocess
by usinggraphicshardware,which is describedin the fol-
lowing section. We are going to seethat hardwarebased
interpolationcanonly beperformedin fix point arithmetic.
Therefore,it is not asaccurateasthesoftwarebasedinter-
polation,which canstill be reasonablefor generatinghigh
quality images.

4.2. TextureHardwareBasedInter polation

When interpolating data using the combinationtech-
niquetheprocessorspendsmostof its timeon thetri-linear
interpolationof the full grids. In orderto significantlyre-
ducethe computationtime, we decidedto take advantage
of thetexturinghardwareof moderngraphicsworkstations.
The graphicsenginesof theseworkstationshave hardware
basedsupportfor MIP mappedtexturing. This technique
reducestexturemappingartifactsduringminificationif pix-
elsarecoveredby many textureelements.In this casetex-
ture filtering with large kernelsizeswould be appropriate
whichcannotbedonein realtime. Therefore,severaldown-
sampledversionsof thetexturearestoredtogetherwith the
original resolution. Tri-linear interpolationin hardwareis
usedto interpolatebetweentexture levels and within the
texture.

As a variantof this techniqueseveral vendorshave im-
plementedrealtri-linear interpolationfor 3D texturesmap-
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ping [22]. While originally intendedto be usedfor volu-
metriceffectslike fog or wood texture,3D texturesturned
out to be a key featurefor interactive volumerenderingof
regulargrids [30]. Thebasicfunctionalityprovidedby the
underlyingOpenGLextensioncanbedescribedasfollows.
Givena flat polygonwhosearbitrarypositionandorienta-
tion within thevolumetextureis definedby appropriate3D
texturecoordinatesassignedto eachvertex, a 2D textureis
reconstructedon thepolygonby tri-linear interpolation.

In ourcaseof thecombinationtechniquefor sparsegrids
we do not usethegraphicshardwarefor theactualvolume
rendering,thatmeansfor viewing andcompositing,but we
employ 3D textures, tri-linear interpolationand blending
operationsin order to implementEq. (12). To exploit the
providedfunctionality we hadto rewrite our algorithmsin
sucha way that they simultaneouslyreconstructall values
in anentireplane,whichof courseis orientedperpendicular
to the viewing directionof the volumerendering.Our ray
casterthenproceedsby compositingalongraysthroughall
texturedimageslices.

In detail,afterdefining3D textureswith thevaluesof the
full grids f c

i1 
 i2 
 i3, ourclassdrawstheappropriateplaneauto-
maticallyperformingthetri-linear reconstruction.Thenthe
partial resultshave to be addedand subtractedaccording
to Eq. (12). This is implementedby a blendingstepusing
blendingextensionsof OpenGL.

In order to switch quickly betweenthe different vol-
ume textures, they all have to fit into texture memory
at the sametime. By using texture objectsof OpenGL,
preloadedtexturescanbeselectedfor renderingalmostin-
stantly. The combinationtechniqueusesfull grids of size� 2i " 1�76 � 2 j " 1�86 � 2k " 1� . On the otherhand,volume
textureshave to be of size2p 6 2q 6 2r . In orderto fit the
full gridscompletelyinto volumetextures,we have to allo-
catetexturesof size2i � 1 6 2 j � 1 6 2k� 1. Hence,quitealot of
texturememoryis wasted,althoughit is a scarceresource.
In principle,OpenGLsupportsvolumetexturesfeaturinga
so calledborderof size2 in every directionsuchthat the
mentionedfull gridswould fit almostseamlessly. Unfortu-
nately, thesetexturebordersarenot implementedin todays
hardware.

Whenusinggraphicshardwarefor mathematicalcompu-
tations,accuracy canbequiteaproblem.OnSiliconGraph-
ics machinesthe blendingoperationcancurrentlybe per-
formedin theframebuffer with 16 bitsatmost.Sincepixel
valuesareautomaticallyclampedto valuesin the interval� 0 � 1� , all texture elementshave to be scaleddown by the
numberof functionscontributingpositivevaluestoEq.(12).
For a level 10 sparsegrid, 91 of 136 functionscontribute
positivedata,which meansa lossof almost7 bits, resulting
in only 9 bitsof accurateinformation.Sincewehaveatbest
16bitsof accurateinformationin theframebuffer, it is suf-
ficient to useonly 2 bytesof texturememorypervoxel. If

a Standard sparse grid. b Combination technique.

c Plain OpenGL. d Accumulation buffer.

Figure 9. Views of the cavitiy flow rendered with differ-
ent interpolation methods.

future hardwarewill incorporatelarger framebuffers with
higherpixel accuracy, this will automaticallyenhancethe
imagequality of our algorithm. Although visible artifacts
areremarkablysmall, somecanbe seenin Fig. 9c for an
examplewith aneffectiveaccuracy of 7 bits.

By usingtheaccumulationbuffer, theseartifactscanbe
reduced,so that they arebarelyvisible (seeFig. 9d). Be-
causethe framebuffer hasto be combinedwith the accu-
mulationbuffer for everyplanedrawn, its usabilitystrongly
dependson graphicspipesthatprovide hardwarebasedac-
cumulationbuffers like SGI’s Infinite Reality system.Ad-
ditionally, off-screenrenderingusingSGI’s P-buffer exten-
sionis currentlynotpossiblewith thisapproach.

4.3. Examplesand Results

We testedour implementationwith several data sets.
Two of themarecavity flow datasets,givenon a full grid
of level 6, i.e. 653 nodes.Thesedatasetsarethe resultof
a numericalflow simulationandcontainpressureandtem-
peraturedistributionsof theflow. The third dataset,given
on a full grid of level 8 (2573 nodes),containsa spherical
harmonic(Legendre’s function),which displaysa solution
of the Schr̈odingerequationof a hydrogenatom. In addi-
tion, we usedananalytictestfunctionanda discontinuous
onefor consideringinterpolationquality.
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a Combination technique. b Full grid.

Figure 10. Iso-surface of temperature in a cavity flow.

Figures9ato 9d show X-ray imagesof thepressureval-
uesin thementionedcavity flow. Theseimageshave been
renderedin orderto revealdifferencesbetweenthefour im-
plementedinterpolationalgorithms.In theOpenGLimage
renderedwithoutusingtheaccumulationbuffer, smallflaws
canbedetected,whereastheothersparsegrid methodsren-
dernearlyidenticalimages.

In theotherfigures,sparseandfull grid resultsarecom-
paredusingdifferentlighting modelsanddatasets.Thetwo
imagesin Fig. 10 displayiso-surfacesof thetemperaturein
thecavity flow dataset. In Figs.11aand12a,thepressure
of thesamedatasetis visualizedby meansof themaximum
intensityprojectionlighting model.In furthermaximumin-
tensityprojectionimages(seeFigs.11band12b), thedata
set of a sphericalharmonicfunction is visualized. Then,
thetemperaturedistribution in thecavity flow is depictedin
Figs.11cand12cby usinganX-ray lighting model.Finally,
Figs.13ato 14cshow thatthesmoothnessof extractediso-
surfacesdependson theusedgrid level.

Consideringthe performanceof our volume visualiza-
tionprogramwefind thatthetimeconsumptionof theX-ray
andmaximumintensityprojectionalgorithmsis datainde-
pendentandexactly the same,while iso-surfacerendering
takesabouttwo timesaslong astheothermethods.More-
over, thetotal time of the iso-surfacecomputationdepends
on thesizeof theextractedsurface.

We testedour implementationon severalSiliconGraph-
ics workstations,rangingfrom theO2 to anOnyx with Re-
alityEngineII anda BaseRealitypipes. Sincethe O2 sys-
temsdo not have hardwarebased3D texturesupport,only
the softwarebasedinterpolationschemescanbe usedin a
sensiblewayonthesemachines.Werealizedthatrendering
timesof both softwareimplementationsapproximatelyin-
creaseby a factorof 1 � 4 every time theusedlevel risesby
one,whereasthemeasuredtimesof thehardwarebasedim-
plementationincreaseby a factorof 1 � 2 . Thespeedof the
interpolationonfull gridsdoesnotdependontheusedlevel,
asanticipated.Thecombinationtechniqueis betweenseven
andtentimesfasterthanthesparsegrid algorithm.Further-

a MIP image of
pressure distri-
bution.

b MIP image of a
hydrogen atom.

c X-ray image of
temperature
distribution.

Figure 11. Images calculated on a sparse grid.

a MIP image of
pressure distri-
bution.

b MIP image of a
hydrogen atom.

c X-ray image of
temperature
distribution.

Figure 12. For comparison: Images calculated on a
full grid.

more,theOpenGLhardwaremethodis between25 and60
timesfasterthanthesoftwarecombinationtechnique.This
resultsin a speedup factorbetween200and450 from the
sparsegrid to the hardwarebasedmethod. Hence,we are
able to perform volume visualizationon sparsegrids in-
teractively exploiting the texturehardwarefor acceleration
purposes.

The combinationtechniquerequiresabout four to five
timesthememoryof theactualsparsegrid algorithmsince
someof the needednodesare storedseveral times. The
OpenGL version of the combinationmethodsconsumes
abouttwo anda half timesthememoryof thesoftwarever-
sion,becauseeachof theusedtextureshasto have dimen-
sionsthatcanbewrittenastwo to the i-th power. Neverthe-
less,comparedwith theoriginal full grid dataset,bothim-
plementationsof the combinationtechniquerequirea neg-
ligible amountof memory.

5. Conclusion

Wehavepresentedsparsegridsasacompetingapproach
for the compactrepresentationof three-dimensionaldata
setsby meansof hierarchicalbasisfunctions. We have in-
troducedtwo importantvisualizationmethods,particletrac-
ing andvolumeraycasting,workingon thesparsegrid rep-
resentation.They allow to carry out flow andvolumevi-
sualizationdirectly on the resultsfrom a numericalsparse

10



a Level 4. b Level 6. c Full grid.

Figure 13. Iso-surface of a discontinuous test data set
given on a sparse grid and on a full grid for comparison.

a Level 4. b Level 6. c Full grid.

Figure 14. Iso-surface of an analytical function given
on a sparse grid and on a full grid for comparison.

grid simulationwithout prior transformationto the associ-
atedfull grids. This is an importantstepfor the broader
applicationof the sparsegrid method,sincein real appli-
cationsit is oftenimpossibleto loadfull gridsof morethan
5123 nodesinto themainmemoryof aworkstationfor visu-
alizationpurposes.Furthermore,the sparsegrid approach
can be usedas a compressionmethodin order to realize
volumerenderingof hugeregulardatasetson workstations
with a smallamountof mainmemory.

Technically, wehavepresentedseveralmethodsto accel-
eratethesparsegrid interpolationprocess.For particletrac-
ing, we have implementedadaptive sparsegridswith error
monitoringandthe combinationtechnique.By usingtex-
turegraphicshardware,we have beenableto overcomethe
tardinessof sparsegrid interpolationin thecaseof volume
visualization.Therefore,it is possibleto useflow andvol-
umevisualizationon sparsegrids interactively, in contrast
to othercompressionapproaches.

Comparedto the well-known wavelet compression[6,
8], we canstateadvantagesanddisadvantages.The main
benefit of the wavelet compressionis the fact that the
waveletdecompositionis datadependent,whichmeansthat
theresultingcompressionis by itself adaptedto theunderly-
ing dataset.Comparingthedecompositionprocesswe find
the wavelet decompositionbeing comparatively difficult,
whereasthesparsegrid decompositionis conceptuallysim-
ple. On the otherhand,the wavelet reconstructionis quite
simple,whereasthe sparsegrid reconstruction,i.e. the in-

terpolation,is rathercomplicatedandvery timeconsuming.
However, thebasisfunctionsusedin thecaseof sparsegrids
aresosimple(compactsupportandpiecewisetri-linear)that
thetexturehardwarecanperformthereconstructionin con-
nectionwith thecombinationmethod.Hence,in theendit
turnsoutthatthehardwareassistedsparsegrid volumevisu-
alizationis muchfasterthanvisualizationmethodsworking
on othercompresseddatasets.

We concludethis sectionby describingtwo scenarios
wherethevisualizationprocesscantakeadvantageof sparse
grid methods.First, we assumethat a sparsegrid dataset
resultingfrom a numericalsimulationis given. Then,there
are two possibilitiesfor the visualization. The traditional
approachis to interpolatethedatasetonceinto a hugefull
grid dataset(seeTable1). If theresultingfull grid squeezes
into themainmemoryof themachine,fastfull grid volume
visualizationmethodscanbeperformed.In contrastto this,
our strategy is to usetheOpenGLalgorithmfor gettingthe
first imagesof the datalong beforethe traditionalinterpo-
lation processwill befinished.If thefull grid datasetdoes
not fit into the main memory, a direct sparsegrid visual-
ization methodhasto be performedanyway. As a second
scenario,we assumethat a hugefull grid dataset should
bevisualized,which resultsfrom anumericalsimulationor
from extensivemeasurements.Now, thesparsegrid method
canbeusedto compressthehugedatasetsuchthat it will
fit into themainmemoryof a workstation.Then,it is pos-
sible to visualizethecompresseddatausingthetechniques
presentedin this paper.

6. Future Work

Thereareseveraldirectionsof futurework. Concerning
volumevisualization,thefirst goalis to implementmoreso-
phisticatedtransferfunctionsandlighting modelsinto our
visualizationprogram,for instanceanemission-absorption
model.As asecondgoal,weintendto useOpenGLin order
to acceleratethe surfaceandvolumeillumination aswell.
This approachis alreadyusedin caseof volume render-
ing on full grids as describedin [24, 29, 30]. As far as
particletracingis concerned,additionalvisualizationtech-
niquescouldbe implementedon sparsegrids. Feasibledi-
rectionsare texture basedalgorithmsand iconic methods
combinedwith featureextraction. Finally, our sparsegrid
particletracercouldbeextendedto multi-block datasetsin
the sameway asit hasbeendonein our full grid particle
tracingmodule[13].
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L. Bouǵe,M. Cosnard,Y. Robert,andD. Trystram,editors,Second
Joint InternationalConferenceon Vectorand Parallel Processing,
pages217–228,Berlin, 1992.CONPAR/VAPP, Springer-Verlag.

[11] M. Griebel, M. Schneider, and C. Zenger. A combinationtech-
niquefor thesolutionof sparsegrid problems.In P. deGroenand
R. Beauwens,editors,InternationalSymposiumon Iterative Meth-
odsin Linear Algebra, pages263–281,Amsterdam,1992.IMACS,
Elsevier.

[12] R. Grosso,M. Schulz,andT. Ertl. FastandAccurateVisualization
of SteadyandUnsteadyFlows. TechnicalReport3, University of
Erlangen,1996.

[13] R. Grosso,M. Schulz,J. Kraheberger, andT. Ertl. Flow Visualiza-
tion for Multiblock Multigrid Simulations. In P. Slavick andJ. J.
vanWijk, editors,Virtual EnvironmentsandScientificVisualization
’96, Heidelberg, 1996.Springer-Verlag. Proceedingsof the Euro-
graphicsWorkshopin Prague,CzechRepublic.

[14] N. HeußerandM. Rumpf.EfficientVisualizationof DataonSparse
Grids. In H.-C.HegeandK. Polthier, editors,MathematicalVisual-
ization, pages31–44,Heidelberg, 1998.Springer-Verlag.

[15] D. N. KenwrightandD. A. Lane.Optimizationof Time-Dependent
ParticleTracingUsingTetrahedraldecomposition.In G.M. Nielson
andD. Silver, editors,Visualization’95, pages321–328,Atlanta,
Georgia, 1995. IEEE ComputerSociety, IEEE ComputerSociety
Press.

[16] W. Krüger. TheApplicationof TransportTheoryto theVisualiza-
tion of 3D ScalarDataFields. In A. Kaufman,editor, Visualization
’90, pages273–280.IEEE ComputerSociety, IEEE ComputerSo-
cietyPress,1990.

[17] P. Lacroute.Analysisof aParallelVolumeRenderingSystemBased
on theShear-Warp-Factorization.IEEE Transactionson Visualiza-
tion andComputerGraphics, 2(3):218–231,1996.

[18] M. Levoy. Displayof Surfacesfrom VolumeData. IEEEComputer
GraphicsandApplications, 8(3):29–37,1988.

[19] L. LippertandM. H. Gross.FastWaveletBasedVolumeRendering
by Accumulationof TransparentTextureMaps.Computers Graph-
icsForum(EUROGRAPHICS’95), 14(3):432–443,1995.

[20] H. PfisterandA. Kaufman.Cube-4— A ScalableArchitecturefor
Real-Time VolumeRendering. In R. Crawfis andC. Hansen,edi-
tors,1996SymposiumonVolumeVisualization, pages47–54.ACM
SIGGRAPH,1996.

[21] A. Sadarjoen,T. vanWalsum,A. J.S.Hin, andF. H. Post.Particle
TracingAlgorithmsfor 3D CurvilinearGrids.In Fifth Eurographics
Workshopon Visualizationin ScientificComputing, 1994.

[22] Silicon GraphicsInc., MountainView, California. OpenGLonSili-
conGraphicsSystems, 1996.

[23] S. A. Smolyak. Quadratureand InterpolationFormulasfor Ten-
sor Productsof certainClassesof Functions. Soviet Mathematics,
4:240–243,1963.Translationof DokladyAkademiiNaukSSSR.

[24] O. Sommer, A. Dietz, R. Westermann,andT. Ertl. An Interactive
Visualizationand Navigation Tool for Medical Volume Data. In
N. M. ThalmannandV. Skala,editors,WSCG’98, TheSixthInter-
nationalConferencein Central Europeon ComputerGraphicsand
Visualization’98, volumeII, pages362–371,Plzen,CzechRepub-
lic, February1998.Universityof WestBohemiaPress.

[25] C. Teitzel, R. Grosso,andT. Ertl. Efficient andReliableIntegra-
tion Methodsfor Particle Tracing in UnsteadyFlows on Discrete
Meshes. In W. Lefer andM. Grave, editors,Visualizationin Sci-
entific Computing’97, pages31–41,Wien, April 1997.Springer-
Verlag. Proceedingsof the EurographicsWorkshopin Boulogne-
sur-Mer, France.

[26] C. Teitzel,R. Grosso,andT. Ertl. ParticleTracingonSparseGrids.
In D. Bartz,editor, Visualizationin ScientificComputing’98, pages
81–90,Wien, April 1998.Springer-Verlag. Proceedingsof theEu-
rographicsWorkshopin Blaubeuren,Germany.

[27] C. Teitzel, M. Hopf, andT. Ertl. VolumeVisualizationon Sparse
Grids. ComputingandVisualizationin Science, (4):1–13,1999.

[28] R. Westermann.A MultiresolutionFramework for VolumeRender-
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